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ABSTRACT 
This study explored the cognitive functioning ofYear 6 students in the domain of 
decimal-number numeration, particularly with the intention of: (a) comparing the 
lrnowledge structure of proficient and semiproficient students with respect to tenths and 
hundredths lrnowledge; (b) constructing frameworks and models which explain the 
structurallrnowledge differences of proficient and semiproficient students with respect to 
tenths and hundredths; and (c) drawing implications for instruction. Proficient students had 
regular distribution lrnowledge patterns whilst semiproficient students had irregular 
distribution patterns (normally higher for tenths than hundredths). 
The literature on decimal-number numeration and mathematical understanding was 
reviewed and synthesised into a framework composed of: (a) a taxonomy of decimal-
number concepts, processes and subconstructs; (b) a model of understanding and lrnowledge 
availability and accessibility; and (c) a method of representing thinking. A test based on the 
taxonomy was developed and administered, across three trials, to 337 students. The test 
results: (a) revealed performance differences with respect to tenths and hundredths between 
schools and between classes in schools; and (b) were used to classify the students as high 
proficient ("very good" tenths and hundredths lrnowledge), high semiproficient ("very 
good" tenths lrnowledge but only "good" hundredths lrnowledge), medium proficient 
("good" tenths and hundredths lrnowledge), medium semiproficient ("good" tenths 
lrnowledge but "poor" hundredths lrnowledge ), and low proficient ("poor" tenths and 
hundredths knowledge). As a result of analyses of students' test results and decimal-
number lrnowledge subconstructs, a numeration model was constructed. This model 
represented decimal-number numeration understanding in terms of three hierarchical levels 
ofknowledge: (a) Levell knowledge which represents the baseline knowledge associated 
with position, base and order, without which students cannot function with understanding in 
numeration tasks; (b) Level 2 knowledge which represents the "linking" lrnowledge 
associated with unitisation and equivalence, both of which are derived from the notion of 
base; and (c) Level 3 knowledge which represents the structural knowledge that provides the 
superstructure for integrating all levels and is associated with reunitisation, additive 
structure and multiplicative structure. 
Forty-five students (12 high proficient, 12 semiproficient, 8 medium proficient, 8 
medium semiproficient, 5 low proficient) were identified for semistructured individual 
interviews (Burns, 1994). The interview was informed by the numeration model and, as a 
consequence, incorporated tasks relating to position and order, to multiplicativity, and to the 
unitisation and reunitisation of decimal fractions. The interview results revealed that: (a) 
knowledge of position and order differentiated between high-performing (high proficient, 
high semiproficient, medium proficient) and low-performing (medium semiproficient, low 
proficient) students; and (b) availability and accessibility of multiplicativity tasks were the 
major factors which differentiated performance amongst the high-performing students. 
(Unitisation and reunitisation tasks also differentiated the high proficient students from the 
other high-performing students but not to the same extent as the multiplicativity tasks did.) 
As a result of analyses of students' interview responses and the knowledge 
subcomponents ofthe decimal-number taxonomy, structural models that represented the 
cognitions and connections held by the composite performance categories for position/order, 
multiplicativity, and unitisation/reunitisation were constructed. The structural models 
illuminated the differences in structural knowledge across the performance categories and 
enabled fine-grained performance comparisons to be made, a process that should be useful 
in diagnosing (and remediating) students' performance in decimal-number numeration 
tasks. From a comparison of the structural models, cumulative models that combined 
findings for each performance category across position/order, multiplicativity, and 
unitisation/reunitisation were constructed. The cumulative models represented the two 
domains involved in decimal-number numeration understanding, namely, whole numbers 
and fractions, with multiplicativity represented as the structural knowledge that unifies and 
integrates the structural knowledge of position/order and unitisation/reunitisation. The 
models were used to draw implications for instruction in decimal numbers and mathematics 
generally. 
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CHAPTER 1: FRAMEWORK OF REFERENCE 
OVERVIEW AND DESCRIPTION OF THE STUDY 
1.1 INTRODUCTION 
The primacy purpose of this study was to explore Year 6 students' cognitive 
functioning in the domain of hundredths in order to determine what knowledge must be 
constructed and coordinated if an understanding of hundredths is to be developed. This 
chapter provides the study's stimulus, context, purposes and significance, research design, 
and an overview of the contents of each chapter. 
1.1.1 STIMULUS FOR THE STUDY 
In the early 1990s, the Centre for Mathematics and Science Education, situated 
within the Queensland University of Technology, provided a service of diagnostic 
assessment of numeracy for students. This service was set up to elicit the mathematical 
strengths and weaknesses of those students from Years 4 to 12 who were experiencing 
difficulties in learning mathematics so that appropriate remediation could be designed for 
each student. In all, 45 students from a variety of state and private schools applied for, and 
were provided with, this service. The mathematical abilities of these students ranged from 
low-achieving to sound-achieving. 
A structured individual interview (Ginsburg, Kossan, Schwartz, & Swanson, 1983; 
Romberg & Uprichard, 1977) was undertaken with each student. The interview instrument 
was developed to accommodate the concrete, procedural and principled conceptual 
knowledge forms that Leinhardt (1988) claimed were essential in acquiring an 
understanding of some aspect of mathematics. The instrument focused on the core 
mathematical knowledge that students should have by the end of their primacy schooling 
(i.e., Year 7) in whole-number knowledge, fraction knowledge (both common and decimal 
fractions) and the related fraction domains of per cents and ratios. 
Three major areas of weakness in students' knowledge emerged from these 
assessments, namely, a knowledge of whole numbers larger than thousands, recall of 
number facts, and an impoverished understanding of fractions. The low-achieving students 
usually had all three problems but the sound-achieving students generally showed 
competence in whole-number knowledge and number facts but lacked a satisfactory 
understanding of fractions, particularly when they were recorded in decimal-fraction form. 
This phenomenon indicated that schematising fraction knowledge was more difficult than 
schematising whole-number knowledge and that impoverished fraction knowledge hindered 
the students' performance in related mathematical domains (e.g., percentages, algebra, 
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trigonometry, and metric measurement). Because of the importance of understanding 
fractions in terms of further mathematics learning, this domain of mathematics seemed to be 
a worthwhile focus for a research investigation. 
An analysis of the sound-achieving students' understanding of fractions (Batura, 
1993) revealed that several of these students seemed to have an understanding ofthe 
part/whole notion of fractions and could identify and record simple common fractions and 
decimal fractions to tenths. (A full description of the cognitions associated with fractions is 
provided in Section 2.3.) However, decimal fractions beyond tenths (i.e., hundredths and 
thousandths) were generally not lmown. This phenomenon was intriguing because those 
students had already demonstrated an understanding of whole numbers and the part/whole 
concept of fractions, the two major lmowledge components underlying an understanding of 
decimal fractions. From this finding, three hypotheses were proposed: (a) teaching was 
impoverished in some way, (b) learning was restricted because of inherent conceptual 
difficulties in the mathematical structure underlying the notion of hundredths or because 
prerequisite cognitions were not lmown adequately, or (c) there were conceptual difficulties 
in both the teaching and the learning of decimal fractions, in general, and hundredths, in 
particular. Therefore, a focus on the mathematicallmowledge required for an understanding 
of hundredths seemed warranted in providing illumination for both the teaching and 
learning of hundredths. Therefore this study set out to analyse the lmowledge structures and 
relationships that constitute an ideal or expert understanding of hundredths. 
In Queensland schools, tenths are taught in Year 4, hundredths in Year 5, and 
thousandths in the second term of Year 6. Therefore, in order to provide a snapshot of the 
tenths and hundredths lmowledge students construct after instruction in hundredths is 
complete, Year 6 students were tested and interviewed before they were introduced to 
thousandths (which may or may not clarify hundredths lmowledge). 
To determine the knowledge structures that are acquired and connected by middle 
school students in getting to lmow hundredths, a comparison of the lmowledge forms held 
and connected by proficient students (those who are "good" at tenths and hundredths), 
semiproficient students (those who are "good" at tenths but not hundredths) and 
nonproficient students ("good" at neither tenths nor hundredths) was thought to be a useful 
starting point. (The criteria used to determine proficient and semiproficient students are 
given in Section 2.9.2.) 
A comparison of these types oflmowledge was expected to yield qualitative 
differences between proficient and semiproficient students and between high- and low-
performing students. An analysis of the response patterns and solution strategies revealed 
by the various performance categories was expected to provide a theoretical framework of 
lmowledge structures and connections from which implications for instruction with respect 
to decimal fractions could be developed. 
1.1.2 CONTEXT OF THE STUDY 
Mathematics education in the Queensland state school system is guided by the 
curriculum documents developed by the Queensland Department of Education. These 
documents consist of the Years I to IO Mathematics Syllabus (Department of Education, 
Queensland, 1987b), the Years I to IO Mathematics Teaching, Curriculum and Assessment 
Guidelines (Department ofEducation, Queensland, 1987c) and the Years I to IO 
Mathematics Sourcebooks (Department of Education, Queensland, 1987a, 1988, 1989). 
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Because of their availability and widespread use in Queensland schools, the 
curriculum documents recommended by the Queensland Department of Education provided 
the parameters for the range of test items that were developed in this study for the purposes 
of identifying the interview students. Therefore, the test items covered those numeration 
processes that are included in the documents, namely, number identification, place value, 
renaming, counting, ordering, and estimating. 
The curricula developed are of a spiralling nature in which initial concepts and 
processes are introduced for a formal study in the most appropriate year level and then these 
are built upon in increasing complexity in the following years. For example, in Queensland 
schools, the formal study of fractions begins in Year 4 and, after the initial concept of a 
fraction (see Section 2.3.2) is established, the students are introduced to tenths, the first of 
the decimal-fraction places, and the various related processes (e.g., counting, ordering, and 
so on). In Year 5, the study of decimal numbers extends to hundredths, the second decimal-
fraction place, while thousandths are studied formally in Year 6. Thus, in Queensland 
schools, decimal-fraction recording precedes common-fraction recording, a teaching 
sequence that appears to be adopted in France but not, for example, in the United States of 
America or Israel (Resnick et al., 1989). 
The curriculum documents advocate the use of square shapes as referents from 
which to develop meaning for tenths and hundredths. However, this lack of variety may 
promote prototypic thinking (Hershkowitz, 1989) and therefore nonprototypic 
representations were used in some test items. (The test items are included in Attachment 2, 
inside back cover. Discussion of these items and their development may be found in 
Appendix B.) 
1.2 PURPOSES AND SIGNIFICANCE 
The purposes were conceived, and the study developed, in relation to performance 
categories. In this section, the study's purposes are provided, the performance categories 
and other terms defined, a brief outline of the study's main stages is given, and significance 
is discussed. 
1.2.1 PURPOSES OF THE STUDY 
This study explored Year 6 students' cognitive functioning in the domain of 
decimal-number numeration, particularly with the intention of: 
(1) comparing the lmowledge structures of high, medium and low proficient and 
semiproficient students with respect to tenths and hundredths lmowledge; 
(2) constructing models which explain the structurallmowledge differences of high, 
medium and low proficient and semiproficient students with respect to tenths and 
hundredths lmowledge; and 
(3) drawing implications for instruction in decimal-number numeration. 
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In this study, proficient and semiproficient are terms used to denote particular 
distribution patterns with regard to tenths and hundredths lmowledge. Proficient students 
were those who, from the test (see Section 3.4), revealed a regular distribution of tenths and 
hundredths lmowledge whilst semiproficient students were those who revealed an irregular 
distribution pattern for tenths and hundredths. The criteria for these performance categories 
are described in Table 1.1. 
Table 1.1 
Proficiency Levels (Tria/3) of the Performance Categories in Terms of Tenths and Hundredths 
Means. 
Proficiency levels 
High proficient (HP) 
High semiproficient (HSP) 
Medium proficient (MP) 
Medium semiproficient (MSP) 
Low proficient (LP) 
Tenths 
-<::90% 
-<::85% 
-80-90% 
-60-80% 
- s;60% 
Hundredths 
s;lO% less than tenths mean 
> 10% less than tenths mean 
s;1 0% less than tenths mean 
<:: 1 0% less than tenths mean 
s;60% 
Initially, the study set out to explore the structurallmowledge differences ofhigh 
proficient (HP) and high semiproficient (HSP) students only. Consequently, in Trials 1 and 
2 (see Section 3.4), the main objectives were to determine the test's capability of identifying 
HP and HSP students and to explore the structurallmowledge differences of these two 
performance levels with a view to determining the focus of the interview tasks. In Trials 1 
and 2, the criteria for proficiency and semiproficiency were not as stringent as they were for 
Trial3. (See Section 3.3.4 for a discussion of the earlier criteria.) The test instrument 
revealed that the distribution patterns (i.e., regular or irregular tenths and hundredths 
lmowledge) were displayed by very high-achieving students as well as by middle-to-high 
and middle-to-low-achieving students. Therefore, to illuminate the baseline lmowledge 
required for processing tenths and hundredths that separates high-achieving students from 
others, the study's focus was broadened to include mid-achieving (MP) and low-achieving 
students (MSP, LP). In summary, the terms proficient and semiproficient were used to 
indicate the distribution patterns of tenths and hundredths lmowledge and were prefixed 
with the terms high, medium and low to indicate the various mastery levels of proficiency 
and semiproficiency. 
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The term model is used in this study to denote a structured explanatory "tool" that is 
used to denote major related components and their connections. For this study, the 
components were the cognitions underlying the mathematical structure of decimal-number 
numeration. 
The model that was developed after analysing the test results incorporated all the 
major components and connections of decimal-number numeration (i.e., base, 
position/order, equivalence, additive structure, multiplicative structure, and 
unitising/reunitising,). This model is referred to as the numeration model. The models that 
were developed after analysing the interview results focused on three of the components 
(position/order, multiplicativity, and unitising/reunitising). For each of these components, 
the models depicted the structure of the requisite lmowledge (i.e., concepts, processes, 
mathematical principles and their connections). Therefore, these models are referred to as 
structural models. 
Throughout this study, teaching refers to the "sense-making" process that treats 
learners as active participants in the learning process, equates learning with understanding 
the why, what and when, represents lmowledge in a variety of forms and explicates the 
connections between the representations (Lampert, 1986, 1988). Thus, in this study, 
teaching does not mean the "show and tell" process that treats learners as passive recipients 
oflmowledge, equates learning with remembering the how, and represents lmowledge as 
collection of disparate facts and symbols (Greeno, 1989). 
To achieve the research objectives, the study incorporated the following four major 
stages. A complete description of each of these components is provided in Section 1.3. 
1. Initial theory - the development of the initial theoretical framework from the literature; 
2. Mathematical reality - the development and administration of the test instrument, the 
comparison of the structurallmowledge (i.e., concepts, processes, mathematical 
principles, and connections) held by the various performance categories, the 
construction of the numeration model, and the selection of students for the interview; 
3. Clarification - the development and administration of the interview instrument and the 
categorisation of responses within and between the performance categories; and 
4. Model building- the development of the structural models, the comparison of 
performance categories in terms oflmowledge structure using these models, and the 
drawing of implications for instruction. 
For this study, the term framework is used to denote a collection of related issues 
without any attempt to structure and connect the various issues. The theoretical framework 
on which the test instrument was developed consisted of those issues that are discussed in 
Section 2.8, namely, issues related to: (a) the mathematical domain under consideration 
(see Section 2.8.1 ); (b) understanding, factors that mediate understanding, and mechanisms 
that facilitate understanding (see Section 2.8.2); and (c) tools for representing students' 
cognitive functioning (see Section 2.8.3). 
1.2.2 SIGNIFICANCE OF THE STUDY 
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The focus of national and international mathematics curricula has recently 
undergone dramatic change (Australian Education Council, 1991; Carl, 1989; National 
Research Council, 1989; Romberg, 1987; Steen, 1990) whilst the role of mathematics in 
schooling and further education has likewise been under scrutiny (Employment and Skills 
Formation Council, 1992; Mayer Committee, 1992). The consequence of these changing 
roles is the need to determine a content scope and sequence for mathematics teaching that is 
appropriate for the 21st century. 
Australia, like most other countries, is a metricated society that has a decimal 
currency and a decimal system of measurement. Therefore, to have an "at homeness" 
(Cockcroft, 1982) with decimal numbers is an eminently practical aim of our society's 
schooling. In Queensland primary schools, the study of decimal fractions is limited to the 
first three decimal places (tenths, hundredths, thousandths) and decimal-fraction recording 
is taught before common-fraction recording. 
There appears to be a consensus in the literature that decimal numbers are among 
the most complex and important mathematical ideas that children will encounter in their 
mathematics education and that students' difficulties in acquiring an understanding of 
decimal numbers have been well-documented in the literature (Behr, Harel, Post, & Lesh, 
1992; Bigelow, Davis, & Hunting, 1989; Freudenthal, 1983; Kieren, 1988; Ohlsson, 1987, 
1988; Resnick et al., 1989; Weame & Hiebert, 1988). Behr, Lesh, Post, and Silver (1983) 
claimed that decimal numbers form "a rich arena within which children can develop and 
expand the mental structures necessary for intellectual development" (p. 91). Therefore, as 
well as having a practical value, decimal numbers per se have an intellectual value. 
The literature yielded three distinct strands of research in the domain of decimal 
numbers: (a) studies that focused on the instructional components (Payne, 1984; Payne, 
Towsley, & Huinker, 1990; Zawojewski, 1983), (2) studies that focused on the 
mathematical structure of decimal numbers (Hope & Owens, 1987; Kieren, 1988; Mack, 
1990; Ohlsson, 1988; Post, Wachsmuth, Lesh, & Behr, 1985), and (c) studies that looked at 
students' performance (Bezuk, 1988; Hiebert & Weame, 1985; Resnick et al., 1989; Sackur-
Grisvard & Leonard, 1985). 
Behr et al. (1992) claimed that research that focused on the structure of fractions 
tended to be from a mathematical perspective rather than from a constructivist or a cognitive 
psychologist perspective. According to Nik Pa (1989), this has resulted in a body of 
literature that has focused on the adult's perspective rather than on the child's. By 
constructing structural models that took cognisance of the mathematical structure of 
decimal-number numeration and the students' schema with respect to the structures, this 
study attempted to redress the research gap. 
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Whilst studies that looked at students' performance in decimal numbers have 
yielded some valuable insights and have given rise to speculations as to how decimal 
numbers can be taught effectively, there still remains very little research on how children 
construct an understanding of decimal numbers. This study set out to redress this issue by 
focusing on the acquisition of hundredths knowledge because, for the first time in the 
students' construction of the decimal number system, they are challenged by the effects of 
the ternary relations (Halford, 1993) that are embedded within the number system. For 
example, to understand hundredths, students need to understand the relationship between 
ones and tenths, ones and hundredths, and tenths and hundredths. However, to understand 
tenths, students need to understand the relationship between ones and tenths only. (A more 
complete analysis of the mathematical structure of the decimal-fraction places is provided in 
Section 2.3.3.) 
Apart from the inherent mathematical difficulty in hundredths, the previous learning 
of the whole-number places has often been routinised without full understanding (Ross, 
1990) and, according to Wearne and Hiebert (1988) "it may be difficult for semantic 
information to penetrate routinized rules ... it is almost as if routinized procedures 
insulated these students from assimilating new information or constructing new approaches 
to solve problems" (p. 232). In studying students' ability to solve word problems, Nesher 
(1980) also concluded that students frequently bypass any global mental representation of 
the problem and move directly to a mathematical expression on the basis of syntactical, 
surface clues. (The notion of representation and the relationship between whole numbers 
and decimal fractions will be addressed fully in Chapter 2.) 
Thus, by focusing on hundredths, this study attempted to redress the gap in the 
literature regarding students' construction of decimal-fraction notions, particularly in the 
mental models that they construct to represent their understanding of hundredths. The 
complexity of the notion of hundredths as compared with the notion of tenths yielded 
valuable insights into how students transfer previously-learned and not-so-complex related 
notions to a new domain that requires the "development and expansion of the mental 
structures necessary for intellectual development" (Behr et al., 1983, p. 91). 
1.3 RESEARCH DESIGN 
1.3.1 OVERVIEW 
The research methodology in which the study was embedded is described in this 
section because it provides the rationale for the major components that comprise the study's 
framework. Each of the components is then described in terms of its specific research 
methodologies, purposes, subjects, instruments, procedures and analyses. 
This section includes the ontological and epistemological perspectives from which 
the research design emerged, an outline of the research paradigms that were influential in 
the design and a macro view of the entire research activity. 
1.3.2 RESEARCH METHODOLOGY 
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The study was framed from those assumptions that generally indicate qualitative 
research and therefore tended to engage in generative, inductive, constructive and subjective 
processes rather than in the verificative, deductive, enumerative and objective processes, 
that generally indicate quantitative research (Goetz & LeCompte, 1984). 
Goetz and LeCompte (1984) claimed that most research activities emerge from 
assumptions about what constitutes legitimate perspectives towards reality and the task of 
explaining it. They postulate that these assumptions can be located on continua related to: 
(a) the position of evidence within the research study and the extent to which the study's 
results may be generalised to other groups (generative-verificative), (2) the role of theory 
(inductive-deductive), (c) the ways in which a study's units of analysis are formulated and 
delineated (constructive-enumerative), and (d) the type of data collected and analysed 
(subjective-objective, qualitative-quantitative). 
According to Goetz and LeCompte (1984), these assumptive modes delineate the 
common distinction between qualitative and quantitative research, a distinction which they 
believed was "artificial and inexact" (p. 6). They did not see the assumptive modes as 
mutually exclusive dichotomies; rather, they believed that legitimate research activities 
often employ overlapping modes. For example, studies may combine constructive and 
enumerative units of analysis whilst some complex studies may begin by generating 
propositions that are subsequently verified. 
This study was generative in that aimed to develop models which would provide an 
explanation for performance in terms of underlying cognitions. The study was generally 
inductive and constructive in that it involved analyses of individual student's responses to 
produce categories of behaviours. These inductive and constructive activities took place 
within a framework of ideas from the literature. Moreover, the data gathered was 
predominantly subjective (i.e., qualitative) as it was collected from individual interviews 
ranging from unstructured to structured. Some objective (i.e., quantitative) data were used 
in the selection of subjects for interviews and in the analysis of the numeration components 
of the pencil-and-paper test (see Section 2.8.4 for a description of these mathematics 
components). 
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1.3.3 UNDERLYING PARADIGMS 
The study was informed by three paradigms, namely, the constructivist paradigm of 
Guba and Lincoln (1989), the diagnostic and prescriptive paradigm ofUprichard and 
Englehardt (1986), and the grounded theory of Strauss and Corbin (1990). (See Appendix A 
for a more detailed description of the paradigms that influenced the research design.) 
With respect to the constructivist paradigm, the study drew on its ontological and 
epistemological assumptions and took cognisance of Stage 1 (entry conditions) and Stage 2 
(hermeneutic cycle) but only limited cognisance of Stage 3 (case report). Guba and Lincoln 
claimed that case reports cannot be generalised to other similar settings. However, their 
argument seems to be based on procedures that are more closely allied to a boardroom than 
a classroom. A boardroom is perhaps more idiosyncratic than a classroom as it is formed 
from the major proponents from one particular company or institution and, consequently, its 
findings may not be generalisable to other contexts. However, a middle-school classroom in 
Queensland (the setting for this study) has behaviours that are idiosyncratic to that 
classroom as well as behaviours that are representative of most other Queensland middle-
school classrooms. The implication of this difference in context is that findings generated 
from a variety of middle-school classrooms may be more generalisable to the total 
population than those that are generated by specialised settings. Therefore, a case report 
that emerges from this context could legitimately include recommendations for effective 
teaching of the phenomena being examined. 
Furthermore, Guba and Lincoln do not exemplify their methodology through 
allusions to the construction of mathematical knowledge which has an inherent structure and 
sequence that is not essential in many other forms of knowledge, for example, equity issues 
that may be more likely to be part of a boardroom agenda. Thus, the very nature of the 
phenomenon under investigation suggests that some flexibility in the interpretation of the 
methodology outlined by Guba and Lincoln would be appropriate. 
However, having argued for some degree of generalisability to other similar 
settings, the study and its outcomes should be recognised as having a validity that is limited 
to the study's contexts. Moreover, as the study's main purpose is to provide new 
information and an "increased sophistication of thinking" (Guba & Lincoln, 1989, p. 148), it 
acts as a platform for further research which would seek to reformulate, refine or replace the 
cognitive models constructed from this study. 
With respect to the diagnostic and prescriptive paradigm of Uprichard and 
Englehardt (1986), the study adopted a modified version of the paradigm's stages to cater 
for the exploration of the mathematical knowledge that was explored in this study. To this 
end, the study had four stages, namely, Initial Theory, Mathematical Reality, Clarification 
and Model Building. These stages were an amalgamation of those suggested by Uprichard 
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and Englehardt (1986) and Guba and Lincoln (1989) with the grounded theory approach of 
Strauss and Corbin (1990). 
Stage 1, Initial Theory, was the same as Levell (Theory) ofUprichard and 
Englehardt (1986). Stage 2, Mathematical Reality, was based on Level2 (Clarification) of 
their paradigm, but focused on reality from a mathematical perspective leaving the other 
perspective, cognitive, to a later stage. Stage 3, Clarification, incorporated the clarification 
and refinement properties embedded in the Uprichard & Englehardt paradigm. It drew on 
Stage 2 as a basis for probing the students' underlying understanding and featured the 
emergence of patterns and categories. Stage 4, Model Building, directly reflected the 
hermeneutic cycle of Guba and Lincoln. It returned to the Theory level ofUprichard and 
Englehardt and focused on the cognitive perspective of children's responses. 
Because the focus of the proposed study was on the generation of theory rather than 
on the confirmation of theory, Levels 5 and 6 (Intervention and Demonstration, 
respectively) ofUprichard and Englehardt's paradigm (1986) were not incorporated within 
this study. 
With respect to the grounded theory of Strauss and Corbin (1990), the study utilised 
the paradigm's coding procedures to categorise behaviours and to identify response patterns 
and solution strategies that differentiate within and between performance categories. 
1.3.4 THE MACRO RESEARCH DESIGN 
To achieve the research objectives (see Section 1.2), the study incorporated four 
major stages whose methodologies were described and defended in the preceding section. 
This section first overviews how the stages are linked (see Figure 1.1) and then provides a 
detailed description of the stages' content, procedures and outcomes. A synopsis of the 
design in tabular form is included in Attachment 1 (back cover). 
Stage 1 Stage 2 Stage 3 Stage 4 
Initial reality Mathematical reality Clarification Model building 
• Review the -7 • Construct • Construct interview • Construct structural 
literature. diagnostic test; schedule; models. 
• Test large sample • Probe selected 
1 of Year 6 students. students' structural 1 l knowledge. ~ 
Develop theoretical Select interview Determine structural Draw implications for 
framework. students. knowledge teaching and future 
Construct numeration differences research. 
model.--
Figure 1.1. The hermeneutic cycle of the study's four stages. 
The four stages collectively represented a hermeneutic cycle in which the focus of 
each stage became more and more refined and concentrated until the final stage (see Figure 
1.1 ). As shown in Figure 1.1, Stage 1 makes a broad sweep of the major mathematical, 
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pedagogical and psychological issues that relate to the domain under consideration to 
produce a theoretical framework that encompasses those issues. Stage 2 scans the general 
knowledge strengths and weaknesses of a large sample (337) ofYear 6 students with respect 
to tenths and hundredths via a diagnostic test instrument that was constructed on the basis of 
the theoretical framework developed in Stage 1. The outcome of this stage is the 
development of a numeration model that incorporates the major mathematical notions and 
their connections in decimal-number numeration. 
Stage 3 probes the knowledge structures of selected high, medium and low 
proficient and semiproficient students of selected Year 6 students with respect to three of 
the major mathematical notions in the numeration model via an interview schedule. Stage 4 
develops structural models to represent the knowledge structures held by the performance 
categories with respect to decimal-number numeration and concludes by drawing 
implications for teaching and future research, implications which are informed by the 
study's findings and the theoretical framework developed in Stage 1. 
Stage 1 -Initial theory. The relevant literature with respect to the mathematics 
involved in decimal-number numeration, the acquisition of mathematical knowledge, 
factors mediating understanding and mechanisms of understanding were reviewed with a 
view to developing theoretical positions that would act as a framework for the study, 
particularly for the development of: (a) the test and interview instruments (including 
criteria for differentiating performance categories); (b) the analysis of the findings; (c) the 
construction of models of structural knowledge; and (d) implications for teaching and future 
research. Therefore, the theoretical framework took cognisance of: (a) the numeration 
concepts and processes related to tenths and hundredths, (b) understanding, access and 
availability; and (c) the ways in which students' structural knowledge could be represented. 
(See Chapter 2 for a full description of each of these components.) This theoretical 
framework provided the basis for comparing each student's cognitions in the domain being 
investigated. 
Stage 2 -Mathematical reality. This stage ofthe study comprised three 
hermeneutic cycles that were categorised as the Test Development Cycle, the Knowledge 
Exploration Cycle and the Interview Development Cycle. (See Section 3.2 for a complete 
description of these cycles and their contingent and hermeneutic nature.) 
The major focus of the Test Development Cycle was to trial the pencil-and-paper 
test with a small convenience sample (8 students), to authenticate the test items through 
semistructured individual interviews (Romberg & Uprichard, 1977), to evaluate the test in 
terms of its capability of differentiating performance categories (i.e., levels of proficiency -
see Section 2.9.2 for the criteria used to determine the performance categories) and 
knowledge structure, and to modify the test instrument to accommodate the authenticity and 
evaluative components of the cycle. The modified test was then administered to a much 
larger quota sample (156 students) of the population in the next cycle, Knowledge 
Exploration Cycle. 
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The major focus of the Knowledge Exploration Cycle was to further explore and 
compare the lmowledge strengths and wealmesses of the performance categories. The larger 
sample enabled further evaluation of the test's differentiating capabilities with respect to 
identifying performance categories and to the knowledge held by the students within the 
various performance categories. Some minor modifications were made to the test to 
accommodate the findings from this cycle. 
The Interview Development Cycle had four major foci: (a) to identify the 
performance categories that reflected the different lmowledge with respect to tenths and 
hundredths that was revealed from the test scores; (b) to select, from each performance 
category, the students for interviewing in the Clarification Stage; (c) to analyse the 
lmowledge held by the various types of students and to compare the resulting lmowledge 
strengths and weaknesses between the category performances and across the range of 
concepts, processes and principles required for an understanding of decimal-number 
numeration (tenths and hundredths); and (d) to construct a numeration model that explained 
the cognitions (concepts, processes and principles) and their connections required to process 
decimal-numbers with understanding. 
Stage 3 -Clarification. Semistructured individual interviews were conducted with 
the students who were selected from the previous stage. During these interviews, the 
students'lmowledge was probed through an interview schedule that focused on some ofthe 
major mathematical notions (position/order, multiplicativity and unitisation/reunitisation) 
that were shown to be a source of differentiation in the lmowledge held by the performance 
categories. Response patterns and solution strategies that differentiated between the 
performance categories were identified, categorised and compared within and between 
performance categories. Some ad hoc and contingent teaching interventions related to the 
mental models (exponential and symmetry- see Section 2.3.3) were conducted during the 
interviews. These were undertaken with those students who were unable to disclose, after 
probing, the appropriate lmowledge. 
Stage 4 -Model building. Models were constructed to represent the structural 
lmowledge of the major mathematical components that were probed during the interviews 
(position/order, multiplicativity and unitisation/reunitisation). Composite lmowledge 
profiles were developed to represent the performance categories (see Section 5.2 for a full 
description of this process) and were then translated to the structural models for 
position/order, multiplicativity, unitisation/reunitisation. This process was undertaken for 
each performance category. 
Using the results of the interview in terms of the cognitions inherent in each of the 
major mathematical components, the lmowledge "nodes" within each structural model were 
shaded black or grey to represent complete or incomplete semantic knowledge respectively 
of position/order, multiplicativity and unitisation or were left unshaded to represent 
unavailable semantic lmowledge. The structural models for each performance category 
were analysed for strengths and wealmesses and inferences were drawn with respect to 
whether they illustrated predominant abstract structural schema of that mathematical 
component, incomplete structural schema or unavailable schema. As well, the structural 
models between the performance categories were compared and inferences drawn with 
respect to processing tenths and hundredths with understanding. 
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The three resulting structural models for each performance category were compared 
within and between categories; implications with respect to the requisite cognitions required 
for an understanding of decimal-number numeration were drawn. 
1.3.5 THE MICRO RESEARCH DESIGN 
The purposes, subjects, data gathering instruments and techniques (methods) for 
gathering the data, procedures and data analysis are detailed at the beginning of each chapter 
in which the relevant stage is reported. 
1.4 CHAPTER OUTLINES 
Chapter 1. This chapter contains the study's stimulus and context, purposes and 
significance, and an overview of the research design. 
Chapter 2. This chapter relates to Stage 1 -Initial Theory (see Section 1.3.5 for the 
study's macro research design) and provides pertinent details of the research methodology 
used in this stage of the study. The literature germane to the study is reviewed, analysed 
and synthesised and concludes with implications for the study. The theory of understanding 
that provides the framework for the test and interview instruments is developed and 
described. 
Chapter 3. This chapter relates to Stage 2 -Mathematical Reality (see Section 
1.3.5 for the study's macro research design) and provides details of the research 
methodology pertinent to this stage. The chapter also includes the development of the test 
instrument used to differentiate performance categories, the authentication of the test items, 
and an evaluation of the test's effectiveness in differentiating: (a) performance categories 
with respect to tenths and hundredths, and (b) lmowledge differences with respect to 
decimal-number numeration processes. It also includes the results of the trials, an analysis 
of the students' responses in each trial, a description of the performance categories and the 
concomitant selection criteria for each category, and the selection of the students within 
each performance category. 
The chapter concludes with the development of a numeration model which relates 
the cognitions and their connections embedded in the decimal number system and from 
which the interview tasks were developed. 
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Chapter 4. This chapter relates to Stage 3 -Clarification (see Section 1.3.5 for the 
study's macro research design) and provides details of the research methodology pertinent 
to this stage. The interview tasks related to the major mathematical components of position 
and order, multiplicative structure and unitisation and reunitisation are described and 
summaries of the students' responses in terms of the performance categories are provided. 
Response patterns and solution strategies are categorised in terms of semantic and syntactic 
knowledge. These categories are then used to compare the knowledge structures with 
respect to the major mathematical components and which differentiate high-and low-
performing students and high proficient students from all other performance categories. 
Chapter 5. This chapter relates to Stage 4 -Model Building (see Section 1.3.5 for 
the study's macro research design) and provides pertinent details of the research 
methodology used in this stage of the study. This chapter reports on the construction, from 
the numeration model developed in Chapter 3, of the structural model frameworks for 
position and order, multiplicative structure, and unitisation and reunitisation. This chapter 
also describes: (a) the compilation of the structural models for each performance category 
from the structural model frameworks; and (b) the criteria that were used to compile the 
structural models for each of the major mathematical components that were assessed in the 
interview. Also included in this chapter is a comparison, within and between performance 
categories, of the structural models for each of the major mathematical components that 
were assessed. These comparison led to the development of the integrated cumulative 
model for each performance category; this process and the results are reported on in this 
chapter. 
Chapter 6. In this chapter, the study is reviewed, performance (test) differences are 
detailed as are the structural knowledge differences, and the major findings and outcomes of 
the study are listed. These findings and outcomes are discussed as implications for 
teaching. The chapter concludes with implications for future research in the domain of 
decimal numbers. 
CHAPTER 2: INITIAL THEORY 
DEVELOPMENT OF THE THEORETICAL FRAMEWORK 
2.1 OVERVIEW 
This chapter reports on Stage 1 (Initial Theory) of the study. In this stage, a 
theoretical framework was constructed to enable the study to meet its objectives, which 
were: (a) to compare Year 6 students' knowledge structures related to tenths and 
hundredths; (b) to construct models to represent the knowledge structures, and (c) to draw 
implications for teaching. As discussed in Section 1.3.4, this required a review of the 
literature pertaining to students' understanding of decimal-number numeration. To this end, 
the literature reviewed encompassed: (a) the mathematics of decimal-number numeration 
(see Section 2.3); (b) understanding (see Section 2.4); (c) factors mediating understanding 
(see Section 2.5); (d) mechanisms facilitating understanding (see Section 2.6) and (e) tools 
for communicating and representing thinking (see Section 2.7). The theoretical framework 
is described in Section 2.8 and incorporates three components: (a) mathematical structure; 
(b) a theory of understanding; and (c) tools for representing thinking. The chapter concludes 
with a discussion of the implications of the theoretical framework for the next stage of the 
study (see Section 2.9). 
2.2 PURPOSES AND DESIGN 
2.2.1 PURPOSES 
This stage of the study set out to identify, review and synthesise the pertinent 
literature with a view to constructing a theoretical framework appropriate for the study. 
Murphy and Woods (1996) claimed that a theoretical framework for any research 
study was crucial because it conveyed the researcher's ontological and epistemological 
assumptions about reality and knowledge, assumptions which effected the way the research 
was conceptualised and proceduralised, and how results were analysed and discussed. (See 
Section 1.3 and Appendix A for the philosophical assumptions underlying this study.) 
To construct the theoretical framework for this study, information was required 
about the domain under consideration, what it means to understand that domain and how to 
interpret students' behaviours in terms of understanding. Consequently, the literature 
reviewed encompassed: (a) the mathematical domain under consideration (decimal number) 
and its prerequisites (whole number and fraction); (b) the nature of understanding for this 
domain (theories of understanding relating to mathematics, factors and mechanisms that 
mediate and facilitate understanding); and (c) tools for communicating and representing 
thinking. 
2.2.2 RESEARCH DESIGN 
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Research methodology. The existing literature provided the substance for the theory 
and therefore the methodology for this stage was analytic-synthetic (Uprichard & 
Englehardt, 1986). 
Subjects. The nature of the methodology predicated that no subjects were used in 
this stage. 
Instrument. The instrument used in this stage was the research and technical 
literature. 
Procedure. The procedure involved two main steps: (a) identifying, reviewing and 
synthesising the pertinent literature; and (b) constructing a theoretical framework appropriate 
for the study. Pertinence was determined by the study's objectives and therefore the 
literature reviewed encompassed components of decimal-number numeration and what 
constitutes understanding of this domain. This included literature on how students acquire 
that understanding, how students construct the knowledge required for understanding, and 
how students access the constructed knowledge. Appropriateness of the theoretical 
framework was determined by the future needs of the study which were to provide a 
theoretical foundation for: (a) developing the student selection instrument (the diagnostic 
test); (b) developing the interview instrument; (c) analysing the test and interview results; (d) 
constructing models to represent the selected students' structural knowledge; and (e) drawing 
inferences with respect to instructional strategies. 
Analysis. To develop the theoretical framework, the pertinent literature was 
analysed to determine those findings that would be most effective in ascertaining the 
knowledge structures of middle school students with respect to decimal-number numeration. 
This process was guided by pragmatic (achievable and contextual) as well as structural 
imperatives. The pragmatic imperative required the framework to underpin a study that was 
achievable in terms of time (e.g., testing and interviewing) and contextual in terms of task 
parameters (i.e., related to those decimal-numeration processes that were recommended by 
the Queensland mathematics syllabus). The structural imperative, the effects of which can 
be seen in the components of the theoretical framework, required an analysis of the students' 
mathematical structures (e.g., the ability to unitise and reunitise) and cognitive structures 
(e.g., binary/ternary relationships and mental models) in order to: (a) illuminate the 
structural knowledge differences of the performance categories, particularly the high 
proficient and high semiproficient students: and (b) determine how a successful schema for 
tenths can be extended to a successful schema for hundredths. 
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2.3 THE MATHEMATICS OF DECIMAL-NUMBER NUMERATION 
2.3.1 HISTORICAL DEVELOPMENT 
Wilder (1982) claimed that mathematics developed from cultural stress, that is, the 
demands induced by social and cultural environmental factors such as the need to keep track 
of one's possessions or the need to indicate the size of one's holdings. Thus, one of the 
earliest cultural necessities was for a system of counting which gradually evolved into a 
numeration system. Because of its cultural genesis, several different numeration systems 
were developed but each numeration system evolved in similar ways, that is, a system of 
whole numbers, (the concept of number, the number names and symbols) was developed 
first and then a system of fractions. 
The fact that, in all cultures, fraction numeration was developed well after the whole-
number numeration system was established indicates that there were difficulties which 
inhibited its development. The major difficulty appeared to stem not from the concept (part 
of a whole) but from the language and symbolic representations of fractions. This feature in 
the evolution of the numeration system used in our society has ramifications for teaching 
fractions, namely, history shows that the language and symbolism of fractions has inherent 
difficulties and therefore students should not be expected to master this domain quickly. The 
current mathematics syllabus for Australian schools reflects the sequence of development of 
the two mathematical domains so that the domain of fractions is formally taught only after 
the students have had the opportunity to establish the basic concepts, processes and 
principles embedded in the whole-number system. 
A numeration system, then, has a system of number names which need to be said in 
the same order and a system of symbols to represent the number names. However, not all 
numeration systems were sufficiently efficient to allow abstraction of the idea of number as 
distinct from the symbol (i.e., the numeral that represented the number concept). For 
example, the Babylonian system could only be understood within the context of the real-
world problem in which it was situated because of a lack of place value (Smith, 1953). 
The mathematics that underlies Western civilisation is embedded in the decimal 
number system so called because it incorporates a system of grouping that is based on 10. 
That is, 10 ones can be grouped to make 1 ten, 10 tens can be grouped to make 1 hundred, 
and so on. Because it is a base-l 0 system, it also has 10 different symbols called digits that 
are used singly or in combination to form a variety of numbers. Perhaps the most powerful 
feature of the decimal number system is its inherent notion of place value where the value of 
each digit is determined by its position/place in the number. Therefore, in a number such as 
333, each digit has the same face value, 3, but a different overall value (e.g., 300, 30, and 3). 
However, it was not until the inclusion of zero that the full potential of the number system 
was realised. 
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The decimal number system also has a multiplicative feature which is derived from 
the base and place value notion so that each digit in a number such as 487 can be thought of 
as the product of the digit's face value and the power of the base for each particular place. 
For example, the 4 in 487 represents the product of 4 and 102 (i.e., 10 x 10 or 100), the 8 
represents 8 x 101 while the 7 represents 7 x 10°. 
As for most number systems, the decimal number system has an additive feature 
whereby the value of each digit can be added to produce the value of the entire number. For 
example, 487 is equal to 400 + 80 + 7. Moreover, the decimal system has a unique-
representation property that means that one, and only one, number is represented by a 
numeral (i.e., symbol). 
During the 1960s and 1970s, most books on mathematics (e.g., Australian Council 
for Educational Research, 1965; Bell, Fuson, & Lesh, 1976) stressed the difference between 
"number" (the concept) and "numeral" (the external representation of the concept). For 
example, five birds, five books, five pencils all have the concept of "fiveness" but how that 
"fiveness" is represented depends on the numeration system of the particular cultures. In the 
decimal number system, we could write "5, five, or 4 + 1" to represent the number, five. In 
this study, " number" is used as the generic term. 
2.3.2 MATHEMATICAL STRUCTURE OF FRACTIONS 
In their review of the literature on rational numbers, Behr et al. (1992) claimed that, 
whilst research has provided "clear and precise mathematical defmitions of rational numbers 
and fractions" (p. 296), there remains no agreement on the concepts of fractions and rational 
numbers. In each of these statements, fractions and rational numbers are portrayed as 
separate entities but the remainder of the review treated fractions as a subset of rational 
numbers. Furthermore, as stated in Section 1.2.2, the analysis of the structure of 
fractions/rational numbers has been from a semantic (mathematical) perspective (Behr et al., 
1992) rather than from a constructivist or a cognitive psychologist perspective. Nik Pa 
(1989) claimed that this has resulted in a body ofliterature that has focused on the adult's 
perspective rather than the child's. A further consequence of this is that those studies that 
have been conducted to explore young children's understanding of fractions (Hunting & 
Sharpley, 1988; Saenz-Ludlow, 1994) have been based on tasks that incorporate the more 
difficult notions of fractions (e.g., the division concept). By constructing structural models 
that took cognisance of the mathematical structure of decimal-number numeration and the 
students' schema with respect to the structures, this study attempted to redress the research 
gap. 
K.ieren (1976) claimed that rational number consisted of fractions, decimal fractions, 
equivalence classes of fractions, numbers of the form pi q where p and q are integers and q * 
0, multiplicative operators and elements of an infinite ordered quotient field. Freudenthal 
(1983) considered fractions to be the phenomenological source of rational numbers and, like 
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K.ieren (1983), believed that the part/whole interpretation of fractions was fundamental to all 
of the other subconstructs of rational numbers and was considered to be an important 
language-generating construct. 
In summarising the literature, Behr et al. (1992) claimed that there are five 
subconstructs of rational number, namely, part/whole, quotient, measure, ratio number, and 
operator. To have an understanding of rational numbers, then, means having an 
understanding of each subconstruct as well as their interrelatedness. However, because of 
the age of the subjects and their position in the learning sequence of rational numbers, this 
investigation focuses on those subconstructs that underlie the notion of decimal fractions, 
namely, the part/whole subconstruct and the measure subconstruct. 
Under the part/whole subconstruct, a fraction is a generic term used to denote a 
numerical amount that is a part of a whole (K.ieren, 1983; Nik Pa, 1989; Payne, Towsley, & 
Huinker, 1990). The whole can be any continuous quantity (e.g., a region/area, a line or a 
volume) or discrete quantity (e.g., a set of objects). Figure 2.1 shows the fraction, 1;4, 
represented by a variety of concrete models. 
0 1 eooo L. , 
Area Set Linear Volume 
Figure 2.1. A quarter represented by continuous and discrete models. 
The Years I to I 0 Mathematics Sourcebook: Year 4 (Department of Education, 
Queensland, 1987a) advocates the use ofthe area model in developing the understanding of a 
fraction because it has long been known that children experience conceptual and perceptual 
difficulties in interpreting the other models (Payne, 1976). For example, with the set model, 
young children find it difficult to unitise a group of discrete objects (Behr et al., 1992; Nik 
Pa, 1989); with the linear model, children tend to see the marks as discrete points on a line 
instead of as parts of a whole unit/segment and, again, the problem is related to unitising; 
with the volume model, the equal partitions are often not shown. Although the set, linear 
and volume models are not used in the initial development of the part/whole notion of 
fractions, they should not be avoided as full understanding of any notion requires an ability 
to abstract the salient features from a variety of materials (Dienes, 1969). In his study 
involving 220 college students, Silver (1983) reported on what he called representational 
rigidity, a limitation in the variety of mental models that was available to the students. This 
limitation appeared to be a major inhibitor of the students' ability to operate on fractions. 
Children's ability to interpret the part/whole subconstruct of fractions is highly 
dependent on their notion of a unit (whole) and their ability to partition (Kieren, 1980; 
Lamon, 1996; Pothier & Sawada, 1983; see Section 2.3.4) and reconstruct units (Behr et al., 
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1992; Nik Pa, 1989; Steffe, 1986; see Section 2.3.3). Steffe (1986) identified four different 
ways of thinking about a unit, namely, counting (or singleton) units, composite units, unit-of-
units and measure unit, with each type apparently representing an increasing level of 
abstraction. Behr et al. (1992) described the differences in the way a set of objects can be 
unitised. The ability to re-unitise (i.e., to change one's perception of the unit) requires a 
flexibility of thinking that may be beyond young children. This has importance for 
hundredths which need to be thought of as a number of hundredths sometimes and as a 
number of tenths at other times. Similarly, tenths need to be thought of as a number of 
tenths or as a number ofhundredths. These issues are addressed more fully in Section 2.3.3. 
Under the measure subconstruct, copies of a selected unit are used to attempt to 
cover a region and, if the covering is incomplete, (i.e, the whole unit is larger than the 
remaining region), then the unit needs to be partitioned into smaller subdivisions and the 
remaining region covered (Hope & Owens, 1987) The process of partitioning into smaller 
and smaller subdivisions is repeated until the region has been covered. Figure 2.2 shows 
how the decimal fraction, 0 43, can be thought of as a part/whole subconstruct (i.e., 43 parts 
of 100 equal parts as in Figure 2.2A) or as a measure subconstruct (Figure 2.2B) in which the 
fractional part is covered by tenths first and then the remaining region measured by 
partitioning the unit of measure (tenths) into 10 smaller subdivisions (i.e., tenths of a tenths-
hundredths). 
A B 
43 hundredths 4 tenths + a remaining region 4 tenths+ 3 hundredths 
Figure 2.2. 0.43 represented by the part/whole construct (A) and the measure subconstruct (B). 
A fraction can be recorded in several different ways - informally (e.g., 3 tenths), as a 
common fraction (e.g., 3J10), as a decimal fraction (e.g., 0.3) and as a per cent (e.g., 30%). 
However, it should be noted that the concept of a fraction as a part of a whole remains 
unchanged whatever the method of recording. 
In a metricated society, decimal-fraction recording is essential and, in view of this, 
current Australian mathematics syllabi recommend that decimal-fraction recording be taught 
before common-fraction recording whilst the recording of per cents should be delayed until 
children have a sound understanding of the notion of hundredths. As a result of their study 
involving US, French and Israeli students, Resnick et al. (1989) found that this sequence of 
instruction (i.e., decimal-fraction recording before common-fraction recording) appeared to 
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facilitate the extension of whole-number lmowledge to include decimal-number lmowledge 
whereas the reverse sequence of instruction (i.e., common-fraction recording before decimal-
fraction recording) appeared to hinder the extension. Whilst there are other cogent reasons 
for introducing the decimal-fraction recording prior to the common-fraction recording, there 
remains an inherent difficulty in the recording of decimal fractions and per cents, namely, 
the absence of a visual representation of the whole partitioned into a number of equal parts 
(i.e., the denominator). 
A decimal fraction can appear in a number such as 3.75 or 0.75. It is easy to 
recognise that 3. 7 5 is larger than one and that 0. 7 5 is less than one but it becomes difficult ,to 
describe the two numbers in mathematical terms. For example, they cannot be differentiated 
by saying that one number (3.75) has a whole number while the other one (0.75) does not 
because, in mathematics, zero is classified as a whole number. In this study, on the 
occasions when it will be essential to describe a number precisely, the term, decimal 
fraction, is used to denote those numbers that truly represent a part of a whole (e.g., 0.2, 
0.06, 0.75). At all other times, the term, decimal number, is used as a generic term and thus 
will include any number that contains a decimal fraction (e.g., 6.25, 0.25). 
2.3.3 MATHEMATICAL STRUCTURE OF THE DECIMAL NUMBER SYSTEM 
The decimal number system is rich in patterns related to the relationships between 
places. For example, adjacent places are related by 10, that is, either 10 times larger or ten 
times smaller depending on whether one place is to the left or the right of the other. For 
example, ones are 10 times larger than tenths and, conversely, tenths are 10 times smaller 
than ones. (See Figure 2.3.) 
X 100 X 100 
<E-- x 10 x10 -------<i;---- x 10 x10 ---
X 100 X 100 X 100 
<E-- x 10 x10 -------<i:---- x 1 0 x1 0 ------«:---- x 10 x10 ---
<E-X 10 -<E--X 10 --.E--X 10 -<E-X 10 -<E--X 10 -<E- X 10 -
Thousands Hundreds Tens Ones tenths hundredths thousandths 
~ 
_/10 
-7- /10 -7- /10 -7- /10 -7- /10 -7- /10 -7 
/100 /100 /100 
/10 /10 /10 /10 /10 /10 -----7 
/100 /100 
/10 /10 /10 /10 
__ ,_ 
Figure 2.3. Multiplicative relationships embedded in the decimal number system. 
.. 
These multiplicative relationships are two-dimensional or binary relations (Halford, 
1993) because they embed the notion of a bivariate function, x = f(y). However, every 
second place (e.g., hundreds and ones, ones and hundredths) involves a relationship of 100 
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(10 x 10). Because of its transitivity (e.g., a tenth is IJ10 of 1, a hundredth is 1;10 of a tenth, 
therefore a hundredth is 1 I 100 of a one), this relationship is a ternary relation and requires 
more processing load on memory than do the binary relations (Halford, 1993). 
Figure 2.3 is limited to showing only those multiplicative relationships of 10 and 
100. However, the relationship of thousand engenders another set of powerful patterns and it 
is this pattern that underlies the metric measurement system. (See Figure 2.4.) This is the 
pattern that is incorporated within the written form of communication and it is utilised by 
writing the digits of a whole number in groups of three (i.e., subitising the written number) 
so that large numbers are more easily and more quickly read. 
MIIllons period Thousands period Ones/Umts periOd Decimal fractiOns 
H T Ones H T Ones H T Ones t h th 
Figure 2.4. Patterns of the periods embedded in the decimal number system. 
Figure 2.4 shows that the semantic (mathematical) relationship that exists between 
the ones, tens and hundreds is repeated as numbers increase in value. However, the model 
engenders a language pattern (a syntactic feature) that is not extended to the decimal-fraction 
places, namely, the repetition of the whole-number place names from period to period. If 
students' schema are dominated by the syntactic feature of the model, then they may expect 
to see "hundredths, tenths, oneths" or "oneths, tenths, hundredths" (the reverse pattern). It is 
hypothesised that this syntactic feature may be a contributing factor to the difficulties that 
students have in recording decimal fractions, particularly hundredths. For example, within 
each period, the numbers are developed from right to left so that the ones are introduced 
first, then the tens and then the hundreds. Therefore the recording of hundreds of millions or 
hundreds of thousands or hundreds of ones requires three digits within each of the periods. 
However, the recording of hundredths requires only two digits. 
Thus, in contrast to the linear progression of places from left to right or right to left 
that was shown in Figures 2.3 and 2.4, the decimal number system has a symmetrical feature 
in which the decimal-fraction places are "mirror images" of the whole-number places, with 
the ones place being the mirror line or line of symmetry. (See Figure 2.5.) 
Thousands Hundreds 
I 
Tens 
I 
-I 
tenths hundredths thousandths 
Figure 2.5. Place name patterns embedded in the decimal number system. 
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The resulting pattern of the place names is useful when students are introduced to the 
decimal-fraction places. For example, the whole-number places are to the left of the ones 
and the decimal-fraction places are to the right of the ones. Tens are one place to the left of 
the ones while tenths are one place to the right of the ones. Similarly, hundreds are two 
places to the left of the ones while hundredths are two places to the right of the ones and so 
on for thousands/thousandths, ten-thousands/ten-thousandths. Ultimately, in oral 
communication, the correct placement of a digit depends on whether the spoken number 
ends in -s or -ths. 
However, whilst the exponential model (see Figure 2.3) and the symmetry model 
(see Figure 2.5) are very useful for showing the positional (or place) relationships within the 
decimal number system, they are inadequate in representing the size (or value) aspect of 
place value. 
As stated in Section 2.3 .2, the notion of a unit underlies the decimal number system. 
Both whole-number and decimal-fraction places are derived from the notion of the unit but 
there is a subtle difference in the cognitive processing required. For example, when 
considering whole numbers, singleton units, composite units and unit-of-units (Behr et al., 
1992) need to be considered (see Figure 2.6) whereas with decimal fractions, the measure 
unit needs to be invoked as well as the other types of units (see Figure 2.7). 
The cognitive complexity required to process the unit-of-units notion has major 
implications for acquiring an understanding of the decimal number system. For example, 
each place needs to be re-unitised in terms of the unit/one for a complete understanding of 
the place value relationships to be known. Figure 2.6 shows how 5 base-l 0 blocks used to 
represent 5 tens can be thought of in terms of the unit types. 
50 ones: 50 x 1-unit (singleton unit) 
1 unit of 50 ones: 1 x 50-units (composite unit) 
5 tens: 5 x 10- units (composite unit) 
1 unit of 5 tens: 1 x 5 x 1 0-units (composite unit-of-units) 
Figure 2.6. Various notions of a unit applied to tens and ones. 
Similar thinking is required to process a number such as 0.20 as shown in Figure 2.7. 
However, the extra dimension of the unit measure needs to be invoked (Behr et al., 1992) to 
relate the part to the whole. To transform the units in the different ways and to keep track of 
these transformations with respect to the shaded parts requires a great deal of flexible 
thinking and would put a strain on cognitive loading (Halford, 1993). 
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Unitising as hundredths 
100 x 1 -unit is unitised as 1 X .l.QQ::mili. 
1 X .1.QQ::mili becomes the measure unit to which the shaded parts are related. 
SO 20 is thought of as: 20/100 (1 X 100-unit) or 20 X J/100 (1 X 100-unit) = 0.20. 
Unitising as tenths 
100 x 1 -unit is unitised as 10 x ~; 10 x 10-units is unitised as 1 x 10 x 10-units 
1 x 1 0 x 1 0-units becomes the measure unit to which the shaded parts are related. 
SO 2 is thought of as: 2/ 10 (1 x 10 x 10-units) or 2 x 1/ 10 (1 x 10 x 10-units) = 0.2. 
Figure 2. 7. Units-of-units notion applied to tenths and hundredths. 
When a whole is partitioned into tenths only, students need to unitise just once, that 
is, the 10 x 1-unit is unitised as 1 x 1 0-unit and, therefore, there is only one measure unit to 
be invoked. Similarly, if hundredths only are to be considered. However, when hundredths 
need to be perceived as both tenths and hundredths as they are for recording purposes and for 
renaming from one place to the other (equivalence), then the cognition required becomes 
much more complex. The complexity would appear to be increased if a number with fewer 
than 10 hundredths is to be recorded (e.g., 0.03). This hypothesis is based on the fact that 
students need to invoke the composite unit (10 x 10-unit), unitise it as 1 x 10 x 10-unit, 
invoke the measure unit and then find that the cupboard is bare! That is, there are no tenths 
shaded after reunitising. 
In summary, then, the decimal number system is superficially simple but is 
structurally very complex. It is derived from the notion of a unit, the importance (and 
complexity) of which is often not considered because of its deceptively simple association 
with one object. The decimal number system incorporates binary and ternary relations 
(Halford, 1993) and it consists of simple yet powerful patterns within each domain of whole 
numbers and decimal numbers. These patterns should encourage the development of 
succinct yet global mental models of each of these domains. However, not all of these 
patterns hold between the two domains and it is hypothesised that it is this conflict of eligible 
patterns that make an understanding of decimal fractions so difficult. As Lord Randolph 
Churchill said when he was Chancellor of the Exchequer in London, "I never could make out 
what those damned dots meant" (Churchill, 1906, p. 184). 
2.3.4 RESEARCH FINDINGS 
PLACE VALUE OF WHOLE NUMBERS 
Research into students' understanding ofwhole-numbernumeration has focused on 
place value and has produced a plethora of evidence that students (particularly from Years 1 
to 4) have great difficulties in acquiring an understanding of place value (Baroody, 1990; 
Bednar & Janvier, 1988; Fuson, 1990a; Hiebert & Weame, 1992; Jones, Thornton & Putt, 
1994; Jones et al., 1996; Kamii, 1990; Ross, 1990). The general consensus seems to be that 
"children find place value difficult to learn and teachers find it difficult to teach" (Ross, 
1990, p. 13). 
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Understanding place value involves building connections between the key ideas of 
place value, for example, quantifying sets of objects by grouping by 10 and treating the 
groups as units (Fuson, 1988; Steffe & Cobb, 1988) and using the structure of the notation to 
capture the information about the groupings (Hiebert & Weame, 1992; Ross, 1990). 
Different physical representations (e.g., discrete bundling sticks, concrete base-l 0 blocks) 
yielded different understandings of place value, different instructional practices (i.e., 
teaching place value with or without physical representations) and different stages of 
cognitive development (Ross. 1990) did not account for all the differences observed in 
students' understanding of place value (Hiebert & Weame 1992; Ross, 1990). Rather, there 
appeared to be a strong interaction between instruction and cognitive development (Fuson, 
1990b; Ross, 1990). Furthermore, Ross (1990) claimed that with respect to physical 
embodiment of place value, introducing structured base-l 0 embodiments before discrete 
embodiments "may unwittingly provoke or reinforce a child's Stage 3 (face-value) 
interpretation of digits" (p. 14). Ross also cautioned against assuming that children construct 
an understanding of the complex place-value system on the basis of manipulating 
appropriate concrete embodiments. She claimed that children learn to represent whole 
numbers with concrete manipulatives through following the teacher's directions not 
necessarily from thinking about what they have constructed. Fuson (1992) concluded that 
"students' understanding and performance are connected in complicated ways and that 
instruction influences the way in which the interaction plays out ... understanding does not 
translate directly into procedures but that it does interact with procedures to yield increased 
flexibility and power" (p. 121). This claim echoes other earlier claims (Erlwanger, 1973; 
Leinhardt, 1988) that having good procedural knowledge is not necessarily a guarantee of 
understanding but having understanding nearly always produces good procedural 
knowledge. 
In their study with Year 1 students, Jones et al. (1994) developed a framework for 
nurturing and assessing multidigit number sense. The framework incorporated four 
components (counting, partitioning, grouping and estimating, and number relationships and 
ordering) which they saw as representing a sequence of understandings related to place 
value. Their framework took cognisance of the findings of Steffe, Cobb, and Von 
Glasersfeld (1988), for the counting component, Fuson (1990) for the partitioning 
component, Bednar and Janvier (1988) for the grouping and estimating component, and 
Greeno (1991) and Sowder (1988) for the number relationships and ordering component. 
Jones et al. (1994) predicted and confmned that counting was the pivotal component of their 
framework with grouping the key concept. Their study found that solution at the higher end 
of their framework was dependent on facility with (or understanding of) the lower 
components, suggesting that the framework's four components were, indeed, hierarchical. 
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GROUPING 
As stated in the previous section, Jones et al. (1994; 1996) believed that grouping 
was the key concept in their framework for nurturing and assessing multi digit number sense. 
Inherent in the process of grouping (forming larger units, that is "superunitising") is the 
notion ofbase which gives rise to the positional aspect of place value. Thus, Bednarz and 
Janvier (1988) viewed grouping as the basis for recognising and constructing multidigit 
numbers. From their study, they noted that few children see the relevance of grouping tasks 
and the validity of doing and undoing groupings (partitioning) to solve multidigit number 
problems. Moreover, they found that some children form groupings, but only to count 
collections of objects (by tens in the decimal number system). That is, children do not 
appear to abstract the role of the base in grouping to form larger places. 
MULTIPLICATIVE THINKING 
As discussed in Section 2.3.3, the decimal number system consists ofbinary (and 
ternary, etc) relationships that are related multiplicatively as well as additively. Some 
researchers (Fischbein, Deri, Nello, & Marino, 1985; Greer, 1987; Kouba, 1989) have 
considered multiplication as repeated addition whilst others (Bell, Greer, Griminson & 
Mangan, 1989, Clark & Kamii, 1996; Nesher, 1988, 1992; Piaget, 1987) believe that 
multiplication is "not just a faster way of doing addition but is an operation that requires 
higher-order multiplicative thinking" (Clark & Kamii, 1996, p. 42). Piaget (1987) described 
the differences between addition and multiplication as being in the number of levels of 
abstraction and the number of inclusion relationships that have to be made simultaneously. 
Vergnaud (1983) claimed that "multiplicative structures rely partly on additive structures; 
but they also have their own intrinsic organization which is not reducible to additive aspects 
(p. 128). 
As a result of their study involving students from Years 1 to 5, Clark and Kamii 
(1996) concluded that "multiplicative thinking is clearly distinguishable from additive 
thinking and that multiplicative thinking occurs early (among 45% of second graders) and 
develops very slowly [only 49% of the fifth graders]" (p. 48). They claimed that common 
teaching practice assumes that when students can do operations such as 3 + 3 + 3 + 3, they 
will become able to multiply merely by having the shorter notation ( 4 x 3) explained. 
Moreover, learning basic multiplication facts before the concept of multiplication has been 
acquired may interfere with the development of multiplicative thinking. Thus their study 
had important implications for teaching. 
FRACTION CONCEPT 
Bezuk (1988) contended that children's inability to work competently with decimal 
numbers and their inability to determine the sensibleness of their answers stem from their 
lack of understanding of the notion of a fraction. She claimed that, without an adequate 
conceptual base, children are forced to learn decimal-number processes by rote. These 
statements support the findings ofHiebert and Weame (1985, 1986), Resnick et al. (1989) 
and Weame and Hiebert (1988) whose studies will be reported on in the following section. 
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With respect to the notion of a fraction, Nik Pa (1989) discovered that Years 3, 4 and 
5 children appeared to be less able to interpret a set model than an area model and were more 
likely to invoke the part/part ratio schema than the part/whole schema. 
Confusion as to when to invoke a part/part ratio schema or a part/whole fraction 
schema had also been discovered by Silver (1983) when he evaluated the nature of 161 
college students' understanding of rational numbers. He identified a phenomenon which he 
called "perceptual triggering" which was based solely on perceptual cues (syntactic features) 
embedded in the diagrams rather than on cognitive cues (semantic features) embedded in the 
accompanying text. This finding may have implications for this study because, in 
Queensland schools, the notion of hundredths is generally developed through representations 
involving a 10 x 10 grid. Once the notion and mental representation of hundredths has been 
established, the representation of tenths is then maintained either through "strips" (rows or 
columns) on the same square or as discrete strips. This restricted representation may lead to 
prototypic reasoning (Hershkowitz, 1989) with the prototype being perceived as the "super" 
example (Rosch & Mervis, 1975), that is, the example most commonly used to identify a 
concept. Hoz (1981) claimed that this can lead to geometrical rigidity because students are 
unable to perceive a diagram in a different way. 
PARTITIONING AND UNITISING 
Whatever the representation of the whole, fundamental to the part/whole and 
measure subconstructs is the notion of partitioning a whole into a number of equal parts and 
recomposing (i.e., unitising) the equal parts to the initial whole (see Section 2.3.3.). 
According to Kieren (1980), partitioning experiences may be as important to the 
development of rational number concepts as counting experiences are to the development of 
whole number concepts. Students, therefore, should be provided with several opportunities 
to partition area models in a variety of ways so that they come to understand that Yz always 
represents one of two equal pieces and, providing the unit (whole) remains unchanged, the 
value of Yz is constant, irrespective of its shape. (See Figure 2.8.) 
~-----------1 1~1 
Figure 2.8. Partitions showing halves in a variety of ways from congruent units. 
From their seminal work involving students in Grades K-3 engaged in partitioning 
area models, Pothier and Sawada (1983) proposed that students' partitioning procedures are 
developmental and pass through five levels. In the first level, sharing, students begin to use 
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a halving mechanism that enables them to partition circles and rectangles in halves and 
quarters. However, the focus is on the number of parts, not on the equality of the parts. In 
the second level, algorithmic halving, students use the doubling process to produce fractional 
parts whose denominators are powers of 2. Whilst successive partitions are systematic, the 
focus again is on the number of parts, not on the equality of the parts. In fact, the bisecting 
nature of the algorithm often determines the equality of the parts. In the third level, 
evenness, students begin to develop the notion of equal parts and are able to generate 
fractional parts whose denominators are even numbers by halving one of the partitions and 
adjusting the partition line so that there are equal parts. 
In the fourth level, oddness, students become aware that the halving algorithm is 
inadequate for producing an odd number of parts and actively search for a different first 
move. Pothier and Sawada (1983) found that, when partitioning circles, the first move was a 
cut along the radius whereas the first move for rectangular regions was a cut, either vertical 
or horizontal, at a position other than the middle. In this level, the students use a counting 
algorithm so that partitions are produced, one by one, and counting used to keep track of the 
number of partitions, an algorithm that required constant adjustment of the pieces to obtain 
equal parts. In the fifth level, composition, Pothier and Sawada hypothesised that students 
would become aware of the limitations of the counting algorithm for larger odd numbers and 
would begin to employ a multiplicative algorithm which involved trisecting each partition. 
This final level was not observed in any of the Grades K-3 students involved in their study. 
What appears to be missing from the first three levels is the anticipatory cognitive 
schema (Harel, Behr, Lesh, & Post, 1994; Hunting & Sharpley, 1988) which accompanies 
mental partitioning and predetermines the approximate size of each part. This may have 
been an artefact of the concrete materials (popsicle sticks) used for the partitions because 
actions could be easily undone or adjusted. Had the students been required to draw the 
partitions, they may have become aware earlier of the inefficiency of the trial and error 
strategies of cut and adjustment that characterised Levels 3 and 4. Although these actions 
can also be undone through erasing and redrawing, the tediousness and messiness of this 
procedure may have forced the students to employ anticipatory schema at an earlier stage. 
Furthermore, the materials used for the regions (styrofoam and carpet) would have 
prohibited any physical anticipatory actions such as folding to predetermine the equal parts. 
With respect to decimal fractions, students need to be able to partition a whole into 
10 equal parts to produce tenths. To produce hundredths, they can either partition each of 
the 10 parts into 10 equal parts or partition the whole into 100 equal parts. (See Figure 2.9.) 
The problem with partitioning a whole (or a tenth) into 10 equal parts is that halving the 
whole (a Levell process) provokes the need to partition each half into 5 equal parts (a Level 
4 process). Similarly, with partitioning a whole into 100 equal parts, successive halving 
ultimately provokes the need to operate at Level 4. Moreover, the decision as to the second 
halving can be crucial as Figure 2.9 shows. Type A partitioning would appear to be more 
complex physically, if not cognitively, because of the narrowness of the parts. 
Type A: Halving both dimensions 
.... ........ ....... 
~ 
I 
~ ... 
Type B: Halving one dimension 
I I I I I l1\\ II 
I I 1111 
I+ + I+ II II ! i II I I II 
II II I ill 
I Ill I I IIIII 
Figure 2.9. Partitioning the prototypic square to produce hundredths. 
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Lamon (1996) claimed that partitioning is "an operation that builds quantity" (p. 
171) whilst unitising is a "cognitive process for conceptualizing the amount of a given 
commodity or share before, during and after the sharing process" (p. 171). She claimed that 
the two processes, unitising and partitioning, "build different and essential perspectives 
toward the understanding of rational numbers" (p. 171). In her study, she analysed the 
partitioning strategies employed by 346 students in Years 4 to 8 in sharing four like pizzas 
amongst three people and found that decomposition of a whole into smaller units appears to 
happen "immediately and naturally in the course of fair-share activities" (p. 188) but 
reunitisation (perceiving composite units-of units) develops less rapidly across the year 
levels. 
As a result of his study with young children, Nik Pa (1989) claimed that, to interpret 
a common fraction such as 2; 5, the expert cognitive process appeared to involve the mental 
partitioning of a whole into five equal pieces and the mental selection of two of those equal 
pieces. Conversely, when required to name a particular fraction represented by one of the 
models, the expert would first consider whether the whole had been partitioned into a 
number of equal pieces, would count the total number of equal pieces to determine the name 
of the fraction and would then count the number of equal pieces to be considered in order to 
ascertain the size of the fraction. 
However, this cognitive strategy may not be sufficient for interpreting a decimal 
fraction such as 0. 7 because, without a visual/symbolic clue as to the number of equal parts, 
the child has to rely on memory and an understanding of place value to ascertain that there 
needs to be ten equal parts of which seven are being considered. Resnick et al. (1989) claim 
that there are enough similarities and differences (see Table 2.2 in the following section) 
between the two fraction types to confuse those children who do not have a thorough 
understanding of the concepts in each domain (i.e., whole numbers and fraction). 
30 
It would seem, then, that having an understanding of the extension of the decimal 
number system to include fractions is a prerequisite for interpreting decimal fractions. Yet, 
according to Resnick et al. (1989), the interpretation of decimal fractions is both advantaged 
and disadvantaged by this understanding because of the similarities and differences that exist 
between whole numbers and decimal fractions in terms of semantic and syntactic features. 
They believe that these similarities and differences (see Table 2.1 in the following section) 
are a major source of difficulty in interpreting decimal numbers. 
STUDENT PERFORMANCE ON DECIMAL NUMBERS 
COMPARING AND ORDERING DECIMAL NUMBERS 
Comparing decimal numbers which have the same whole-number part requires both 
an understanding of place value and the fraction concept. Thus it is a particularly rich topic 
in which to study students' strengths and weaknesses in these domains. Sackur-Grisvard and 
Leonard (1985) found that half of the Grades 4 and 5 French children tested generally used 
the three systematic but incorrect strategies described below to decide which was the greater 
of two decimal numbers with the same whole-number part. For mnemonic ease, Resnick et 
al. (1989), named these strategies as whole-number, zero and fraction rules. Although 
Resnick et al. (1989) mentioned the expert rule, they did not define it. However, it was 
assumed that the expert compared like places from left to right. Baturo and Cooper (1995) 
identified and defined several other predominant comparison rules which included the expert 
rule, the zero-ignored rule and the fraction-inverted rule. 
Whole-number rule. The decimal number with more decimal places (i.e., the 
"longer") is the larger. For example, 4.156 would be considered larger in value than 4. 7 
because 156 has three decimal places whilst 4.7 has only one. That is, the decimal fractions 
are treated as whole numbers in which 156 is larger in value than 7. 
Zero rule. The decimal number with one or two zeros to the immediate right of the 
decimal point is the smaller. For example, 4.09 is correctly considered as smaller than 4.8. 
The zero rule, therefore, always produces a correct result but for an inappropriate reason. 
This rule is most often invoked by students who predominantly use the whole-number rule 
and is thus seen as a special case of the whole-number rule. 
Fraction rule. The decimal number with the fewer decimal places (i.e., the 
"shorter") is the larger. For example, 4.2 would be considered to be larger than 4.865 
because 4.2 has one decimal place and 4.865 has three. Resnick et al. (1989) argued that this 
rule probably stems from an overgeneralisation of the principle for comparing common 
fractions, namely, "the larger the denominator, the smaller the fraction". 
It should be noted that each of these three rules will produce correct solutions in 
particular instances but the expert rule only (i.e., comparing like places from left to right) 
will produce correct solutions in all situations. 
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As a result of analysing the incorrect strategies revealed in the Sackur-Grisvard and 
Leonard study (1985), Resnick et al. (1989) hypothesised that the timing of the introduction 
of decimal-fraction and common-fraction recording in various curricula would affect the 
predominant strategy used. To this end, they conducted a cross-cultural investigation 
involving the United States (17 Grade 5 students from a single school), Israel (21 Grade 6 
students) and France (37 Grade 4 students and 38 Grade 5 students). These countries were 
selected because of their different mathematics curricula in terms of the introduction of 
common-fraction and decimal-fraction recording. For example, the United States and Israel 
introduced common-fraction recording at least one year before decimal-fraction recording 
whereas France (like Australia) introduced decimal-fraction recording at least one year 
before common-fraction recording. Resnick et al. (1989) predicted that these curriculum 
differences would have an effect on the way that students process decimal-fraction 
knowledge. For example, they expected the United States and Israeli students, because of 
their early emphasis on common-fraction recording, to invoke the fraction rule more often 
than the French students and they expected the French students to invoke the zero rule more 
often because of the relative unavailability of common-fraction knowledge. However, it was 
expected that all three groups of students would exhibit predominantly the whole-number 
rule because all students are familiar with whole numbers before being introduced to 
fractions per se. 
Resnick et al. 's (1989) findings indicated that, whilst the children developed 
cognitive structures that allowed them to operate within the whole-number domain and 
within the fraction domain, the accommodation (Piaget, 1985) of these two domains into an 
enriched and cohesive new set of schema was not a natural phenomenon. 
Tables 2.1 and 2.2 reproduces Resnick et al.'s (1989) taxonomy ofthe knowledge 
required for whole numbers, decimal fractions and their comparison of the similarities and 
differences between decimal fractions and whole numbers (Table 2.1) and between decimal 
fractions and common fractions (Table 2.2). 
Table 2.1 consists of three sections. According to Resnick et al. (1989), Section A 
refers to the "basic conceptual elements of knowledge about column values" (p. 1 0) whilst 
Sections B and C refer to the "knowledge of notational and naming conventions that may 
interact with conceptual knowledge to produce incorrect rules" (p. 10). A similar structure is 
used in Table 2.2 in which Section A refers to the values of the fraction quantities whilst 
Section B refers to the notational conventions. Unlike Table 2.1, Table 2.2 did not contain a 
section on reading rules (Section C). 
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Table 2.1 
Comparison of Decimal Fraction and Whole Number Knowledge (Resnick et al., 1989, p. 10). 
Elements of decimal 
fraction knowledge 
A. Column values: 
1. Values decrease as move 
left to right 
2. Each column is 10 times 
greater than column to right 
3. Zero serves as a placeholder 
4. Zero added to rightmost column 
does not change total value 
5. Values decrease as move away 
from decimal point 
B. Column names: 
1. End in -ths 
2. Start with tenths 
3. Naming sequence (tenths, 
hundredths ... ) moves left to 
right 
c. Reading rules: 
1. The units must be explicitly 
specified and they vary 
Table 2.2 
Corresponding elements of whole 
number knowledge 
A. Column values: 
1. Values decrease as move left to 
right 
2. Each column is 10 times greater 
than column to right 
3. Zero serves as a placeholder 
4. Zero added to leftmost column 
does not change total value 
5. Values increase as move away 
from decimal point 
B. Column names: 
1. End in-s 
2. Start with units 
3. Naming sequence (tens, 
hundreds ... ) moves right to 
left 
C. Reading rules: 
1. The ones implicitly serves as the 
units in all cases 
Similar(+) or 
different (-) 
+ 
+ 
+ 
Comparison of Decimal Fraction and Ordinary Fraction Knowledge (Resnick et al., 1989, p. 12). 
Elements of decimal 
fraction knowledge 
A. Fraction values: 
1. Expresses a value between 
0 and 1 
2. The more parts a whole is divided 
into, the smaller is each part 
3. There are infinitely many decimal 
fractions between 0 and 1 
B. Fraction notation: 
1. The number of parts a unit is 
divided into is given implicitly by 
the column position 
2. The number of parts included in 
the fractional quantity is the only 
visible numeral 
3. The whole is divided only into 
powers of 1 0 parts 
4. The ending -th ("tenth") is typical 
for a fractional part 
COMPUTING DECIMAL NUMBERS 
Corresponding elements ordinary fraction 
knowledge 
A. Fraction values: 
1. Expresses a value between 
0 and 1 
2. The more parts a whole is divided 
into, the smaller is each part 
3. There are infinitely many ordinary 
fractions between 0 and 1 
B. Fraction notation: 
1. The number of parts a unit is 
divided into is given explicitly by 
the denominator 
2. The number of parts included in 
the fractional quantity is the 
numerator of the fraction 
3. The whole is divided into any 
number of parts 
4. The ending -th ("fourth") is typical 
for a fractional part 
Similar ( +) or 
different (-) 
+ 
+ 
+ 
+ 
Hiebert and Wearne's (1985) investigation into how students compute decimal 
numbers was based on the hypothesis that "students compute by relying solely on syntax-
based rules; semantic knowledge has no effect on performance" (p. 175). They claimed that, 
by the third or fourth grade, most students do school mathematics by applying memorised 
rules to manipulate symbols and that these rules are often unconnected to any semantic 
knowledge. 
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Hiebert and Wearne ( 1985) claimed that rules are activated according to the task 
goal, the amount of practice, and learning recency, each of which is capable of raising the 
level of salience (relative strength) of the rules. For example, if the task is an addition 
problem and the students recognise it as such, then the rules they have learned for additi.on 
will be activated because these are temporarily the most salient. Similarly, the amount of 
practice raises the level of salience because overpractised rules, according to Hiebert and 
Wearne, are more likely to be chosen than underpractised rules. Furthermore, rules, that 
have been just been learned receive a temporary boost in their salience level. This probably 
accounts for the J-shaped learning curve that occurs whenever students are introduced to new 
learning. Students can often apply the new learning but seem to forget the previous stage. 
An important feature of written problems is that their surface form can result in the 
inappropriate activation of a rule and can "infuse certain rules with additional strength" 
(Hiebert & Wearne, 1985, p. 180). For example, if Problem A "looks like" Problem B, the 
rules associated with Problem B may be selected instead of the rules for Problem A. (The 
psychological analysis of surface features is addressed in Section 2.5 .2.) 
Another type of surface feature recognised by Hiebert and W earne was reversals. 
This occurs from the overpractised whole-number subtraction computations in which the 
place-the larger-number-on-the-top rule has the potential to produce a correct answer. 
Therefore, when subtracting decimal numbers, students may mistakenly believe that 3.45 is 
larger than 6.2 because it has more digits (see Resnick et al., 1989) and therefore record the 
"larger" number, 3.45, on the top and try to subtract 6.2, the "smaller" number. Like 
Resnick et al. (1989), Hiebert and Wearne believe that, because decimal numbers and whole 
numbers share many features of the decimal number system, it is not surprising that students 
who are procedurally-driven rather than conceptually-driven select an inappropriate whole-
number rule when processing decimal numbers. 
There are two types of computational errors - careless errors which occur randomly 
and are usually one-offs or systematic errors which are consistent over a range of similar 
problems (Ashlock, 1976; Brown & VanLehn, 1982; Hiebert & Weame, 1985). Because of 
their consistency, systematic errors reflect students' impoverished knowledge of 
computational procedures and consequently are of interest to this investigation. Procedural 
flaws (systematic errors) were categorised by Hiebert and Wearne as being substitution 
errors (selecting an inappropriate rule at any of the decision points), omission errors 
(occurring only in those classes that involve the insertion of a decimal point), modification 
errors (adaptations of correct rules and occurring when a breakdown in the global procedure 
needs to be repaired), and execution errors (can occur with any rule that is invoked). A 
flawed procedure may be the result of a single error or a combination of errors. However, 
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Hiebert and Wearne claimed that procedural flaws are most likely to occur from substitution 
errors indicating the metacognitive nature of decision-making in decimal-number 
computation. 
In testing their predictive model (using a written test comprising operations followed 
by individual interviews) with 700 students in Grades 3, 4, 5, 6, 7 and 9, Hiebert and Wearne 
found that students' procedures generally conformed to those predicted by the model but 
they found some discrepancies between similar operations for which they couldn't account. 
As a result of their findings, Hiebert and Wearne (1985) concluded that students' 
procedures are indeed syntactically based and that improved performance with age is due to 
a greater facility with the syntax rather than from an improved conceptual understanding of 
the procedures. However, they also discovered that, for many students, procedural flaws do 
not correct themselves over time. This particular finding supported the earlier conclusions 
by Grossman (1983) and the National Assessment ofEducational Progress (1983). 
2.4 TEACHING FOR UNDERSTANDING 
This section provides a discussion of the general principles supporting teaching for 
understanding (Section 2.4.1 ), the cognitive constructivist's assumptions underlying teaching 
for understanding (Section 2.4.2), the major components of understanding (Section 2.4.3), 
instructional theories (Section 2.4.4), connections between knowledge types (Section 2.4.5), 
transfer (Section 2.4.6), and the main outcome of teaching for understanding, namely, the 
construction of abstract schema (Section 2.4.7). 
2.4.1 GENERAL PRINCIPLES OF UNDERSTANDING 
Modern curricula exhibit a shift in pedagogical philosophy from knowing "how to 
do" mathematics to "understanding" mathematics and this has had enormous implications for 
the classroom teacher (Baturo, 1992). If understanding is believed to consist ofknowing sets 
of correct procedures, then learning these procedures is simply a matter of watching, 
listening, practising and remembering, while teaching is showing, telling, providing many 
practice examples and, finally, testing to fmd out which students can carry out the 
procedures correctly (Lampert, 1986). Remediation would entail repeating the whole 
process again. Under this pedagogical philosophy, understanding appears to be equated with 
remembering rules and procedures and assessment is concerned with performance (the 
child's overt behaviour on a particular occasion) . If mathematical understanding is equated 
with performance then, according to Confrey (1987), it will be useless away from schools. 
However, ifmathematics education is believed to consist of acquiring an 
understanding of mathematical concepts and underlying principles, then teaching, learning 
and assessment become much more complex. Under this pedagogical philosophy, both 
teacher and learner share an active role in helping the student construct his or her own 
knowledge and in making sense of the knowledge thus constructed. Teaching and learning 
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become a two-way interactive process and could best be described as "sense-making" 
(Lampert, 1986, p. 340) while assessment is concerned with competence (the child's highest 
ability, normally covert at his or her current stage oflearning) rather than performance. 
Hiebert and Carpenter (1992) identified the following consequences of teaching 
mathematics for understanding. 
Understanding is generative and promotes transfer. Children construct their own 
mathematical knowledge rather than receive it in finished form from the teacher; 
consequently, they develop their own internal representations of the knowledge and its 
connections to other knowledge. According to Hiebert and Carpenter (1992), inventiveness 
is a crucial aspect of children's constructive processes but their inventions do not always lead 
to productive mathematics. Resnick (1987a) claims that the distinguishing feature of 
productive inventions is the nature of the internal representation on which the invention 
operates. If the mental representations are enriched by being connected within a network, 
then inventions are stimulated, guided and monitored; if inventions are operating on 
representations that are not connected with related knowledge, then the inventions are likely 
to be flawed and counterproductive (Hiebert & Carpenter, 1992). Rich connected networks 
are more likely to connect with new representations than are impoverished networks because 
there is more to which they can relate. Hiebert and Carpenter (1992) claimed that the 
structure of rich connected internal networks ofknowledge· enhanced the child's ability to 
search for similarities and differences between tasks and thus defmed the potential for 
transfer (described in 2.5). 
Understanding promotes remembering and reduces the amount that must be 
remembered. An entire network of knowledge is less likely to deteriorate than an isolated 
piece ofknowledge and retrieval of information is enhanced if it is connected to a larger 
network. That is, there are more pieces of information to trigger the retrieval process 
(Hiebert & Carpenter, 1992). The more structured the network, the fewer individual pieces 
need to be retrieved separately. Accessing any part of a chunk (tightly structured network-
see Section 2.5 .1) means accessing the entire network. 
Understanding influences beliefs and attitudes. Students' beliefs about 
mathematics influences growth in understanding (Schoenfeld, 1986) and understanding 
influences their beliefs about mathematics. Students' beliefs about mathematics stem from 
the type of tasks they encounter and from the type of cognitive processes they employ in 
solving the task. Therefore, if the only tasks they do are dependent on the memorisation of 
rules and symbols, then these students are most likely to believe that mathematics is a system 
of rules and symbols to be memorised and that the system is disconnected from other things 
they know about mathematics (Carpenter, Hiebert, & Moser, 1983; Carraher & Schliemann, 
1985; Hiebert & Weame, 1986). However, if students are given tasks that are designed to 
help them construct connections between pieces of information (within one representation 
and between different representations), then they would be most likely to perceive 
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mathematics as a cohesive body of knowledge which can be applied to a variety of situations 
(English & Halford, 1995). 
Alexander, Jetton and Kulikowich (1995) claim that as competence increases so too 
does interest and motivation which, in turn, has a positive effect on acquiring new 
knowledge. 
How children come to understand a "piece of curriculum" (Leinhardt, 1988, p. 119) 
and how teachers can tell when a child does understand that piece of curriculum has 
implications for all aspects of mathematics education (teaching, learning and assessment). 
Without a theory of understanding to serve as a framework, teaching, assessment and 
intervention episodes may lack coherence and thus the key concepts and processes required 
for the understanding of that piece of curriculum may be seen as fragmented and 
unconnected. In this study, a theory of understanding was required for the development of 
the test instrument and the interview schedules, the analysis of the results and the 
development of intervention episodes. 
2.4.2 UNDERSTANDING AS THE ACTIVE CONSTRUCTION OF KNOWLEDGE 
The current literature (Alexander, 1996; Hiebert & Carpenter, 1992; Putnam, 
Lampert, & Peterson, 1990; Reynolds, Sinatra, & Jetton, 1996; Sherry, 1996) concerning 
theories of understanding is generated from a cognitive perspective and therefore focuses on 
what it means for the individual learner to know and understand mathematics. Virtually all 
cognitive constructivists share the fundamental assumption that an individual's knowledge 
structures and mental representations of the world play a central role in perceiving, 
comprehending and acting (Shuell, 1986), and this mediation of the environment through the 
cognitive structures underlies the definition of knowledge in cognitive theories, namely, 
"knowledge is the cognitive structures of the individual knower and to know and understand 
mathematics from this perspective means having acquired or constructed appropriate 
knowledge structures" (Putnam et al., 1990, p. 69). 
When cognitive constructivists refer to the learner as being active, they mean 
something quite different from the overt responding to environmental stimuli that the 
behaviourists associate with active learning. Rather, they mean that the learner plays an 
active role in interpreting and structuring environmental stimuli, imposing meaning through 
"the lenses of his or her existing knowledge structures" (Putnam et al., 1990, p. 87) in an 
endeavour to make sense of the world. Through the modification and building up ofthe 
individual's knowledge structures, learning takes place. The constructivist perspective, then, 
expects learners to construct or invent knowledge on the basis of what they already know. 
Research (Carpenter & Moser, 1983; Fuson 1988) has clearly shown that children do invent 
useful strategies to solve novel problems. This does not mean that they necessarily construct 
"correct" knowledge for research has also shown that children can develop "buggy" 
algorithms (Brown & VanLehn, 1980; Derry, 1996; Gardner, 1991). Nevertheless, even 
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these bugs can be thought of as "on-the-spot, invented or repaired procedures based on the 
student's existing knowledge" (Resnick, 1982, p. 143) and are quite reasonable and 
consistent if syntactical knowledge (as opposed to semantic knowledge) only is considered. 
Therefore, it is clear that children make reasonable inventions but can fail to base them on 
appropriate knowledge, thus indicating that they do not simply absorb knowledge as it is 
presented but "impose their existing frameworks of knowledge to incorporate and invent new 
knowledge" (Putnam et al. 1990, p. 89). 
Under a constructivist epistemology, understanding mathematics means having 
altered one's own cognitive structures in powerful ways rather than simply having acquired 
mathematical knowledge that has been presented by others. The implication for teaching 
from this basic constructivist tenet is that the teacher cannot assume that what is taught is 
what will be learnt so instruction can no longer be viewed as simply laying out, no matter 
how carefully, the knowledge and skills to be acquired. 
To summarise, studies undertaken from the cognitive perspective are driven by 
questions such as: How do we acquire knowledge? How do we know what we know? How 
do we keep knowledge in mind so that we can reflect on it? (Reynolds et al. 1996, p. 93) 
How do we judge what is relevant and important? (Alexander, 1996, p. 90) These questions 
take cognisance of the three major activities associated with mathematic education -
teaching, learning and application. Addressing these questions has generated themes that 
have permeated theories of understanding, namely, knowledge acquisition (Reynolds, 
Sinatra, & Jetton, 1996), representations (Hiebert & Carpenter, 1992; Kaput, 1987a; 
Reynolds et al., 1996), connections (Hiebert & Carpenter, 1992; Leinhardt, 1988) and 
knowledge access (Prawat, 1989). 
Because of the centrality of representations and connections to a theory of 
understanding, these components will be reviewed first (see Section 2.4.3). 
2.4.3 COMPONENTS OF UNDERSTANDING 
Hiebert and Carpenter (1992) define understanding in terms of the way information 
is represented and structured. They say that a mathematical idea or procedure is understood 
if its mental representation is part of an internal network of representations and that the 
degree of understanding is determined by the number and strength of the connections in that 
network. Thus Hiebert and Carpenter (1992) claimed that representations and their 
connections provided the major components of a theory of understanding. 
REPRESENTATIONS 
There is a general consensus in the literature that representations may be internal 
(mental) or external (concrete, pictorial, diagrammatic, written symbols, spoken words). 
In considering the various roles of representation in learning, knowing and doing 
mathematics and in posing psychological models of these processes, Kaput (1987a) 
identified and described the following categories of representation. 
• Cognitive representation- represents knowledge in the individual's mind; 
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• Explanatory representation - psychological models posed to describe hypothesised 
mental structures and events; 
• Mathematical representation -representing one mathematical structure with 
another; 
• External symbolic representation - the material forms used to express abstract 
mathematical ideas. 
According to Kaput (1985), each of these forms of representation involves a 
represented world (the thing being represented), a representing world (the thing doing the 
representing) and correspondences between selected aspects of those two worlds. Cognitive 
and explanatory representations are at the heart of cognitive psychology whilst mathematical 
and external symbolic representations are particularly pertinent to learning, doing and 
knowing mathematics. 
It has been argued (Gentner, 1988; Gentner & Marlanan, 1993; Halford, 1993; 
Kaput, 1985) that much of mathematics involves the representation of one mathematical 
structure by another and in determining what is preserved and what is lost between the 
structures. An example of such a representation involves the addition (or subtraction, 
multiplication, division) of whole numbers, decimal numbers, common fractions, metric 
measurements and time measurement. The concept remains the same for all number types as 
do the procedures and yet these isomorphisms are not normally explicated to new learners. 
The external symbolic representation is virtually self-explanatory in that the abstract 
mathematical entities and structures are represented by formal systems such as the decimal 
number system and the Cartesian coordinate system and by informal systems such as 
manipulable/concrete models, pictures, diagrams, graphs, spoken language and symbols 
(Kaput, 1987b). These representations can be described as tools of the culture and, 
therefore, learning mathematics can be viewed as constructing or internalising the shared 
symbols of a culture. 
However, this raises the issue of how the external representation of a mathematical 
idea is related to its internal representation in the mind of the knower. Some research 
(Greeno, 1987a; Nesher, 1989; Schoenfeld, 1986; Sfard, 1991) has focused on how an 
external representation can influence the individual's internal cognitive representation of that 
idea and, therefore, its ultimate effect on the individual's acquisition of that piece of 
knowledge. Thinking about the degree of isomorphism between a particular external 
representation and the mathematical construct it is meant to represent, and pondering the 
accessibility, pertinence, relevance and motivational value of particular external 
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representations have given rise to the term, internal representations (Putnam et al., 1990, p. 
70). 
Internal representations have been called frames, scripts, schemas, mental models, 
causal mental models and situation models (Brewer, 1987) and, according to Brewer, this 
proliferation of terminology served to confuse rather than to clarify the issue of internal or 
mental representation. This study refers to internal representations as mental models and 
addresses this issue in Section 2.5 .1 
CONNECTIONS 
As for representations, there are external and internal connections (English & 
Halford, 1995; Hiebert & Carpenter, 1992; Leinhardt, 1988; Ohlsson, 1993). External 
connections are those that are made: (a) between external forms of representation (e.g., 
between concrete and symbolic representations); and (b) within the same representation 
(e.g., by noticing patterns or regularities in the system). Internal connections are those that 
are made in the mind when relationships between internal representations of ideas are 
constructed to produce networks of knowledge (Hiebert & Carpenter, 1992). Hiebert and 
Carpenter (1992) described these networks in terms of two metaphors - vertical hierarchies 
and web-like structures. 
2.4.4 KNOWLEDGE STRUCTURE 
Jonassen, Beissner, & Yacci (1993) defined structural knowledge as "the knowledge 
of how concepts within a domain are interrelated" (p. 40). However, in order to determine 
how the concepts are interrelated, task anaylses need to be undertaken, first of all, to 
determine what concepts are required (Greeno, 1987b). Thus knowledge structure has two 
perspectives, namely, the mathematical perspective in which required concepts and 
processes are ascertained, and a cognitive perspective which focuses on how the required 
concepts and processes are structured and related in the mind. In order to build models of 
the structural knowledge underlying students' mathematical performance, detailed analyses 
of students' correct and incorrect responses have been undertaken in various mathematical 
domains (Brown & VanLehn, 1980; Hennessy, 1990; Nason, 1988). Acoording to Greeno 
(1987a), the resulting models of structural knowledge can then be used to express 
instructional objectives in terms of cognitive structures. 
DeJong and Ferguson-Hessler (1996) classified knowledge in terms of type (e.g., 
situational, conceptual, procedural, strategic) and quality (e.g., level, structure, automation, 
modality, generality). According to de Jong and Ferguson-Hessler, structure is a 
characteristic that refers not only to an individual type of knowledge but also to the 
interrelatedness of knowledge. They believe that knowledge can be stored in long-term 
memory as a set of propositions (i.e., analytic representation) or images (analogous 
representation). However, they claimed that analogous representations are easier to 
remember. 
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With respect to level of knowledge, de Jong and Ferguson-Hessler (1996) described 
two types, namely, deep knowledge and suiface knowledge. Deep knowledge is firmly 
anchored in the individual's knowledge base and occurs when external information has been 
translated to concepts, principles or procedures. Surface knowledge occurs when external 
information dominates the individual's knowledge. Deep and surface knowledge has been 
described as semantic and syntactic knowledge respectively by Resnick et al. (1989) and by 
Hiebert and Wearne (1985). (See section 2.3.4 for a discussion of semantic and syntactic 
knowledge.) According to de Jong and Ferguson-Hessler (1996), deep knowledge is 
associated with comprehension, abstraction, critical judgment and evaluation and is 
"thoroughly processed, structured and stored in memory in such a way that makes it useful 
for application and task performance" (p. 1 07). On the other hand, surface knowledge is 
associated with reproduction, rote learning, trial and error, and a lack of critical judgment 
and "is stored in memory more or less as a copy of external information" (p. 1 07). 
Knowledge of a domain includes schemas and schemata (de Jong & Ferguson-
Hessler, 1996; English & Halford, 1995; Hiebert & Carpenter, 1992). Schemas contain 
different types of knowledge which become schemata when chunked into large, meaningful 
units which, according to de Jong and Ferguson-Hessler (1996) is an organisation of 
knowledge that most novices lack. (See Section 2.5 .1 for a discussion of expert and novice 
learners.) Thus schema are required for task performance whilst schemata consist of 
schemas which are organised in a systematic, often hierarchic way. 
Construction of schemata requires deep knowledge although it is possible to 
construct schemata on surface features (de Jong & Ferguson-Hessler, 1996). Such a 
schemata would also be remembered and used but it would contain inappropriate schemas 
based on incorrect elements of knowledge or relationships and would thus lead to faulty 
applications. Schemata such as these are described as noncanonical (de Jong & Ferguson-
Hessler, 1996), as bugs (Brown & VanLehn, 1982) and as rna/rules (Hennessy, 1990). 
According to Derry (1996), internal networks ofknowledge encompass three classes 
of schemas (memory objects, mental models, cognitive fields) all of which play "important, 
mutually interactive roles in constructivist learning environments" (p. 167). A memory 
object is the basic component of stored human knowledge and is formed by the combination 
ofvarious types of representations (concrete, pictorial, procedural, auditory, emotional, etc.). 
Mental models represent situational understandings that are context-dependent whilst 
cognitive fields mediate between experience and learning (Derry, 1996). (See Sections 2.5 
and 2.6 for a detailed discussion of mental models and cognitive fields respectively.) 
Derry (1996) proposed three types of memory objects (p-prims, schemas, object 
families) that represent a hierarchy of mental complexity. P-prims (phenomenological 
primitives) are basic, intuitive schemas "whose origins are relatively unproblematic, as 
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minimal abstractions of common events" ( diSessa, 1993, p. 1 05) and are weakly organised. 
P-prims occur in the early stages of cognitive development. Schemas are integrated memory 
objects which permit the recognition and classification of patterns in external representations 
so that appropriate mental and physical responses can be made (Sweller & Cooper, 1985). 
Although these schemas represent basic lmowledge they are structured and complex and, in 
mathematics, incorporate visual cues, set relations, mapping and planning procedures 
(Marshall, 1995). According to Derry (1996), object families represent "loosely-organised 
collections of ideas that tend to work together in certain types of situations" (p. 167). For 
example, students undertaking a statistics test activate and use various statistics ideas to 
solve problems or tennis players at the beginning of play mobilise their tennis lmowledge 
(Derry, 1996). Thus, object families activate one another and behave as single memory 
objects. 
2.4.5 CONNECTIONS BETWEEN KNOWLEDGE TYPES 
Most mathematics educators (Australian Educational Council, 1991; Cockcroft, 
1982; National Research Council, 1989) have agreed that it is possible to use the symbols 
and procedures of mathematics without acquiring much understanding of the quantities or 
operations represented by the symbols ar_1d without acquiring the lmowledge of when to use 
the particular mathematical skills. Thus lmowledge that is not connected inay be 
inaccessible. 
Putnam et al. (1990) reported that there is a large body of researchers who have 
distinguished between types oflmowledge and have focused on the kinds of connections that 
must be made among the lmowledge types in order to understand mathematics. They 
identified the following. 
• Concrete and symbolic/procedurallmowledge (Payne & Rathmell, 1977) 
• Declarative and procedurallmowledge (Anderson, 1980) 
• Declarative, procedural and conditionallmowledge (Paris, Lipson, & Wixson, 
1983) 
• Episodic and semantic lmowledge (Cohen, 1983) 
• Domain-specific and domain-transcending lmowledge (Glaser, 1984) 
• Formal modes oflmowing (Noddings, 1985) 
• Semantic and syntactic lmowledge (Hiebert & Wearne, 1985; Resnick et al. 1989) 
• Conceptual and procedurallmowledge (Hiebert & Lefevre , 1986) 
• Formal and informallmowledge (Ginsburg, 1977; Resnick, 1986) 
• futuitive, concrete, computational, and principled conceptuallmowledge 
(Leinhardt, 1988) 
• Tacit and explicit lmowledge (Polyani, 1966; Reber, 1989) 
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• Structural and operational understanding (Sfard, 1991) 
• Situational, conceptual, procedural, and strategic knowledge (de Jong & Ferguson-
Hessler, 1996) 
Because oftheirrelevance to instruction (and therefore to this study), the knowledge 
types of Payne and Ratlnnell (1977), Leinhardt (1988) and Sfard (1991) are discussed in 
detail. 
CONCRETE AND SYMBOLIC/PROCEDURAL KNOWLEDGE 
In helping students understand a piece of mathematics curriculum, Payne and 
Rathmell (1977) proposed a theory of teaching and learning which incorporated concrete 
knowledge and symbolic knowledge, with language as the connector of the two types of 
knowledge. Concrete knowledge is the knowledge required in the interpretation and 
manipulation of the appropriate representational material used to promote understanding of a 
particular concept or process. Symbolic knowledge is the formal mathematical notation used 
in the recording of numbers, processes and relationships. 
Payne and Rathmell believed that it was essential that all three components of their 
model (concrete representation, language and symbolism) be connected in order for a 
complete understanding of the mathematical concept or process to be developed. To this 
end, Payne and Ratlnnell maintained that each of the following interactions were essential 
(concrete-language, language-concrete, language-symbol, symbol-language, concrete-
symbol, symbol-concrete) and that instruction should proceed from model to language to 
symbol. 
INTUITIVE, CONCRETE, COMPUTATIONAL AND PRINCIPLED CONCEPTUAL KNOWLEDGE 
Leinhardt (1988) proposed a theory of knowing that comprised four types of 
knowledge, namely, intuitive knowledge (the knowledge that students have before 
instruction), concrete knowledge and computational knowledge (the knowledge that students 
acquire during instruction) and principled conceptual knowledge (the knowledge that 
students acquire after instruction). 
Intuitive knowledge. This has been defined in the literature as "a form of immediate 
cognition in which the justifying elements, if any, are implicit" (Fischbein, 1975, p. 5), as 
informal knowledge (Ginsburg, 1977; Noddings, 1985; Resnick, 1986), as unschooled 
knowledge (Schon, 1982) and as "applied, real-life circumstantial knowledge that can be 
either correct or incorrect" (Leinhardt, 1988, p. 120). Whilst there were discrepancies in 
what these researchers considered to be the distinguishing features of intuitive knowledge, 
all agreed that it was not derived from direct instruction. Lampert (1986) viewed intuitive 
knowledge as deriving from real-world situations in which the learner is confronted with 
personally relevant problems to solve. Her view, with its underlying current of conflict, is 
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reminiscent of the assimilation component ofPiaget's equilibration process (Siegler, 1986). 
On the other hand, Leinhardt's view that intuitive knowledge can be derived from the 
constraints of principled conceptual knowledge is reminiscent of the accommodation 
component of the equilibration process. 
Ginsburg and Yamamoto (1986) claimed that, by relating intuition to a practical, 
everyday context, Lampert (1986) has not allowed for the nonpractical, even esoteric, 
situations in which intuitive lrnowledge sometimes arises. As an example, they quoted 
Gelman's study (1980) in which she discovered that very young children can have an 
intuition of infinity. 
Fischbein (1989) hypothesised that thinking is controlled not only by logical 
structures but also by "a world of intuitive models acting tacitly and imposing their own 
constraints" (p. 10). He stated that a fundamental characteristic of a mental model is that it is 
a structural entity having, as a theory does, a cluster of rules or constraints that represents a 
"global unitary meaningful interpretation of a phenomenon or concept" (p. 10). According 
to Fischbein, misconceptions that appear to be totally unrelated nearly always were imposed 
by the same mental intuitive model. Other characteristics of intuitive mental models defined 
by Fischbein (1989) are their concrete, practical, behavioural nature, their simplicity, their 
ability to impose a number of constraints, their autonomy (own rules and behaviours) and 
robustness (will often survive long after they no longer correspond to the formal knowledge 
acquired by the individual). In developing his theory of tacit, intuitive, mental models, 
Fischbein examined research findings that had disclosed misconceptions held by the 
subjects. For example, he quoted Linchevski and Vinner's (1988) research which identified 
five common misconceptions of sets held by elementary school teachers. Fischbein argued 
that all the misconceptions made sense if the intuitive mental model that the teachers had 
constructed equated a set with a collection of objects. One can easily relate the repair theory 
of bugs (Brown & VanLehn, 1980) to Fischbein's tacit model theory. Fischbein believed 
that the influence of tacit, elementary, intuitive models on the course of mathematical 
reasoning is much more important than is usually recognised. 
Concrete knowledge. In the literature, concrete knowledge is universally understood 
to mean the lrnowledge gained through using manipulative material which can be real-world 
(e.g., coins, dice, biscuits), representational (e.g., counters, Unifix cubes, bundling sticks, 
base-l 0 blocks) or pictorial and it is generally held that proceeding from real-world to 
representational to pictorial material represents a natural sequence in promoting abstraction 
(Bruner, 1966; Dienes, 1969; Wilson, 1977). However, there are also degrees of abstraction 
inherent in the various types of representational materials. For example, of the material used 
to represent the place value concept of the decimal number system, bundling sticks and 
Unifix cubes are less abstract than the base-l 0 blocks because the ten can be physically 
decomposed into 10 discrete units, unlike the base-l 0 ten. 
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More recent research (Baroody, 1989; Sowell, 1989) has shown that having sound 
concrete knowledge does not necessarily ensure a smooth transition to well-developed 
computational knowledge. Adults are usually able to abstract the various concepts and 
processes from concrete material but students are still learning to do this and there may be 
psychological factors involved that are not evident to adults. For example, Leinhardt 
discovered a phenomenon which she described as "a mathematical reality but a 
psychological falsehood" (1988, p. 125) while working with real-world material to represent 
the place value concept of two-digit numbers. She postulated that, to the child, two 
unopened boxes of 10 crayons and 6 loose crayons were of more value than 26 loose crayons 
because the unopened boxes had intrinsic value. 
Lampert (1986) defined concrete knowledge as "knowing how to manipulate objects 
to find an answer" (p. 309) and yet, as Ginsburg and Yamamoto (1986) pointed out, working 
with base-l 0 blocks requires a high degree of abstract thinking because of their symbolic 
representation of a number of discrete units. 
Computational knowledge. This is the procedural knowledge required of the formal 
algorithms (e.g., addition, subtraction, multiplication and division) and the application of 
various formulae. Computational knowledge is primarily numerical (i.e., symbolic) and it 
constitutes the major part of the traditional school mathematics curriculum- "it is the goal of 
most teachers' instruction and it is what most achievement tests examine" (Leinhardt, 1988, 
pp. 121-122). Although failure to compute is almost always attributed to a lack of 
understanding, paradoxically, the presence of computational skill does not guarantee 
understanding (Erlwanger, 1973, 1975; Leinhardt, 1988). 
Principled conceptual knowledge. According to Leinhardt (1988), principled 
conceptual knowledge is the underlying knowledge of mathematics (e.g., the associative, 
distributive and commutative laws) from which the computational procedures and 
constraints can be deduced but which is generally not taught directly. Students often exhibit 
such conceptual knowledge by invoking constraints on the kinds of procedures they develop 
for intuitive solutions and, as competence increases, intuitive knowledge and principled 
knowledge "should converge to form a base from which unique generative solutions can be 
formed and into which computation procedures can be nested and legitimized" (Leinhardt, 
1988, p. 123). Ginsburg and Yamamoto (1986) believed that principled knowledge should 
not be tied to procedures alone and they quoted studies in which useful procedures had been 
invented without having principled knowledge (Baroody & Ginsburg, 1986) and studies in 
which available principled knowledge was not applied (Brown & VanLehn, 1980; Resnick & 
Omanson, 1987). 
Leinhardt also postulated that the collection of the four types of knowledge and the 
connections among them probably came very close to an operational meaning for 
understanding. In her view, understanding was increased as competence was increased in 
any one ofthe four forms ofknowledge. As previously stated, Noddings (1985) proposed 
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that mathematicallmowledge consists of three domains - the informal domain (intuitive and 
concrete), the formal procedures domain (computational) and a metadomain (principled 
conceptuallmowledge) that is used to analyse why things work in both the informal and 
formal domains. However, in her view, understanding meant making the connection 
between the domains. 
The literature also revealed that there is some doubt as to whether the acquisition of 
the four forms oflmowledge constitutes a natural sequence of intellectual growth. Lampert 
(1986) and Kamii (1985) saw it not only as a natural sequence but also as a necessary 
progression thus indicating their belief in the hierarchical nature of the classes of lmowledge. 
On the other hand, Leinhardt (1988) believed that the four types oflmowledge did not build 
on one another in a hierarchy. It is assumed that Leinhardt's belief was the result of her 
study involving Year 2 children and the subtraction operation. In this study, she discovered 
that, before instruction, many Year 2 children had a rather substantial intuitive grasp of the 
algorithmic processes of subtraction and were able to compute successfully several of the 
examples given as a pretest, thus indicating that computationallmowledge can exist without 
concrete lmowledge. However, Leinhardt also discovered that, of those children who could 
compute successfully, only half could relate their paper-and-pencil calculations to 
manipulations with base-l 0 blocks, and subsequent interviews with the children indicated 
that the presence of computational skill does not guarantee understanding of the 
mathematical principles or procedures involved. 
STRUCTURAL AND OPERATIONAL UNDERSTANDING 
Sfard (1991) claimed that the categorisation oflmowledge into lmowledge types can 
be construed as a decomposition of mathematical !mow ledge into components, thus setting 
up a dichotomy (or separation) between the types of lmowledge, that is, perceiving the 
lmowledges as being mutually exclusive. She believed that, by focusing on the subject 
matter of mathematical activity (e.g., the structure) or on the cognitive processes employed 
in !mowing this piece of mathematics, previous researchers have failed to take into account 
the epistemological and ontological view of the nature of mathematics. By taking into 
account these philosophical issues, Sfard claimed that the structural and operational notions 
of mathematics offer a complementary approach to the teaching and learning of 
mathematics, an approach that stresses duality rather than dichotomy (or separation). 
Underlying Sfard's theory of !mowing is the difference between a concept and a 
conception. To Sfard, a "concept" (or notion) is concerned with a mathematical idea in its 
"official" form, that is, as a theoretical construct, whereas a "conception" refers to the "whole 
cluster of internal representations and associations evoked by the concept" (p. 3). 
Consequently, a structural conception refers to an abstract object, an actual entity, and can 
be thought of as "static, instantaneous and integrative" (p. 4). On the other hand, an 
operational conception is one that is "dynamic, sequential and detailed" (p. 4) and is 
46 
regarded as a potential, rather than as an actual entity. For example, the decimal number 
system can now be thought of as a structural conception but, its development and evolution 
towards reification (structuralisation) involved many "lengthy, often painfully difficult, 
processes" (p. 12). 
Thus, Sfard (1991) saw the transition from operational to structural as a natural 
hierarchy but which involved several iterations of operational conception to structural 
conception. Sfard maintained that each recurrent segment of a schema consisted of the 
following three stages. 
1. The preconceptual stage in which learners get used to certain processes on 
already lmown objects or concepts (i.e., they routinise the process). 
2. The predominantly operational stage where a new concept starts to emerge 
from the old schema. This is often a very lengthy stage and the new concept is named but is 
often more a cryptonym rather than a signifier of any "real" concept (p. 14). 
3. The structural stage when the new concept is recognised as an actual entity-
"a fully-fledged mathematical object" (Sfard, 1991, p. 14). 
By tracing the historical evolution of the several mathematical domains and by 
noticing the patterns of evolution, Sfard (1991) concluded that learning in a classroom 
should naturally follow the same sequence. She proposed the following three stages in 
concept development which represent three degrees of structuralisation. 
1. Interiorisation. The learner becomes acquainted with the processes which will 
eventually give rise to a new concept. For example, learning to add 2-digit numbers 
involving regrouping. 
2. Condensation. The period in which lengthy sequences of operations are 
"squeezed" into manageable units. In the addition example, the various processes involved 
should be reduced to a set of procedures such as "add; regroup if necessary:" and these two 
processes would be repeated if necessary. 
3. Reification. This is the ability to see something familiar in a totally new light so 
that various representations of the concept become semantically unified by this abstract, 
purely imaginary process. Consequently this stage represents an ontological shift and, 
according to Sfard (1991), is an instantaneous quantum leap, unlike the other two stages 
which are gradual and quantitative. 
2.4.6 TRANSFER 
The study of transfer is the study of how the lmowledge acquired in one situation 
applies (or fails to apply) in other situations (Singley & Anderson, 1989) and is therefore a 
fundamental issue in education. Singley and Anderson also postulated that to understand 
transfer, one must have detailed theories of both learning and performance but that issues of 
learning could only be addressed when a performance theory was first worked out in detail. 
For this reason, then, an understanding of transfer is pertinent to this study. 
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The notion oftransfer in learning contexts is not a new one (Judd, 1908; Ruger, 
1910; Thorndike, 1913) and whilst the literature revealed that there is a general consensus on 
the different types of transfer, there still appears to be debate over issues relating to the 
defmitions of the component features of these types (Brown & Kane, 1988) and to when and 
how transfer occurs (Vanderham, 1994). Moreover, some studies (Hirsh, 1987; Thorndike, 
1913) reported that transfer was a rare occurrence while others (Fergusan, 1956; Hebb, 1949) 
stated that it was ubiquitous in human learning. To understand how these extreme views 
occurred, one would need to look at the learning environment in which these studies took 
place. 
FAR, NEAR AND VERTICAL TRANSFER 
Brown and Kane (1988) and Perkins and Salomon (1988) identified three main types 
of transfer, namely, near transfer,far transfer and vertical transfer. Each type of transfer 
can have a positive outcome (positive transfer) or a negative outcome (negative transfer). 
Near transfer is spoken of when the facts, skills and strategies in one learning context are the 
same or similar to those to be used in the transfer context. For example, extending the 
regrouping process for tens and ones to hundreds and tens (see Figure 2.1 0.) 
Far transfer is involved when the knowledge to be used in the transfer task is quite 
removed from that knowledge that was developed during the original context. An example 
of this could be the extension of the understanding required for regrouping whole-number 
places to decimal-fraction places and common fractions (see Figure 2.10). 
Vertical transfer uses a skill from previous learning as a sub-skill in the transfer task. 
For example, knowing how to read and interpret fractions is a skill required for probability. 
One may also see the regrouping process required for the addition algorithm as a prerequisite 
skill for the regrouping required for the addition of common fractions (see Figure 2.10) and 
time measurements, although the conceptual notion of the function of the base may be more 
closely allied to far transfer. 
Regrouping knowledge acquired 
Near transfer 
Regrouping knowledge transferred 
Far transfer 
roOO 
1.73 
+ .l....i.4 
iJJ. 
Figure 2.10. Mathematical examples of far, near and vertical transfer. 
Vertical transfer 
Far (and vertical) transfer, then, has an embedded conceptual accommodation and 
assimilation feature (Siegler, 1986) that is not required in near transfer situations. Of course, 
in the regrouping of whole numbers and decimal numbers, one may see the procedural 
similarities only and therefore consider this situation to exemplify near transfer. An 
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implication of this instrumental view is that students may transfer the notion that whole-
number features and decimal-number features are the same, thus reinforcing the problems 
revealed by Resnick et al. (1989) and discussed in Section 2.3.2. Perkins and Salomon 
(1988) suggested that a mechanism which they called low load transfer is brought into play 
in promoting near transfer. This mechanism trades on an extensive overlap in superficial 
stimuli between the training task and the transfer task and is reflexive and automatic in 
nature. This is the same type of mechanism that Singley and Anderson (1989) described in 
procedural-procedural transfer but claimed that the "intelligence of the system does not 
reside in the transfer mechanism but rather in the initial learning mechanisms" (p. 33). 
Perkins and Salomon (1988) claimed that setting up a sequence of contexts which require 
near transfer between consecutive tasks will not yield far transfer. 
Far transfer is normally associated with a high-load transfer mechanism which 
depends on the deliberate abstraction of knowledge from one context to another and involves 
reflective thought and the explication of connections in order to see through the superficial 
similarities and differences to the deeper analogies (Perkins & Salomon, 1988). High-load 
transfer may be forward-reaching, that is, the deep structures are abstracted and connections 
explicated in preparation for the transfer task, or backward-reaching, that is the similarities 
and differences are abstracted and compared after the transfer task has been attempted. An 
example of the difference between forward-reaching and backward-reaching is the transfer 
of the addition algorithm involving whole numbers to the addition of decimal numbers, 
common fractions, measurements (time and metric) and algebraic expressions. If a teacher 
abstracts the part/part/whole notion embedded in addition and explicates the procedural 
similarities and difference before the new task is attempted, she or he is using a forward-
reaching high road mechanism to enable far transfer. On the other hand, if the teacher 
allows the student to work on several examples of the transfer task and then attempts the 
abstraction and comparison, she or he is using a backward-reaching high-load mechanism to 
effect far transfer. Another example of backward-reaching high-load transfer is the 
abstraction of the key characteristics in a novel task and then reaching back into one's 
experiences for matches (Vanderham, 1994). 
Transfer can also be positive or negative (Brown & Kane, 1988). For example, 
positive transfer occurs when past knowledge of facts, skills strategies and attitudes are 
utilised in new contexts thus resulting in enhanced performance in the new context (e.g., 
when the regrouping process is applied to common fractions or time measurements, a 
procedure that requires an understanding of the base). On the other hand, negative transfer 
occurs when earlier learned knowledge hinders or prevents successful performance on the 
transfer task. An example of negative transfer could be when students are first faced with 
the result of an addition or multiplication operation involving negative numbers. 
DECLARATIVE AND PROCEDURAL TRANSFER 
Singley and Anderson (1989) provide a different classification of transfer types. 
Their taxonomy, based on the fundamental distinction between declarative and procedural 
knowledge (see Section 2.4.4) consists of procedural-procedural transfer, declarative-
procedural transfer, declarative-declarative transfer and procedural-declarative transfer. 
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Procedural-procedural transfer seems to be identical with near transfer. Singley and 
Anderson (1989) maintain that this type of transfer is automatic provided that a reasonable 
amount of practice is given on the training task. Declarative-procedural transfer occurs 
when the declarative structures (internal representations) of the training task aid in the 
acquisition of procedures in the transfer task. Declarative-declarative transfer occurs 
whenever existing declarative structures either facilitate or interfere with the acquisition of 
new declarative structures. This, then, is very similar to the positive and negative transfers 
that Brown and Kane (1988) and Perkins and Salomon (1988) defined. Finally, procedural-
declarative transfer involves cognitive skills that facilitate the acquisition of declarative 
knowledge. For example, being conversant with the processes of counting, and reading and 
writing numbers, facilitates a more sophisticated study of the decimal number system. 
Singley and Anderson (1989) described the mechanism used to mediate declarative-
procedural transfer as capturing the essence of the similarities and making generalisations 
across the irrelevant features in the source and transfer tasks, that is, by analogical mapping 
in which the flexibility and adaptation required reside. 
REPRESENTATIONAL TRANSFER 
As a result of their experiments which aimed at determining the locus of transfer in 
problem solving, Kotovsky and Fallside (1989) claimed that transfer depended on the 
internal representation of the problem and that the amount of transfer effected was related to 
the degree of representational overlap that existed between the pairs of problems. The 
greater the degree of representational overlap, the greater the transfer. The dimensions of 
overlap included features of the problem representation such as solution path, move operator 
rules (i.e., the number oflegal moves the particular strategy problem allowed), and Move-
Change representational differences. (Move-Change representations were named after the 
types of"Monster" problems used by Hayes and Simon (1974). Basically, they referred to 
the presence or absence of referents. For example, in Move-type problems, students could 
visually compare the referents but in Change-type problems, students had to imagine the 
referents through verbal descriptors.) The first experiment showed that there were generally 
two distinct stages in solving the problems (an exploratory stage which was quite lengthy 
and a final solution path stage which was quite quick) and that the locus of transfer was 
largely confmed to the lengthy exploratory stage. This finding has implications for teaching 
because it indicates that students need to practise move-making or strategies before they are 
able to plan ahead. 
The second series of experiments conducted by Kotovsky and Fallside (1989) 
demonstrated that it is the internal representation of a problem that determines transfer and 
that this representation can operate independently of the stimulus features of the problem. 
Kotovsky and Fallside claimed that the availability of a representation has a sizeable effect 
on transfer and that the availability of a representation can be directly assessed. 
2.4. 7 ABSTRACT SCHEMA 
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Ohlsson (1993) claimed that abstract schemas, which encode for structure rather than 
content, allow cross-domain transfer to be attempted but do not guarantee success. On the 
other hand, "content-full" schemas (Ohlsson, 1993, p. 52), which appear to encode for 
content rather than structure, do not allow cross-domain transfer because they require 
perceptual triggers to be activated. This distinction is one which underlies semantic and 
syntactic knowledge (Resnick et al., 1989). 
Ohlsson exemplified abstract schemas through three models - the genealogical tree, 
the Darwinian explanation pattern, and the election schema. A brief description of the first 
two types will suffice to explicate what is meant by an abstract schema and the properties 
(relations and slot fillers) which characterise abstract schema. 
The genealogical tree, which consists of nodes for ancestors' names and branches 
that describe the relation between nodes, can be thought of more abstractly as something 
which "begins somewhere and branches out; is connected but does not form loops" (p. 53) so 
that the nodes can be thought of as slots. The only restriction on possible slot fillers is that 
they "serve as arguments for the relation that structures the schema" (p. 53). Thus the slots 
in the abstract schema have no attributes, unlike the slots in a content-full schema. The 
Darwinian explanation is structured by relations of variation, selection, generation, retention, 
and accumulation and, as for the genealogical tree, the slot fillers are restricted only by these 
relations. Ohlsson claims that it is the abstraction of the relations that "robs the genealogical 
tree [and the Darwinian explanation pattern] of its theory-hood" (p. 55) and allows them to 
be applied universally, that is, across domains. 
Ohlsson argues that formal thinking (abstraction) operates on structure rather than 
content and is like a game in which abstract schemas can be thought of as a set of rules to 
play by. He further argues that formal thinkers make a habit of attending to the discourse in 
order to attach the discourse to an abstract schema (the object of the game). 
Ohlsson (1993) suggested that abstract schemas may be constructed through 
induction over sets of exemplars and by reflecting on the structure of discourse, their own 
and others. He cites Piaget's (1985) process of reflective abstraction in which thinkers 
create abstract schemas by attending to the regularities in their own cognitive operations. 
Hayek (1972) claimed that abstract schema are innate. 
Schank ( 1986) proposed that people create new schemas when they find that an 
existing schema does not quite fit a particular discourse, an event which he termed an 
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expectation violation. Schank was referring to content-full schemas but, as Ohlsson points 
out, it may be a useful consideration in the creation of abstract schema because there is a 
need to lmow how the previous schema is adjusted to accommodate the new schema. 
2.5 MECHANISMS FACILITATING UNDERSTANDING 
Alexander (1996) identified two generations in lmowledge research to date. First 
Generation Research covers the 1970s and early 1980s whilst Second Generation Research 
covers the late 1980s to the present. A discussion ofFirst Generation studies which, 
according to Alexander, "still cast deep shadows across contemporary research and practice" 
(p. 90) is included in order to lay the foundation for current research. 
In this section, metacognition, executive processes and strategic lmowledge are 
discussed (Section 2.5 .1 ), the internal representations that are active while working on a 
particular task are reviewed (Section 2.5.2) as are the mental mechanisms whereby transfer is 
facilitated (Section 2.5.3). 
2.5.1 METACOGNITION, EXECUTIVE PROCESSES AND STRATEGIC KNOWLEDGE 
''Metacognition" refers to one's knowledge concerning one's own cognitive processes 
and products or anything related to them . . . Metacognition refers, among other 
things, to the active monitoring and consequent regulation and orchestration of these 
processes in relation to the cognitive objects or data on which they bear, usually in the 
service of some concrete goal or objective. 
(Flavell, 1976, p. 232) 
Nickerson, Perkins and Smith (1985) interpreted metacognition as the difference 
between having some information in one's head and being able to access it, having a skill and 
!mowing when to apply it or improving one's performance and realising that one has done so. 
The latter statement about realising that one has improved one's performance seemed 
to imply an awareness of one's metacognition. This issue of conscious control has been 
raised in the literature. Flavell (1981) believed that the coordination of one's cognitive 
processing activities (e.g., planning, analysing, monitoring, evaluating and regulating 
problem-solving behaviours) should be consciously controlled in order to be effective but 
that the ability to reflect consciously on these processes did not begin to emerge until middle 
childhood. The implication for education of this belief is that it would be useless to develop 
these skills before the child is developmentally ready. 
Other research (Cavanaugh & Perlmutter, 1982; Lawson, 1984; Reeve & Brown, 
1984) incorporated an information-processing approach to human thought, an approach 
which believed that metacognitive processes came under the control of a central executive 
whose function it was to guide and oversee problem solving and that this central executive 
functioned from early childhood. Reeve and Brown (1984) argued that it is "the developing 
child's increasing ability to gain conscious control of and to regulate their metacognitive 
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processes that determine the growth of problem-solving skills" (p. 347). They believed that 
social interaction with others was an essential prerequisite for developing an awareness of 
self-regulatory activities. Significant others (e.g., parents, teachers, older siblings) initially 
took the responsibility for articulating metacognitive processes and this responsibility was 
gradually relinquished to the child. This view of metacognition is reflected in modem 
pedagogy (Australian Educational Council, 1990; National Research Council, 1989; 
Department of Education, Queensland, 1987c) which emphasises doing, explaining, 
predicting, validating and generally discussing the "why" of an action as well as the "how" or 
the "what". 
The metacognitive processes referred to by Flavell (1976, 1981) and Reeve and 
Brown (1984) were called executive processes by Lawson (1984). In Lawson's view, 
metacognition should only be applied to metacognitive knowledge which, he argued, was not 
only logically distinct from the executive processes that are concerned with the control of 
cognition but also resulted from the executive processes which, in tum, were the result of 
reflection on cognitive processes. This relationship is shown in Figure 2.11. 
Metacognitive Knowledge 
Knowledge of cognitive processing 
t 
Executive Processes 
Reflection on the cognitive processes 
i 
Cognitive Processes I 
Figure 2 .II. The relationship between cognitive processes, executive processes 
and metacognitive knowledge. 
Although Lawson did not specifically define cognitive processes, it was inferred, 
from further reading of his work, that he meant those processes that related directly to 
domain-specific knowledge (i.e., concept formation and development, problem-solving 
strategies). Lawson's model highlighted the part played by cognition in the development of 
metacognitive knowledge (or metacognition) and introduced the notion of expert and novice 
problem solvers. 
When differentiating between expert and novice problem solvers, Lawson (1984) 
considered two factors - knowledge and metacognitive knowledge. He postulated that an 
expert was expected to have a superior knowledge base that may be either domain- or task-
specific as well as having very good metacognitive knowledge. On the other hand, the 
novice was presumed to have an inferior knowledge base and undeveloped metacognitive 
knowledge. 
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Schoenfeld (1983) found it necessary to incorporate the consideration of two other 
types of problem solvers, namely, the nonexpert novice who may have a good knowledge 
base but have undeveloped metacognitive knowledge and the nonproficient expert who has 
an inferior knowledge base but well-developed metacognitive knowledge. Figure 2.12 
highlights the importance of considering both knowledge base and metacognitive knowledge 
when assessing children's competence in a particular domain or task. According to Gelman 
(1979), a child's competence was likely to be underestimated ifhis of her knowledge base 
was not considered. 
t 
High 
I 
N onproficient expert Expert 
~Low Knowledge base High 
Novice Nonexpert novice 
I 
Low 
... 
Figure 2.12. Classification of problem solvers according to their knowledge base and 
metacognitive knowledge. 
One other feature of the novice/expert continuum is that, as knowledge and 
metacognitive knowledge increases, the metacognitive processes become less overt and, 
consequently, are more difficult for the child to verbalise (Flavell, 1981; Lawson, 1984; 
Shiffrin & Dumais, 1981). 
Research in the last decade (Alexander & Judy, 1988; Prawat, 1989; Pressley, 
Goodchild, Fleet, Zajchowski, & Evans, 1989) has tended to talk about strategic knowledge 
rather than metacognition. Alexander and Judy (1988) describe strategic knowledge as "a 
special case of procedural knowledge that directs knowledge acquisition- procedures 
intentionally employed to overcome some deficit in performance or to regulate one's 
thinking or performance" (p. 229). However, according to Dochy and Alexander (1995), the 
boundaries and nature of strategic knowledge remain unclear. 
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2.5.2 STRUCTURES AND MENTAL MODELS 
Fischbein (1989) hypothesised that thinking is controlled not only by logical 
structures but also by "a world of intuitive models acting tacitly and imposing their own 
constraints" (p. 10). He stated that a fundamental characteristic of a mental model is that it is 
a structural entity having, as a theory does, a cluster of rules or constraints that represents a 
"global unitary meaningful interpretation of a phenomenon or concept" (p. 1 0). According 
to Fischbein, misconceptions that appear to be totally unrelated nearly always were imposed 
by the same mental intuitive model. Other characteristics of intuitive mental models defined 
by Fischbein are their concrete, practical, behavioural nature, their simplicity, their ability to 
impose a number of constraints, their autonomy (own rules and behaviours) and robustness 
(will often survive long after they no longer correspond to the formal knowledge acquired by 
the individual). 
Halford (1993) defined mental models as the representations that are active while 
solving a particular problem and which provide the workspace for inferences and mental 
operations. He believed that complex reasoning entailed multiple representations and that 
the ability to map from one structure to another may be a major factor determining reasoning 
ability. 
Central to Halford's theory of children's development of mental models is the notion 
of a complexity metric which is based on the dimensionality of a concept. (The 
dimensionality of a concept is the number of independent units of information required to 
represent the concept.) Halford's complexity metric comprises four levels ranging from one-
dimensional concepts (unary relations) to four-dimensional concepts (quaternary relations). 
According to Halford, rules can also be classified according to their dimensionality. Inherent 
in the classification according to dimensionality is the notion of increasing complexity so 
that ternary relations are more difficult to process than binary relations and, hence, mental 
models based on ternary relations are more difficult to develop than mental models based on 
binary relations. 
Halford (1993) claimed that "representations are not static, but change dramatically 
as learning, concept attainment and problem solving proceed" (p. 58). Implicit in this 
statement seems to be the notion that mental models are constantly being refined as learning 
occurs and that less and less representation may be required to represent more and more 
information. This recoding or refmement of representations was called conceptual chunking 
by Halford (1993) and is the process of converting a multidimensional representation into 
one dimension, or fewer dimensions than the original. The ability to chunk information is 
one ofthe defining characteristics of an expert (Glaser & Chi, 1988; Newell & Simon, 1972) 
as conceptual chunking can only occur when the structure is reasonably well-known. 
According to Halford (1993), conceptual chunking converts representations of variables to 
representation of constants. 
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One representation can be related to another through structure mapping (Halford, 
1993) which is the process underlying analogical reasoning. Analogical reasoning is an 
important mechanism for transferring knowledge and, as such, is addressed in the following 
section. 
2.5.3 ANALOGY AND SIMILARITY 
Analogical reasoning involves making correspondences between structures and 
therefore is pertinent to this study which focused on how students connect their knowledge 
of tenths to hundredths. 
Gentner (1988) described an analogy as the "mapping ofknowledge from one 
domain (the base) into another (the target)" (p. 3). Whilst the target objects do not have to 
resemble their corresponding base objects, the system of relations that holds amongst the 
base objects must also hold amongst the target objects. Thus, objects are placed in 
correspondence by virtue of their like roles in the common relational structure. Therefore, 
an analogy is a way of noticing relational commonalities independently of the objects in 
which those relations are embedded. Halford (1993) provided the following (see Figure 
2.13) as an example of an analogy. 
Source 
cat parent of kitten 
1 1 
horse parent of foal 
Target 
Figure 2.13 An example of an analogy (Halford, 1993, p. 184). 
It can be seen from the example that the relation ("parent of') holds for both the 
source (i.e., base) and the target even though the nodes ("cat, horse, kitten, foal") don't have 
similar attributes. However, this doesn't imply that the attributes are irrelevant. In fact, they 
may have a positive effect in that the similarity in attributes between base and target may 
facilitate initial recognition of analogies (Halford, 1993). On the other hand, they may have 
a negative effect in that they represent the surface (syntactic) features of a task and, 
according to Gentner (1988), may be detrimental in the storage and access of knowledge. 
Halford (1993) claimed that relations are mapped selectively, that is, there are many 
relations between base nodes that are not mapped into target nodes. Gentner (1988) believed 
that selectivity of relations could be explained by the seemingly intuitive predilection people 
have for mapping, a process that maximises consistency and systematicity. Consistency 
means that the mapping is one-to-one correspondence between base and target objects 
whereas systematicity refers to the mapping of connected systems of relations, rather than 
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isolated predicates. Gentner claimed that people prefer to map systems (i.e., connected 
lmowledge) rather than an assortment of isolated facts, a phenomenon which she referred to 
as the principle of systematicity and which she believed was central to analogy theory. The 
principle of systematicity states that a base predicate which belongs to a mappable system of 
mutually interconnecting relations is more likely to be imported into the target than is an 
isolated predicate (Gentner, 1988). 
Gentner defined a predicate as having one argument (e.g., BIG cat) and relations as 
predicates with two or more arguments so that binary relations have two predicates, ternary 
relations have three predicates, and so on. A system of relations refers to an interconnected 
predicate structure in which higher-order predicates enforce constraints among lower-order 
predicates, that is, "only those relations are mapped that enter into a higher-order structure" 
(Halford, 1993, p. 186). Therefore, correspondence is usually based on structural similarity 
rather than on similar attributes which means that analogies are powerful because they can 
be used to link superficially dissimilar situations (Halford, 1993). 
Halford (1993) proposed that there are two types of analogies, relational and system, 
that are determined by their mappings. These mappings he classified as element, relational, 
system and multiple system and incorporate a hierarchy with respect to complexity. 
Element mappings assign elements of the base to elements in the target (e.g., "cat" 
and "horse" in Figure 2.13) according to convention, similarity or prior lmowledge. 
Relational mappings also map elements but these elements are relations, not objects, 
and are independent of element similarity and convention. Therefore, they have a greater 
degree of flexibility and abstraction than element mappings but must be mapped in pairs thus 
entailing a higher degree of structural complexity than element mappings (Halford, 1993). 
Halford gave an example where two sticks of different heights/lengths were used to represent 
the relative heights of a man and a boy. This mapping was not based on the similarity 
between the stick and the person but on the similar relationship between the two sticks and 
between the two people. Relational mappings have consistency because each element in the 
base is mapped to one and only one element in the target. However, they do not have 
systematicity because there is only one relation in the base and in the target and therefore no 
higher-order structure can be invoked. 
System mappings are independent of convention, similarity of elements and first-
order relations and are based purely on structural correspondence which is valid only if at 
least three elements and at least two binary relations of the base can be mapped into 
corresponding elements and relations in the target. Thus system mappings are even more 
complex than relational mappings but, at the same time, have a higher degree of flexibility 
and abstractness (Halford, 1993). Transitive inferences are examples of system mappings. 
System mappings have consistency and systematicity and cannot be decomposed into a 
number of relational mappings. Therefore, system mappings are more complex to interpret 
and build. Halford provided an example of a true system mapping (see Figure 2.14) and 
contrasted this with an example of an invalid system mapping that can be decomposed into 
two relational analogies (see Figure 2.15). 
57 
In Figure 2.14, "pushes" does not resemble "helps" nor does "collides with" resemble 
"smiles at" so that, when each pair of arguments is looked at separately, the relation in the 
base could not be mapped sensibly to the relation in the target. However, this is not 
necessary as the higher-order relation "cause" is similar in both base and target and provides 
the meaning of the argument. In contrast, the arguments in Figure 2.15 are similar and, 
when taken in turn, each argument in the base will map sensibly to each argument on the 
target. Thus the higher-order relation is not necessary because the analogy can be 
decomposed into two relational mappings. Therefore, a system mapping requires more 
information in parallel. 
cause 
Source 
John pushes Bill, Bill collides Mike 
1 I wtth t I I I ~ 
Anne, Anne smiles Jenny 
1 
Wendy helps 
Target at 
I 
cause 
Figure 2.14. Example of a system mapping (Halford, 1993, p. 189). 
cause 
I 
I Source 
John pushes Bill, Bill collides Mike 
... • With ... I 
I 
I 
I 
I 
I 
I ,. ,. 
... 
Marie, Marie hits Jenny 
i 
I ,. 
Judy provokes 
Target 
cause 
Figure 2.15. Example of an invalid system mapping (Halford, 1993, p. 189). 
Multiple system mappings are similar to system mappings except that ternary 
relations and/or binary operations are mapped instead of binary relations (Halford, 1993). 
Binary relations are two-dimensional concepts whereas binary operations are three-
dimensional concepts and therein lies the extra complexity that is inherent in multiple system 
mapping. In a multiple system mapping, both binary operations must be found before it can 
be confirmed that either is correct. 
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Gentner (1988) stated quite strongly that, for a given base domain, the mapping for a 
particular target is determined by the best match (i.e., the most systematic and consistent 
relational match) between base and target. She claimed that the only instance in which the 
base domain by itself determined the interpretation was when nothing was initially known 
about the target. In this instance, matching does not apply and the mapping is one of straight 
transference from base to target. In most instances, some information is known about base 
and target so the interpretation is based on matching between base and target with 
systematicity determining which predicates are transferred from base to target. Gentner 
describes two extremes of analogical reasoning, namely, pure matching and pure mapping. 
In the case of the former, all the predicates of the base are matched with all the predicates of 
the target and thus the analogy serves not to communicate new knowledge but to focus 
attention on a particular system of predicates. In the case of the latter, pure mapping, the 
learner is given the object correspondences and simply carries across a system of predicates 
from the base to the target. Gentner claimed that this was a case of maximal new 
knowledge. However, most analogies involve both matching and mapping with, typically, a 
partial match between base and target. This, then, sanctions the mapping of further 
predicates from the base to the target. 
According to Gentner (1988) similarity matches other than analogies can be 
characterised by the distribution of the relational and attributional predicates that are 
mapped. These are: 
1. Analogies: only relational predicates are mapped, 
2. Relational abstractions: similar to analogies but there are no concrete 
properties of objects to be left behind; 
3. Literal similarity: both relational predicates and object-attributes are mapped; 
4. Mere-appearance matches: mainly object descriptions are mapped. Gentner 
claims that while mere-appearance matches-are limited in their explanatory 
utility and often occur in novice learners, they may be useful because they may 
be highly accessible in long-term memory. 
5. Anomalies: very few attributional or relational attributes can be matched. 
More recently, Gentner and Marlanan (1993) have focused on literal symmetry as a 
more useful mechanism for transferring knowledge because matches of this type share both 
relational and attributional commonalities and thus more information is likely to be 
transferred. Gentner and Marlanan claimed that, before what is common and what is 
distinctive can be determined, the representations must be aligned and this requires attention 
to the relations between objects as well as to the objects themselves. For example, a white 
hen and a chick are analogous with a mare and a foal because of the their common relational 
structure ("parent of') whereas a white hen and a chick are literally similar to a red hen and a 
chick because they share a common relational structure as well as object attributes. 
59 
According to Gentner and Markman (1993), structural alignment holds for both 
conceptual and perceptual processing but that identifying common relational structures takes 
precedence over determining perceptual or attributional commonalities. At least this is true 
of experts; the fact that novices tend to focus on attributional commonalities has been noted 
earlier. 
One fmding reported by Gentner and Markman has important implications for this 
study (see Section 6.7.2) and this is the tension that is set up by cross-mappings. A cross-
mapping occurs when two highly similar situations contain objects that play different 
relational roles in each situation. The example provided by Gentner and Markman (1993) in 
which one situation show~ a tow-truck towing a car and moving towards the left and, in the 
other situation, the same car is shown towing a boat but moving towards the right. Thus in 
stimuli with cross-mappings, if the objects are placed in correspondence based on relational 
commonalities (in the example described this would be the towing), perceptually dissimilar 
objects are matched (e.g., the tow-truck in the first situation and the car in the second 
situation; the car in the first situation and the boat in the second situation). However, if the 
objects are placed in correspondence based on perceptual similarities, then the relation 
commonalities must be ignored. The fact that perceptually similar objects can play different 
roles leads to a tension between the mapping based on object similarity and the mapping 
based on relational commonalities. 
Just what effect the extraneous details in the two situations (e.g., the direction in 
which the vehicles were moving or the position of the vehicles in relation to each other) was 
not reported on by Gentner and Markman (1993). However, the lack of comment may 
indicate that these extraneous features were not considered by the subjects. Later in their 
paper, Gentner and Markman stated that "alignment can focus attention on important 
commonalities and differences" (p. 13) which seems to imply that there are other similarities 
and differences that aren't important. It would be useful to know how extraneous 
information is judged to be unimportant as it may provide an insight into the way in which 
novice learners process information. For example, if novice students have a tendency to 
focus on mere-appearance matches (i.e., surface features), this could be further complicated 
if they cannot differentiate between extraneous and salient information. Perhaps these two 
factors may provide an explanation for the field-dependent cognitive style that was identified 
by Brodzinsky (1985). 
In summary, the role of analogical or similarity reasoning in transferring knowledge 
is vital in that the structural alignment required for placing objects and relations in 
correspondence focuses the learner not only on commonalities but on differences. 
Furthermore, Gentner and Markman (1993) stated that subjects were more accurate in 
reporting differences between highly similar objects or situations than they were in reporting 
similarities between highly dissimilar objects or situations. However, they found that people 
tended to expect similar things to have more similarities than differences and that similarities 
and differences were more easily detected between highly similar objects than dissimilar 
objects. They believed that the corollary "there can be no similarity without difference" is 
just as true as "there can be no difference without similarity". 
2.6 FACTORS MEDIATING UNDERSTANDING 
During the First Generation in lmowledge research, "lmowledge was typically 
portrayed as a unidimensional construct" (Alexander, 1996, p. 90). More recent Second 
Generation research has portrayed lmowledge as "multifaceted, encompassing many 
interactive and interrelated dimensions, including socio-culturallmowledge, strategic 
abilities and personal beliefs and goals" (p. 90). 
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This section focuses on factors that mediate understanding, looking particularly at 
the relationship between performance and understanding (Section 2.6.1), theories related to 
availability and accessibility oflmowledge (Section 2.6.2), and the influence of the context 
in learning and applying lmowledge (Section 2.6.3). Again, discussion of some earlier 
research studies which "cast deep shadows", according to Alexander (1996, p. 90), is 
included in order to lay the foundation for current research. 
2.6.1 PERFORMANCE AND UNDERSTANDING 
According to Greeno and Riley (1987), the fundamental question of understanding a 
cognitive procedure is whether a person performs with some understanding or whether 
performance is rote and mechanical. They believed that many cognitive procedures are 
based on general principles (e.g., the counting principles identified by Gelman & Gallistel, 
1978) and that many of the capabilities that are referred to as understanding relate to the 
individual's lmowledge of such principles. If the individual can state the relevant principles 
and explain why they are relevant, then that individual has explicit knowledge (Greeno & 
Riley, 1987) of the principles and, consequently, is aware of that understanding. However, 
some individuals may understand the principles but may not have an awareness of their 
understanding or may lack the language required to explicate their understanding. Greeno 
and Riley referred to this as implicit understanding. Furthermore, a correct response may be 
based on erroneous principles (e.g., claiming that 4.5 is larger in value than 4.32 because 
tenths are larger that hundredths- a behaviour discovered by Resnick et al., 1989) or an 
incorrect response may be based on lmown principles (e.g., !mowing how to regroup for 
certain types of subtraction algorithms) but being unaware of when to apply this lmowledge. 
More recent research has taken into account "the cultural, social and motivational 
conditions inextricably intertwined with lmowledge" (Alexander, 1996, p.90). Thus, an 
incorrect response may be a result of not applying lmown principles because the application 
was not seen as legitimate in the situation or because of motivational or social difficulties 
(e.g. lack of confidence). 
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Therefore, performance alone is an insufficient indicator of the presence or absence 
of understanding. This, then, raises the question ofhow we can tell when a student (who is 
unable to explicate his or her lmowledge) understands a particular mathematical concept, 
process or principle. 
2.6.2 AVAILABILITY AND ACCESSIBILITY 
AVAILABILITY 
In the earlier First Generation research, it was generally assumed that performance 
was more directly related to observed behaviours whereas competence was an inferred 
determinant (Neimark, 1985). Overton (1985) postulated that cognitive competence was a 
necessary, but not sufficient, determinant of overt cognitive behaviour (i.e., performance) 
and categorised moderators of competence as either subprocesses (attention, motivation, 
interests, memory, cognitive styles and learning strategies) or environmental effects 
(schooling, task and situational variables). Overton maintained that it was the relationship 
between competence and its moderators which determined actual cognitive performance. 
Cognitive style was also identified as a moderator of competence (Brodzinsky (1985). 
Davidson and Sternberg (1985) described competence as referring to the availability 
of skills and logical structures, whilst performance referred to the utilisation of competence 
as mediated by the accessibility of the skills and logical structures in a given task and 
situation. Accessibility was conceived, by Brown and Campione (1981), as being either 
reflective (lmowledge about the cognitive resources one has and how they can be used in a 
particular task or situation) or multiple (the flexible use of the information and skills one has 
available in a variety of tasks and situation). In their theory, then, accessibility had a 
metacognitive perspective which drew on Flavell's (1976) seminal work on metacognition. 
(See Section 2.5 for a discussion ofmetacognition.) 
However, because "one can never be certain whether impaired performance is due to 
faulty or absent use of well-articulated (memory) lmowledge or 'efficient' use of inadequate 
lmowledge" (Cavanaugh & Perlmutter, 1982, p. 15), the literature aclmowledged the 
difficulty in distinguishing between unavailability (a competence limitation) and 
inaccessibility (a performance limitation). Moreover, if one does not have the relevant 
!mow ledge available, then it cannot be accessed. Thus a focus on the issue of accessibility 
seemed a more promising area of research into how students structure, store, and transfer 
!mow ledge. 
ACCESSIBILITY 
Research in the late 1980s (referred to as the Second Generation in lmowledge 
research by Alexander, 1996), indicated that deficiencies in cognitive performance were 
often related to the use of strategic processes - either optimal strategies are not used or 
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inefficient use is made of the strategies (Pressley, Borkowski, & Schneider, 1987). This is 
supported by other studies (McCormick, Miller, & Pressley, 1989) which have shown that 
performance can be improved through the explicit instruction of strategies that produce good 
performance. 
Bransford, Sherwood, Vye and Rieser (1986) stated that the acquisition of relevant 
knowledge "provides no guarantee that access will occur" (p. 1 080), claiming then that poor 
performance can often be attributed to access failure. This notion echoed Schoenfeld's 
(1985) argument: "The issue for students is often not how efficiently they will use the 
relevant resources potentially at their disposal. It is whether they will allow themselves 
access to those resources at all" (p. 13). Schoenfeld's argument about students' allowing 
themselves access hinted very strongly of the role of affects and metacognition in accessing 
knowledge. 
Prawat (1989) developed a framework that synthesised much of the earlier research 
on the moderators of competence and which was applicable to both knowledge acquisition 
and accessibility. Overarching the framework are two key factors, namely, organisation and 
awareness, with each factor comprising three variables - knowledge base, strategic thinking, 
and dispositions. Figure 2.16 provides an overview of the components of this framework. 
Basically, Prawat's framework looks at the interaction ofmetacognitive processes 
with the variables of knowledge, strategy and disposition. However, his framework places 
importance on the individual's awareness of his or her metacognitive processes in the 
organisation of the variables. For example, in the knowledge base category, the key 
organisational factor is the richness of connection between elements of knowledge and the 
ability to access this knowledge appears to be directly related to the degree of connectedness. 
However, according to Bransford et al. (1986), possessing the knowledge is not enough even 
if it is well-organised; just as important is an awareness of what one knows for, without this 
awareness, knowledge is relatively inert. 
~ Knowledge base 
1 
Strategic thinking 
I 
Dispositions 
ORGANISATION AWARENESS 
Degree of connectedness of the ,..___. Conscious attendance to one's 
elements in the knowledge base knowledge (reflection) 
Balance between specificity and - Awareness ofthe link between the 
generalisability nature of the knowledge and the 
desired outcome 
Degree to which students are -- Awareness of planning, monitoring 
mastery-oriented or performance- and checking 
oriented 
Figure 2.16. Factors mediating knowledge access (adapted from Prawat, 1989). 
The strategic thinking variable includes general problem-solving heuristics such as 
looking for patterns, working backwards, and so on, and executive processes such as 
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planning, monitoring, checking and revising. Prawat (1989) argues for the inclusion of 
problem-solving heuristics on the basis that they are considerably more complex than 
algorithmic rules but are more generalisable to a range of situations. So, while algorithmic 
rules may be easier to master, they are restricted to quite specific tasks. Striking the right 
balance between specificity and generalisability is the distinguishing feature of the 
organisational factor at this level and being aware of the trade-off between specific and 
general knowledge has implications for how one structures, stores and accesses knowledge. 
Dispositions are described as habits of mind which are always manifested in contexts 
(Katz & Raths, 1985) and are involved in cognitive-perceptual processes. Dispositions are 
organisationally connected to strategies. Prawat (1989) claims that "the tendency to think 
about one's strategic action at a goal-directed, dispositional level is strongly influenced by 
how effectively one can maintain action at a strategic level" (p. 5) and only when an act is 
mastered at the strategic level, do more abstract or dispositional ways of characterising the 
act begin to emerge. Prawat includes two types of dispositional orientations in his 
framework, namely, mastery-orientation and performance-orientation. Skemp (1978) would 
classify these student types as relational and instrumental learners respectively. Mastery-
oriented students aim to increase their competence by becoming more knowledgeable about 
something whereas performance-oriented students aim at "getting the job done as quickly 
and as painlessly as possible" (Prawat, 1989, p. 33). To performance-oriented students, 
learning serves as a means to an end, not as an end in itself as it does for mastery-oriented 
students. 
According to Prawat (1989), each type of disposition consists of a logically coherent 
set of cognitions and beliefs which is explicated through: (a) the types of questions students 
pose to themselves prior to undertaking new learning, for example, "What will I learn?" as 
opposed to "Can I do it?" (p. 25); (b) the way in which they view the teacher as 
resources/facilitators as opposed to judges or rewarders/punishers; and (c) the standards by 
which they evaluate their learning. Thus, there are attributional differences between 
mastery-oriented and performance-oriented students with the former preferring effort over 
other causal factors such as task or luck (Weiner, 1986). Even if mastery-oriented students 
fail to achieve their goal, they often experience considerable satisfaction about what they 
have learned (Dweck & Elliott, 1985). 
When knowledge access is the goal, teaching becomes a much more complex 
process for it requires more knowledge and skill than simply teaching for knowledge 
acquisition (Prawat, 1989). In order to transfer knowledge from one context to another, 
knowledge must not only be known, it must be accessible. 
2.6.3 SITUATED COGNITION 
Underlying the cognitive perspectives that have been considered in the previous 
sections is a primary assumption that knowledge and thinking take place in the mind. 
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However, a number of cognitive researchers (Brown, Collins, & Duguid, 1989; Greeno, 
1989; Resnick, 1987b) have questioned this assumption, positing instead that knowing and 
thinking should be considered as an interaction between an individual and physical and 
social situations. 
This radical change of perspective has been brought about by the results of research 
conducted into mathematics used in the workplace (Carraher, Carraher, & Schliemann, 1985; 
Cockcroft, 1982; Lave, 1988; Scribner, 1984). Each research study revealed that the 
mathematics used in the workplace very often is idiosyncratic, using "back of the envelope" 
methods (Cockcroft, 1982, p. 20) rather than the formal mathematical algorithms taught in 
schools. For example, Scribner (1984) discovered that dairy workers filling orders were 
required to multiply large numbers to get the job done but instead of using the school-taught 
algorithm, they had invented a context-specific method that relied on context-specific 
knowledge. For example, they knew that one layer of half-pints was 16 so to fill an order for 
35 half-pints, they simply filled two layers and placed 3 more half-pints on top. A similar 
procedure of taking numbers apart (decomposition) and putting then back together 
(recomposition) was used to calculate costs. 
Brown, Collins, and Duguid (1989) have suggested that students be thought of as 
apprentices who acquire cognitive tools in the context of authentic activity. Therefore, to the 
cognitivists who view understanding as situated cognition, there is a fundamental belief that, 
to learn mathematics in meaningful and useful ways, it is essential that children participate in 
mathematical activity rather than acquiring explicitly described skills and procedures. This 
view of learning and understanding mathematics is fully endorsed by the national and 
international educational documents that were cited in Section 1.1.2. 
Derry (1996) refers to situated cognition as cognitive fields, that is, schemas which 
mediate between experience and learning. The cognitive field "is a distributed pattern of 
memory activation that occurs in response to a particular event (such as a problem posed, a 
classroom demonstration, a discussion, etc) that makes certain memory objects more 
available for use than others" (p. 168). (See Section 2.4.3 for a discussion of memory 
objects.) Thus, the cognitive field determines what interpretations and understandings of 
experience are probable and, when activated in a learning situation, determines which 
previously existing memory objects and object families can be modified or updated by an 
instructional experience. 
2.7 TOOLS FOR COMMUNICATING AND REPRESENTING THINKING 
This section provides a discussion of the terminology used in research based on 
cognitive constructivism (Section 2. 7.1) and of the variety of tools used to represent thinking 
(Section 2.7.2). 
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TERMINOLOGY ASSOCIATED WITH COGNITIVE CONSTRUCTIVISM 
Recent reviews (de Jong & Ferguson-Hessler, 1996; Dochy & Alexander, 1995) of 
research pertaining to lmowledge and understanding have noted the plethora oflanguage 
used to describe mental objects and activities within these domains and the subsequent 
confusion caused by ill-defined terms within individual studies. 
With respect to lmowledge, several descriptions were provided in Section 2.4.4, for 
example, conceptual, declarative, procedural, tacit, explicit, semantic, syntactic, episodic, 
intuitive, concrete, computational, principled conceptual, operational, structural, etc. To 
this list, de Jong and Ferguson-Hessler (1996) have added elaborated and compiled 
lmowledge, unstructured and structured lmowledge, inert lmowledge, strategic lmowledge, 
knowledge acquisition 1m ow ledge, situated lmowledge, and metaknowledge. Furthermore, 
they claimed that within one particular study, eight different lmowledge terms were used, a 
behaviour that led them to state that "apparently, researchers need many and fine-tuned 
terms for describing the lmowledge state of individuals" (p. 105). 
DeJong and Ferguson-Hessler believe that the terminology confusion sterns from 
attempts to systematise descriptions oflmowledge according to whether they are based on 
cognitive theories or instructional design theories, often without taking into account the 
epistemological perspective which implies that "elements of the lmowledge base are 
characterised by the function they fulfil in the performance of a target task" (p. 1 06) 
To clarify and distinguish between the types oflmowledge, de Jong and Ferguson-
Hessler (1996) proposed a matrix with the dimensions of type (of conceptuallmowledge) and 
quality (structure oflmowledge). 
Similarly, in their article on mapping prior lmowledge, Dochy and Alexander (1995) 
identified the following problems associated with the usage oflmowledge terminology: (a) 
undefined or vaguely defined lmowledge concepts; (b) the use of nominal definitions over 
real definitions; and (c) the use of the same term when referring to different aspects of 
lmowledge and the use of different terms when referring to the same aspects oflmowledge. 
These problems also exist in the literature relating to constructivism. In her review 
of the different forms of constructivism, Derry (1996) pointed out that cross-cultural 
communication differences could be attributed to language conventions, to working with 
different "grain sizes or levels" (p. 172) of analysis with respect to cognitive processes, and 
to differences that are due to a lack of integration or (as yet) unresolved dialectics among 
different theoretical perspectives. 
The literature abounds with words such as schemas, schemes, schemata which have 
been used to describe components of knowledge which may or may not be connected. The 
terms used in this study are defined in Section 2.9. 
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TOOLS FOR REPRESENTING STUDENTS' THINKING 
Siegler (1986) claimed that studying thinking is not easy mainly because the natural 
language often proves to be inadequate for describing thought processes precisely. He 
argued that studying children's thinking is even more difficult because of the limitation of the 
vocabulary at their disposal, particularly when the thinking involves the technical language 
of mathematics. He proposed some useful methods for representing thinking, namely, flow 
charts, semantic networks, production systems, and scripts. 
Seigler (1986) argued that a flow chart is especially useful for depicting the sequence 
of thought processes that people go through in solving problems. Physically, a flow chart 
consists of a sequence of boxes with each box representing a stage of cognitive processing. 
Arrows from one box to another indicate the temporal sequencing (flow) of the stages 
(Anderson, 1980). 
According to Seigler (1986), a semantic network is used to represent the components 
of a specific concept (i.e., propositions- things which resemble declarative sentences) and 
the organisation of those components. He argued that the assumption underlying a semantic 
network is that it gives insight into how each individual constructs knowledge which, in turn, 
has implications for planned teaching interventions. Resnick and Ford (1981) describe 
semantic networks as models of knowledge that represent the interrelationship (and, 
therefore, the structure) in what people know. Unlike the flow chart, a semantic network is 
not concerned with a sequence of events but is rather a snapshot of the subject's schema at 
the time of the protocol. 
Siegler ( 1986) argued that a production system is a type of computer language which 
provides a detailed description of symbol-manipulating activities. Flow charts and 
production systems appear to have a common semantic base but differ greatly in their 
syntactic features. Klahr and Siegler (1978) conducted an analysis of a child's understanding 
of balance scales with Klahr representing the understanding by a production system and 
Siegler representing the understanding by a flow chart. They discovered that the languages 
were equivalent and that the two models made exactly the same predictions about the 
children's performance on the balance-scale task. However, they found that the flow chart 
had the advantage of being more easily understood and that no background information was 
required to interpret it whereas the production system language was difficult to read and 
required special background information for interpretation. On the other hand, the 
production system was found to specify, in more detail, the memory contents and encoding 
that the investigator believed underpinned the behaviour. Moreover, Klahr and Siegler 
(1978) claimed that the production system was more testable. For example, if it ran on a 
computer, its sufficiency to produce the behaviour in question was demonstrated. Thus they 
concluded that, for simple tasks, flow charts are adequate but, for complex tasks, production 
systems are more useful and powerful. 
Scripts and the related languages/tools of plans, frames, schemata and story 
grammars are used to describe" the way things usually go" (Siegler, 1986, p. 112) and are 
based on acts which have actors and events. The central assumption is that complex 
meanings can be reduced to combinations of a few simpler meanings. This seems to be 
similar to the notion of abstract schemas (Ohlsson, 1993) and to some structural mappings 
(Gentner, 1988; Halford, 1993). Seigler (1986) argl.led that scripts seem to have the 
capability of abstracting the salient features of a variety of related events and thus have the 
potential to show how students connect knowledge. 
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Seigler (1986) concluded that semantic networks seem to be most useful for 
modelling declarative knowledge whereas production systems and flow charts are most 
powerful when modelling procedural knowledge. Scripts, on the other hand, are useful for 
characterising activities in which declarative and procedural knowledge both are necessary. 
2.8 THE THEORETICAL FRAMEWORK 
This study explored Year 6 students' cognitive functioning in the domain of 
hundredths with a view to: (a) comparing the knowledge structures of high, medium and 
low proficient and semiproficient students with respect to tenths and hundredths knowledge; 
(b) constructing models which explain the structural knowledge differences of high, medium 
and low proficient and semiproficient students with respect to tenths and hundredths 
knowledge; and (c) drawing implications for instruction. To meet these objectives, the study 
incorporated four major stages (Initial Theory, Mathematical Reality, Clarification, Model 
Building), the first of which provided a scaffold for the last three stages. 
The theoretical framework that was developed as a result of reviewing the literature 
encompassed issues relating to the mathematics involved in decimal-number numeration, 
theories of understanding (including those factors and mechanisms that mediate and facilitate 
understanding), and tools for representing thinking. This section outlines the theoretical 
framework from those three perspectives, namely, mathematical structure (see Section 
2.8.1), understanding (see Section 2.8.2), and tools for representing thinking (see Section 
2.8.3). 
2.8.1 MATHEMATICAL STRUCTURE 
The mathematical structure adopted for the theoretical framework incorporated the 
familiar concepts and processes (e.g., place value, ordering), fundamental relationships (e.g., 
multiplicative relationships) of decimal-number numeration, and the ways in which students 
know the concepts, processes and relationships. To this end, the mathematical structure had 
the following four elements: concepts and processes, subconstructs, semantic and syntactic 
features, and mental models. 
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CONCEPTS AND PROCESSES 
The range of concepts and processes of decimal-number numeration was provided 
by the Queensland mathematics syllabus (see Section 1.1.2). These concepts and processes 
were classified as number identification, place value, regrouping, counting, ordering, and 
estimating. 
SUBCONSTRUCTS 
The part/whole and measure subconstructs ofKieren (1983), the partitioning process 
of Lamon (1996) and Pothier and Sawada (1983), and the unitising and reunitising processes 
ofBehr et al. (1992) informed the development of the test and interview instruments. 
SEMANTIC AND SYNTACTIC FEATURES 
Hiebert and Weame (1985) classified lmowledge as semantic (i.e., conceptual) or 
syntactic (procedurally-driven). They claimed that syntactic lmowledge consists of symbol 
manipulation rules which are often unconnected to semantic Imowledge and are often 
influenced by surface features such as the inclusion of zeros in a number (e.g., the internal 
zero in 3.07) or the "length" of a decimal fraction (e.g., 4.55 is "longer" than 4.7). 
Therefore, the test and interview instruments incorporated items that would differentiate 
between semantically-driven students and those who were syntactically-driven. 
The instruments as well as the categorisation of the interview students' responses 
and explanations to the tasks were informed by Resnick et al. 's (1989) comparison of the 
knowledge required for a full understanding of whole numbers, decimal numbers and 
common fractions (see Section 2.3.4). Their taxonomies (see Tables 2.1 and 2.2) 
incorporated elements of conceptual !mow ledge and of notational and naming conventions. 
For this study, their taxonomies were adapted to differentiate between semantic and syntactic 
features of the knowledge required for decimal-number numeration (see Tables 2.3 and 2.4). 
The modifications involved explicating and/or synthesising some features of the 
Resnick et al. taxonomy and including new features for completeness. With respect to 
explication/synthesis modifications, Feature A2 ("each column is 10 times greater than 
column to right") mentioned one direction of change only although the inverse direction may 
have been implied from Feature A1. (Resnick et al. used A, B, C to differentiate between 
values, names, and reading rules.) The bi-directional nature ofmultiplicativity was 
accommodated by Bullets 3 (base 1 0), 4 (order), and 7 (adjacent places are related by 1 0) in 
Table 2.3. With respect to the inclusion of new features, Bullet 5 (place value) was inserted 
to explicate the notion of positional value, a notion that is implicit in Resnick et al. 's 
taxonomy. Bullets 1, 2, 8, 9, 10 and 17 (Table 2.3) and Bullets 5, 6 and 10 (Table 2.4) were 
other inclusions in the adapted taxonomy. One significant modification was the 
recategorisation from syntactic to semantic of the feature describing the partitioning of 
decimal fractions into powers of 10 (see Feature B1 in Table 2.2 and Bullet 4 in Table 2.4). 
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Table 2.3 
Semantic and Syntactic Features of Whole Numbers and Decimal Fractions (adapted from Resnick et 
a!., 1989, p. 10). 
FEATURES 
Semantic 
Table 2.4 
Semantic and Syntactic Features of Decimal Fractions and Common Fractions (adapted from Resnick 
eta!., 1989,p.12). 
FEATURES DECIMAL FRACTIONS COMMON FRACTIONS 
MENTAL MODELS 
The mental models for numeration were composed of the multiplicative and 
symmetric patterns (see Figures 2.3 and 2.5) which incorporated the binary and ternary 
relationships ofHalford (1993). These models were informed by the structural mapping 
theories of Gentner (1988), Gentner and Markman (1993), and Halford (1993). 
2.8.2 THEORY OF UNDERSTANDING 
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Almost every facet of this study required a theory of understanding. For example, 
the pencil-and-paper test to be developed in Stage 2 was designed to differentiate between 
students who understand tenths and hundredths and students who understand tenths but not 
hundredths. Therefore, it was essential to embed the test within a theory of understanding 
appropriate for the young students involved in the study. Similarly, the development of the 
interview instrument, the analysis of the students' responses to the test and the interview, the 
construction of the models in Stages 2 and 4, and the development of teaching implications 
required a theory of understanding. 
To provide the framework for all of these tasks, the theory of understanding took 
cognisance of knowledge types ,factors mediating understanding and mechanisms that 
facilitate understanding. 
KNOWLEDGE TYPES 
This study focused on structural knowledge which was one of four knowledge types 
(entry, representational, procedural, structural) developed from Leinhardt's (1988) and 
Sfard's (1991) theories of understanding. These knowledge types are described in this 
section. 
Entry knowledge. This refers to knowledge that students have when a new concept 
or process is to be taught formally. Entry knowledge may be known either through previous 
instruction or through untaught out-of-school experiences and may be complete, 
impoverished or erroneous. An example of entry knowledge that has resulted from prior 
instruction is the introduction to the addition algorithm involving decimal numbers. This 
task relies on the prior formal knowledge of the algorithmic procedures that were taught with 
whole-number addends and also involves the formal knowledge of decimal numbers. This 
type of entry knowledge draws on Leinhardt's view that, as competence increases, principled 
conceptual knowledge and intuitive knowledge "converge to form a base from which unique 
generative solutions can be formed and into which computation procedures can be nested 
and legitimized" (Leinhardt, 1988, p. 121). In other words, this type of entry knowledge 
accommodates a higher level of knowledge (than the other type of entry knowledge) as 
students proceed through a teaching sequence related to a particular mathematical topic. 
An example of entry knowledge that has resulted from untaught out-of-school 
experiences would be the students' knowledge of per cents. Prior to any formal instruction in 
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per cents, students will have been exposed to the language and symbolism of per cents 
through normal household discussions and through a plethora of advertisements (television, 
radio, newspapers) involving per cents. However, this knowledge may be complete, 
impoverished or erroneous and needs to be taken into account before any formal school-
based instruction in per cents takes place. 
Representational knowledge. This knowledge type recognises the development of a 
mental model of the concept or process as well as the association of the formal mathematical 
name and symbol with the particular concept or process. Thus this knowledge type 
incorporates Leinhardt's (1988) "concrete knowledge" category with Payne and Rathmell's 
(1977) model for connecting the concept, language and symbol to each other. This 
modification to Leinhardt's concrete knowledge type was based on the concern that it would 
be defmed too narrowly, that is, ofbeing associated with manipulative "hands-on" material 
only. 
When used as a teaching model, this knowledge type would incorporate intermediate 
stages within the development of the language and the symbol. For example, "block" may 
be used instead of the formal "rectangular prism" when very young children are introduced 
to solid shapes and tenths should be recorded informally (e.g., 7 tenths) before being 
recorded formally (e.g., 0.7). However, when used as an assessment tool, the opposite 
procedure would be used, that is, assess the formal language and recording first and then, if 
necessary, probe these understandings at the informal stage. 
Again, when this is used as a teaching model, the child should have a real-world 
referent to provide meaning for the concept, language and symbol. However, assessment 
would focus on the child' s ability to work at the abstract level. 
Procedural knowledge. This is the same as Anderson's (1980) knowledge type and 
Leinhardt's (1988) computational knowledge (see Section 6.3.5). It is the knowledge type 
that most assessments focus on (Leinhardt, 1988). In this proposed model of understanding, 
representational knowledge and procedural knowledge could be thought of as two different 
but necessary components of the sort of knowledge that Sfard (1991) calls operational (see 
Section 6.3.5) and which she describes as "dynamic, sequential and detailed" (p. 40). 
Structural knowledge. This form ofknowledge is intended to imply the knowledge 
that has been abstracted as a result ofhaving had experiences with the other knowledge 
types. In this regard, structural knowledge will imply an internal representation (see Section 
6.3.3) of a concept or process and the richness of the internal representation will be 
dependent on the degree of connectivity between schemas. Sfard (1991) described this type 
of knowledge as being "static, instantaneous and integrative" (p. 4) and regarded it as an 
actual entity. 
Structural knowledge could also include abstract schemas which "encode for 
structure, rather than content" (Ohlsson, 1993, p. 52). Finally, structural knowledge in this 
proposed model may be thought of as subsuming Leinhardt's principled conceptual 
knowledge (see Section 6.3.5) 
The proposed model of understanding is intended to imply the same basic 
categorisation in relation to instruction that Leinhardt's model does, that is, knowledge 
before instruction (entry knowledge), knowledge developed during instruction 
(representational knowledge and procedural knowledge) and the idiosyncratic knowledge 
that is derived as a result of instruction (structural knowledge). 
FACTORS MEDIATING UNDERSTANDING 
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In developing a cognitive model to explain performance with respect to tenths and 
hundredths, this study will consider those factors which mediate performance, namely, 
availability and accessibility of knowledge, strategic and metastrategic processes, 
dispositions (including attitudes, attributions, and beliefs), affects, context and experiences. 
These factors were discussed in Section 2.5. 
Because the focus of this study was on the understanding of the formal mathematics 
of tenths and hundredths, the context in which the study took place was aligned with the 
formal classroom learning situation. The alignment of situation and understanding was 
drawn from the literature pertaining to understanding as situated cognition ( Section 2.6.3). 
Also stemming from this literature was the belief that different classrooms would focus on 
different aspects of the pertinent mathematics and the resulting understanding would be as 
much an artefact of the child's attempt to construct knowledge as of the teacher's own subject 
matter knowledge, pedagogical knowledge, dispositions and beliefs about what constitutes 
understanding. 
MECHANISMS FACILITATING UNDERSTANDING 
The interpretation ofthe structural models which were the major outcome of this 
study drew heavily on the notion of abstract and content-full schema (Ohlsson, 1993). 
Moreover, in developing the test and interview instruments, nonprototypic tasks were 
included as well as prototypic tasks in order to challenge the students' abstract schema. This 
aspect of the study drew on the notion of violation expectation (Schank, 1986) that was 
discussed in Section 2.6.3. Furthermore, the use ofnonprototypic tasks enabled a 
consideration of the usefulness of an abstract schema in transferring knowledge from a 
known situation to a novel situation. 
2.8.3 TOOLS FOR REPRESENTING THINKING 
This study incorporated language to describe students' behaviours, tables and bar 
graphs to describe students' performances succinctly, and semantic networks (Seigler, 1986) 
to represent the numeration model, the structural models and the cumulative models. 
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Because language (both oral and body) is the vehicle through which thinking can be 
inferred (Seigler, 1986), protocols of the interview students' oral and body language are 
provided to underpin and illuminate the inferences made as to whether correct responses to 
the interview tasks were based on semantic or syntactic knowledge (Resnick et al., 1989). 
Because of the large number (337) of students who were given the test and the large 
number of test items (approximately 25 items, many of which had several sub-items), the 
results needed to be presented in a succinct form. To this end, tables are used to describe 
and condense the results whilst bar graphs are used occasionally to facilitate comparisons of 
the performance categories' similarities and differences. Similarly, the results obtained from 
the interview in which 45 students were interviewed on 15 major tasks, each of which had 
several sub-tasks, needed to be presented in a succinct form that facilitated the comparison of 
the results for each sub-task in terms of the performance categories. Therefore, tables are 
used to describe the results in terms of performance categories as well as in terms of 
individual results within each performance category. These latter tables are provided in 
Appendices D and E. The use of tables and bar graphs in this study were for descriptive 
purposes only; no inferential statistics were undertaken in this study. 
Semantic networks were used to represent the models that were constructed 
throughout the study because, as Seigler (1986) concluded, they are most useful in 
representing declarative (structural) knowledge. (See Section 2.7 for a discussion of the 
tools for representing thinking.) 
2.9 IMPLICATIONS FOR THE STUDY 
2.9.1 TEST INSTRUMENT 
The test instrument that was developed for Stage 2 (see Chapter 3) needed to be 
appropriate for its purpose (i.e., to select students for the interview) and context (i.e., 
Queensland classrooms). To cater for the purpose imperative, the test items were based on 
the first three elements ofthe mathematical structure (see Section 2.8.1) in terms of 
representational, procedural and structural knowledge (see Section 2.8.2). To cater for the 
context imperative, the test was framed by the decimal-number numeration concepts and 
processes of number identification, place value, renaming, counting, ordering, and 
estimating (first element) with respect to tenths and to hundredths:. In keeping with the 
knowledge types, items were presented in pictorial and symbolic (digit, word) form. 
Number identification. To assess this process, the second element of the 
mathematical structure was used, in particular, the part/whole construct (Kieren, 1983; Nik 
Pa, 1989; Payne, Towsley, & Huinker, 1990) and the notion of units and the ability to 
reunitise (Behr et al. 1992). The items related to number identification were also aimed at 
assessing the students' representational knowledge (see Section 2.8.2) and involved pictorial 
models of decimal numbers and their relationships to the language and symbolic 
representations of the number. 
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Place value. The items related to place value were guided by Resnik et al. 's (1989) 
analysis ofthe semantic and syntactic features of whole numbers and decimal numbers (the 
third component of the mathematical structure described in Section 2/811). Place value 
knowledge was interpreted as structural knowledge (see Section 2.8.2) 
Regrouping, counting, ordering, rounding and estimating: The items related to 
these processes were considered to form a large proportion of the procedural knowledge (see 
Section 2.8.2) that students must have in coming to understand decimal numbers. However, 
an understanding of the processes is essential and, therefore, they were also considered as 
structural knowledge. 
In summary, the overriding considerations in developing the test were that the items 
reflect the first three components of mathematical structure from the theoretical framework, 
to take cognisance of the mathematical structure of decimal numbers, and reflect the theory 
of understanding that was discussed in Section 2.8.2. 
2.9.2 INTERVIEW INSTRUMENT 
The interview instrumentthat was developed for Stage 3 (see Chapter 4) needed to 
be appropriate for its purpose, namely, to probe students' structural knowledge and to 
determine how a successful schema for tenths is extended to include hundredths (as in the 
case of high proficient students) and to determine why a successful schema for tenths is not 
extended completely to include hundredths (as in the case of the high semiproficient 
students). Therefore, the interview tasks were based on the fourth element of the 
mathematical structure (see Section 2.8.1) along with some aspects of the second and third 
elements and structural knowledge (see Section 2.8.2). The tasks were framed by those 
numeration processes that were found, in Trials 2 and 3, to differentiate most between high 
proficient (HP) and high semiproficient students (HSP) and between high-performing 
students (HP, HSP, MP) and low-performing students (MSP, LP) and by the numeration 
model that was developed as a result of the test results and an analysis of the cognitions 
underlying the numeration processes (see Section 3.4). 
2.9.3 PROFICIENT AND SEMIPROFICIENT STUDENTS 
The evolution of the criteria used to determine the classification of the interview 
students in terms of the performance categories as well as the number of performance 
categories were briefly discussed in Section 1.2 but are addressed in detail in this section. 
As stated in Section 1.2, the test had to be capable of identifying high, medium and 
low proficient students (those who exhibited regular distribution patterns for tenths and 
hundredths knowledge) and semiproficient students (those who exhibited irregular high/low 
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distribution patterns for tenths and hundredths knowledge respectively) to participate in the 
interviews. 
The final test instrument evolved from Trials 1 and 2 (the Test Development and 
Knowledge Exploration Cycles respectively). However, the main concern in the 
development of the test was its capability of differentiating high proficient and 
semiproficient students. The widening of the selection of the interview to include medium 
proficient and semiproficient students, and low proficient students was based on the results 
obtained from testing the target sample in Trial3. (This is discussed fully in Section 3.3.2.) 
To be considered proficient on the test in Trials 1 and 2, a student was required to 
achieve 90% or more on the tenths component and 80% or more on the hundredths 
component. To be considered semiproficient, a student was required to show proficiency in 
tenths (90% or more) and less than 75% on the hundredths component of the test. These 
ratings were somewhat arbitrary but, after two years of instruction in tenths, the students 
should have reached proficiency in, if not mastery of, tenths. The rating of 90% on tenths' 
performance, then, reflected this belief but, at the same time, catered for the potential 
ambiguities in the way in which the test items were framed. In determining a rating for 
proficiency in hundredths, the length of time spent on instruction (not more than one year) 
was taken into consideration. Therefore the expected proficiency rate for hundredths was 
not as demanding as the proficiency rate in tenths. 
The initial criteria for proficiency and semiproficiency accounted for irregular 
distribution patterns (tenths and hundredths knowledge) only and whilst the criteria were 
adequate for Trials 1 and 2, they were too limiting for Trial 3 from which the students were 
selected for the interview. Students' performances in Trial3 were generally better than 
performances in Trials 1 and 2. (Trials 2 and 3 were undertaken at the same schools and the 
improved performance of the Trial3 students is addressed in Section 6.7.) 
Therefore, as a result of the students' performances in Trial3, the number of 
performance categories was increased to accommodate the various levels of mastery (high 
and medium) in which regular (proficiency) and irregular (semiproficiency) distribution 
patterns of tenths and hundredths knowledge were discerned. These criteria gave rise to five 
performance categories, namely, high proficient (HP), medium proficient (MP), high 
semiproficient (HSP), medium semiproficient (MSP), and low proficient (LP). Whilst the 
low proficient (LP) performance category included students who generally exhibited regular 
distribution patterns for tenths and hundredths knowledge, it also included two deviant 
students who exhibited low/high distribution patterns for tenths and hundredths. These 
deviant students (whose means for hundredths were at least 10% more than their means for 
tenths) were included to determine how this "deviancy" occurred and whether it was the 
result of semantic or syntactic knowledge. 
In comparing the knowledge held by proficient and semiproficient students, the 
study took cognisance of the literature pertaining to abstract schemas (Ohlsson, 1993) and 
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experts and novices (Glaser & Chi, 1988; Halford, 1993; Newell & Simon, 1972). Research 
has indicated that experts "chunk" knowledge as opposed to trying to memorise disparate 
facts and procedures. They appear to develop tightly connected (and therefore more 
manageable) networks ofknowledge (abstract schema) than do novices and, as a 
consequence of this, their knowledge can be accessed more quickly and completely. 
According to Gentner and Markman (1993) and Ohlsson (1993), experts are more likely to 
perceive relational similarities and differences whereas novices tend to focus on mere-
appearance matches (attributional or syntactic features). Because of these reasons, it is 
expected that experts will be more able to transfer prior knowledge to new situations. 
2.9.4 TERMINOLOGY 
Analysing the knowledge differences of proficient and semiproficient students 
required three perspectives, namely, an instructional design perspective, a mathematical 
perspective, and a cognitive perspective. With respect to the instructional design 
perspective, cognisance was taken of the pertinent curriculum in terms of mathematical 
content and its embedded epistemological assumption of teaching for understanding. This 
perspective was required for the development of the test and interview instruments, for the 
intervention episodes, and for drawing implications for teaching. With respect to the 
mathematical perspective, analyses of the mathematical structure of the decimal-number 
system, the major components ofthe number system, and of the individual tasks were 
undertaken. With respect to the cognitive perspective, analyses of students' thinking were 
undertaken to determine what structural knowledge had been acquired and could be 
accessed. 
Each of these three perspectives has given rise to its own particular terminology. For 
example, within the instructional design perspective, terms such as concept, notion, process, 
procedure, and principle are used. These are also used in the mathematical perspective 
along with terms such as abstraction (e.g., Ohlsson, 1993), constructs and subconstructs 
(e.g., Behr et al. 1992), object (e.g., Sfard, 1991), andprocept (e.g., Gray, Pitta, & Tall, 
1997). Within the cognitive perspective terms such as schema, schemata (e.g., de Jong & 
Ferguson-Hessler, 1996), mental models (e.g., Halford, 1993),frames, scripts, and story 
grammars (Seigler, 1986). 
In this study, general mathematics-curriculum knowledge is described by using the 
terms concepts (or notions), processes, procedures and principles whilst constructs and 
subconstructs are used to describe mathematical-structure knowledge. To amalgamate the 
cognitive and mathematical perspectives, cognitions is used to represent simultaneously the 
concepts and processes required for the structural knowledge embedded in a task and the 
mental representation of this knowledge [the ways in which students need to think about this 
knowledge]. Structural knowledge draws on Leinhardt's (1988) principled conceptual 
knowledge, Sfard's structural knowledge and Jonassen, Beissner, and Yacci's (1993) 
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structurallmowledge and therefore refers to what concepts, processes and principles within a 
domain have been abstracted and how they are interrelated. 
Mental models (Halford, 1993) is the term used to describe internal constructions 
whilst abstract schema and content-full schema (Ohlsson, 1993) are used to describe the 
degree to which structurallmowledge has been abstracted. Inherent in these two schema 
types is the notion of deep and surface levels oflmowledge (de Jong & Ferguson-Hessler, 
1996). These terms have emanated from the cognitive perspective. 
2.9.5 SUMMARY 
The literature provided many fruitful ways in which to consider understanding, most 
of which will be incorporated in this study. As well, the complexity analysis of the relevant 
mathematics (Behr, Harel, Post, & Lesh, 1992; Halford, 1993) combined with the semantic 
and syntactic framework adapted from Resnick et al.' s (1989) taxonomies were a useful 
starting point for the development of the test. The study will also draw heavily on mental 
models (Halford, 1993) and the notion of analogical reasoning (Gentner, 1988; Gentner & 
Markman, 1993; Halford, 1993) for illuminating the connections within a domain and the 
transfer oflmowledge from prior lmowledge (i.e., whole numbers and tenths) to the new 
lmowledge ofhundredths. 
CHAPTER 3: MATHEMATICAL REALITY 
DEVELOPING THE TEST INSTRUMENT, DETERMINING PERFORMANCE CATEGORIES, 
PROBING KNOWLEDGE DIFFERENCES AND CONSTRUCTING THE NUMERATION MODEL 
3.1 OVERVIEW 
The main purpose of this study was to examine and compare the knowledge 
structures of proficient and semiproficient students with respect to tenths and hundredths in 
order to construct models which explain the structural knowledge differences of these types 
of students. (See Section 1.2 for a complete description of the study's purposes.) To do 
this, selected students took part in structured individual interviews. However, before the 
interviews took place, students needed to be selected in terms of their performance, and 
appropriate tasks needed to be developed for the interviews. To enable the processes of 
student selection and interview task development, a diagnostic test instrument was 
constructed to: (a) differentiate students' performance in terms of proficiency and 
semiproficiency; and (b) provide illumination as to the critical mathematical knowledge in 
which the two groups differed. That is, to determine what knowledge the proficient students 
seemed to have (or could access) that the semiproficient students did not have (or could not 
access). This preparation for the interviews constitutes Stage 2 (Mathematical Reality) of 
the study and is the focus of this chapter. 
As described in Section 1.3.4, this stage ofthe study comprised three hermeneutic 
cycles that were categorised as the Test Development Cycle, the Knowledge Exploration 
Cycle and the Interview Development Cycle. These cycles were named for their major focus 
but, as shown by Figure 3.1, each cycle incorporated similar activities. For ease of reporting 
these cycles will be named as Trial 1, Trial 2 and Trial 3. 
Test Development Cycle 
Trial I 
F orrnulate and trial the test 
(convenie~e sample) 
Authenticate the test items 
(interview) 
+ 
Evaluate the test's 
differentiating capabilities 
- performance categories l 
-lm~~edge l 
Modtfy the test ··················' 
Knowledge Exploration Cycle 
Trial2 
Administer the modified test 
(quota ~mple) 
Identify performance 
categories 
+ 
Interview Development Cycle 
Trial3 
categories & select students 
+ 
1',,,':=,,.-· A::::E:~· 
Compare lmowledge strengths . Analyse knowledge strengths & 
and wealmesses within & between the l weaknesses within performance categories; 
performancl categories j Analyse knowledge differences between 
+ I perforrna;e categories 
Refine the test ··········-··········' Construct the numeration model 
+ Develop the interview instrument 
Figure 3.1. The hermeneutic cycles within Stage 2 (Mathematical Reality). 
Because the purpose of these trials was to lead into the interviews in Stage 3 
(Clarification), Trial 3 only is described in this chapter. (Trials 1 and 2 are described in 
Appendices B and C respectively.) Thus this chapter provides the design of Stage 2 of the 
study (see Section 3.2), the results ofTrial3 (see Section 3.3), the development of the 
numeration models (see Section 3.4), and implications for the interviews (see Section 3.5) 
3.2 PURPOSES AND DESIGN 
3.2.1 PURPOSES 
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The overarching objectives for Stage 2 of the study were the selection of the 
interview students and the development of the interview instrument. To meet these 
objectives, three cycles involving three trials were designed, namely, a test development 
cycle (Trial 1 ), a lmowledge exploration cycle (Trial 2), and an interview development cycle 
(Trial 3). The particular objectives for Trial 1 are given in Appendix B and the particular 
objectives ofTrial2 are given in Appendix C. The particular objectives for Trial3 were to: 
• select proficient and semiproficient students to participate in the interviews; 
• examine and compare the lmowledge structures of the selected students in terms 
of their performance categories; 
• analyse the cognitions required to process decimal numbers; 
• construct a numeration model which would take cognisance of the structural 
lmowledge components of decimal number numeration; 
• develop the interview instrument. 
3.2.2 RESEARCH METHODOLOGY 
Stage 2 incorporated survey, interview and analytic-synthetic methodologies. In 
particular, Trial 1 used a mixture of survey (Cohen & Manion, 1987) and semistructured 
individual interviews (Uprichard & Romberg, 1977) with a convenience sample (Cohen & 
Manion, 1987). Its methodolgy is described in Appendix B. Trial2 used a descriptive 
survey with a cluster sampling technique (Burns, 1994). Its methodology is described n 
Appendix C. 
The analytic-synthetic methodology (Uprichard & Englehardt, 1986) was used in 
Trial 3 to accommodate the analysis of the cognitions to be probed during the interviews 
and the synthesis of this analysis with the relevant literature and the results from the test. 
3.2.3 SUBJECTS 
Stage 2 involved 337 students with 8 students in Trial1, 156 students in trial2, and 
173 students in Trial 3. See Appendices B and C for a full description of the students 
involved in Trials 1 and 2 respectively 
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Trial3 involved 173 students (90 females, 83 males) from the same two schools that 
were used in Trial 2. However, this time the students were from Year 6 because the test was 
administered at the beginning of the school year. These students were the Year 4 students 
when the Year 5 students in the previous stage were being trialed. Because the test from the 
previous stage had been left with the teachers, the test results were expected to be improved 
as a consequence of the students' being exposed to the nonprototypic examples that had 
been incorporated in the modified test. However, the expected positive outcome due to 
teaching effects was seen to be an advantage because it was hoped that there would be a 
larger number of proficient and semiproficient students from which to choose for the 
interviews. 
The classes in this trial were designated as A', B', C', D', E', F', and G' to 
differentiate them from the classes involved in the previous trial. Similarly, the schools in 
this trial were designated as School A' and School B'. The class sizes ranged from 26 to 29 
with the exception of Class G' which was the Year 6 component of a Year 6/7 composite 
class and had 8 students. 
3.2.4 INSTRUMENT 
Stage 2 involved the administration of a diagnostic test instrument (developed for 
the study) and an interview schedule. The same diagnostic instrument (with modifications) 
was used in all three trials but the interview schedule was used in Triall only. (See 
Appendix B for the diagnostic test instrument, the theoretical constructs of the test, the 
recommended modifications for Trial 2, and the interview schedule. See Appendix C for 
the modified test instrument and further recommended modifications for Trial3.) The Trial 
3 test instrument is provided in Attachment 2 (back cover). Table 3.1 provides the 
classification of the items and sub-items used in the final instrument. 
Table 3.1 
Classification of the Test Items in Terms of Tenths, Hundredths, and Tenths/Hundredths Concepts and 
Processes (Trial 3). 
Concept/Process 
Number 
identification 
Place value 
Regrouping 
Counting 
Ordering 
Estimating 
Tenths 
P --+8: Bl; B2a; B4ai; 
B6c, B7a 
8 -+P: B3b 
S -+L: Ala, c 
L --+8: A2a, b, d 
A3c, e, f, g; 
A4a, d, e; A5a, b 
A6a, c, e, g 
A 7a, b, c, d, e; A9a, b 
Alla, b, c, d, e 
AlOa; A12a, b 
Al3a, b; Al4b; Al5b 
Hundredths Tenths/Hundredths 
P --+8: B2b, c; B4bii P --+8: B4aii, bi; 
B6a, b;B7d 
8 -+P: B3a 8 -+P: B3c, d; B5; B7b, c 
S -+L: Alb, d 8--+L:NA 
L -+S: A2c, e, f, g L-+8:NA 
A3a, b, d, h; A4c, g, h, i, 1 
A4b, f, j, k; A5c 
A6b, d, f, h Nil 
A8a, b, c, d, e; A9c, d, e Nil 
A1lf, g, h, i, j Allk, 1, m, n, o 
Al2c AlOb, c; Al2d 
A13c, d, e, f; Al4a; Nil 
Al5a 
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No conceptual changes were made to the Trial 2 test but some sub-items were 
deleted whilst other sub-items were inserted. For example, Item 1 was reduced from 8 sub-
items to 4 sub-items because the previous students' lmowledge of place value could 
generally be ascertained from those four particular sub-items; another four regrouping tasks 
were inserted. Generally, changes were made so that there was a better balance to the 
number of sub-items designated as assessing the part/whole notion of tenths ( 43 sub-items), 
the part/whole notion ofhundredths (43 sub-items), and the part/part notion of 
tenths/hundredths (23 sub-items). 
3.2.5 PROCEDURE 
In Stage 2 of the study, similar procedures were followed for all three trials, namely, 
the test was administered and scored, means (individual, class and school) were ascertained, 
proficient and semiproficient students were identified, and students' !mow ledge was 
analysed in terms of general strengths and wealmesses and in terms of performance category 
(proficient, semiproficient) differences. (See Appendices B and C for a detailed description 
of the procedures followed in Trials 1 and 2 respectively.) The same procedures that were 
undertaken for Trial2 were followed for Trial3. (See Appendix C for these procedures.) 
In Trial 3, the modified test was administered at the schools in the students' 
classrooms. School A' had one class per room while School B' had large open classrooms 
that incorporated two classes, each of which had one end of the room allocated as their 
home area. Because the test was to be administered to all of the students at the same time, 
the students were seated at individual desks which were well-separated. The test was 
administered during the morning so that the students would be relatively fresh. School A' 
students were tested the day before School B' students. 
As for trial2, three interviewers (the investigator and two others) were used in Trial 
3 so that all classes started at the same time. To accommodate this procedure, the three 
interviewers had written instructions as to what directions were to be given to each class. In 
each school, the class teacher was present throughout the survey and was given a copy of 
the test. 
Before the formal administration of the test instrument, the students were told of the 
purposes of this test, that is, it was not to find out how "good" or "bad" they were at decimal 
fractions but rather to find out what students of their age were most likely to !mow and not 
!mow about decimal fractions. To this end, they were encouraged to work on their own and 
to ask questions only if they were unsure of the directions of a particular task. Before the 
students commenced, each task was read so that any effects from reading deficits would be 
alleviated or minimised. The students were encouraged to seek clarification of directions or 
procedures at this stage. 
As for Trial 2, the students were given the first part of the test and, when this was 
completed and handed in to the interviewer, they were given the second part. This was done 
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to ensure that the students could not use the diagrams in the second part to help them answer 
any of the questions in the first part, a behaviour that was discovered in Trial 1. 
The tests were scored by the investigator, the results tabulated, proficient and 
semiproficient students were identified, and the structural knowledge of these groups were 
examined for similarities and weakness with respect to: (a) the decimal-fraction 
components; and (b) the numeration processes. To facilitate this comparison, other tables 
and graphs were developed. 
The cognitions involved in processing decimal numbers were analysed and, from 
this analysis, a numeration model relating the levels of knowledge required was developed. 
This model was used in conjunction with the findings of the knowledge exploration stage to 
develop the interview instrument. 
3.2.6 ANALYSIS 
In Stage 2 of the study, analysis involved comparing test and interview responses, 
comparing individual student's tenths and hundredths, comparing responses within and 
between the identified performance, and drawing inferences from the selected students' 
responses with respect to the theoretical framework (see Section 2.8). In particular, analysis 
in Trial 1 involved comparing test and interview responses to authenticate the test 
instrument (see Appendix B for a detailed description of the analysis). In Trial2, analysis 
focused on comparing individual student's tenths and hundredths means to identify 
proficient and semiproficient students, and on comparing these students' responses (within 
and between categories) to identify strengths and weaknesses. (See Appendix C for a more 
detailed description of the analyses in Trial 2.) 
In Trial3, the analysis undertaken taken in Trial2 was also undertaken. However, 
further analysis was undertaken, namely, drawing inferences from the selected students' 
responses with respect to the theoretical framework (see section 2.8) to identify the 
knowledge structures underlying the decimal-number numeration system. 
As a result of examining the Trial 3 students' test performance in terms of the 
decimal-fraction c·omponents (tenths and hundredths), five performance categories were 
identified. These were classified as high proficient (HP), high semiproficient (HSP), 
medium proficient (MP), medium semiproficient (MSP) and low proficient (LP). (See 
Section 3.3 .1 for the criteria used to identify these categories and a complete description of 
each performance category.) 
Comparison of the selected students' responses (from Trials 2 and 3) within and 
between the performance categories provided insight into the cognitions the students used 
when processing decimal numbers. These findings were synthesised with the theoretical 
framework literature to develop a numeration model of the levels of cognitions required to 
process decimal numbers. The resulting numeration model was then used as the major 
theoretical construct of the interview instrument. 
83 
3.3 EXPLORING PROFICIENT AND SEMIPROFICIENT KNOWLEDGE 
This section describes the results ofthe Trial 3 test (provided in Attachment 2) and 
the analysis that was undertaken in Trial 3. It must be seen as the end product of Trials 2 
and 3 which are described in Appendices B and C respectively. Individual, class and school 
means are provided in Appendix D. 
3.3.1 TESTRESULTS 
The class and school means for the test items are provided in Appendix D (see Table 
D-1). This table shows that, unlike the results ofTrial2, there were no significant 
differences within or between classes and schools. The generally improved performances of 
the School B' classes were attributed mainly to teaching effects. (The Trial 2 test had been 
left with the class teachers.) 
As for Trial2, performance was generally poor on Items A4 (multiplicative 
structure), A6 (regrouping), Al 0 (ordering), B5 (reunitising) and B6 (reunitising). 
3.3.2 IDENTIFICATION OF PROFICIENT AND SEMIPROFICIENT STUDENTS 
Table D-2 provides the individual and class means with respect to performance on 
tenths and hundredths (including tenths/hundredths) and shows that the students generally 
exhibited proficiency or semiproficiency distributions for tenths and hundredths but at 
different levels of mastery. (Some students exhibited deviant distribution patterns, namely 
low tenths/high hundredths.) Using the criteria that were described in Table 1.1, five 
performance categories were identified, namely, high proficient (HP), high semiproficient 
(HSP), medium proficient (MP), medium semiproficient (MSP) and low proficient (LP). 
All of the identified high proficient (HP) and high semiproficient students (HSP) 
were selected for the interviews but only a sample of students from each of the other 
categories was selected. For example, in most of the categories there were three or four 
students who had obtained very similar means for tenths and hundredths so, in these 
instances, one student was selected at random to represent that group. Only three deviant 
students were revealed- one was included with the high semiproficient group; the other two 
were included with the low proficient (LP) group. 
Table 3.2 identifies and categorises the students who were selected for the 
interviews. The students are identified in terms of their performance categories (i.e., HP, 
HSP, MP, MSP, or LP) with their class given in parenthesis (e.g., C'13). Within each 
performance category, the students are arranged in descending order of performance. Thus 
HP1, for example, outperformed all other high proficient students. 
Table 3.2 
Students Selected for the Interviews in Terms ofPeiformance Category {Trial3). 
Performance category 
HP HSP MP MSP 
HPl (E'18) HP9 (C'20) HSPl (A'18) HSP9 (A'27) MPl (D'12) MSPl (F'l2) 
HP2 (C'22) HPlO (C'll) HSP2 (C'16) HSPlO (G'3) MP2 (E'20) MSP2 (F'24) 
HP3 (A'lO) HPll (D'lO) HSP3 (B'l3) HSPll (G'2) MP3 (C'21) MSP3 (F'S) 
HP4 (G'S) HP12 (B'14) HSP4 (A'16) HSP12 (A'4) MP4 (B'l) MSP4 (B'9) 
HP5 (F'5) HSP5 (F'6) MP5 (C'2) MSP5 (F'20) 
HP6 (A'l) HSP6 (F'l) MP6 (C'5) MSP6 (A'6) 
HP7 (F'15) HSP7 (F'17) MP7 (D'16) MSP7 (F'3) 
HP8 (E'29) HSP8 (E'lO) MPS (B'6) MSP8 (A'19) 
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LP 
LPl (D'll) 
LP2 (E'28) 
LP3 (D'23) 
LP4 (E'14) 
LP5 (D'l) 
Note. HP =high proficient; HSP =high semiproficient; MP =medium proficient; MSP =medium 
semiproficient; LP = low proficient. 
3.3.3 DIFFERENTIATING STRUCTURAL KNOWLEDGE 
DECIMAL-FRACTION COMPONENTS 
The graphs in Figure 3.2 show the distribution patterns of the performance category 
means (tabulated in table D-1) for tenths and hundredths (on which the performance 
categories were based). These distribution patterns were used as the template for 
determining similarities and differences in the distributions for tenths, hundredths and 
tenths/hundredths and for the numeration processes. 
With respect to tenths and hundredths, Figure 3.2 shows that semiproficiency 
appeared to become more pronounced as lmowledge of tenths decreased. The deviant 
irregular pattern (i.e., low/high) of the LP group for tenths and hundredths reflects the 
means of the two deviant students in that performance category. Figure 3.2 also shows that 
the five performance categories represent high-performing students (category means 
generally :?:80%) and /ow-performing students (category means ::;;70%). Thus the students in 
the HP, HSP, and MP categories are often referred to collectively as the "high-performing" 
students in the report on the results of the interview tasks. whilst the MSP and LP students 
are often referred to collectively as the "low-performing" students. 
With respect to tenths, hundredths and tenths/hundredths, Figure 3.3 shows that the 
original distribution patterns for tenths and hundredths were maintained. However, for each 
performance category, the hundredths mean was enhanced when the test items that assessed 
the part/part notion (reunitisation) of tenths/hundredths was separated from those items that 
assessed the part/whole notion (unitisation) of hundredths. Therefore, the interview 
included tasks that focused on reunitising. Furthermore, the maintenance of the 
semiproficient distribution pattern for the high and medium semiproficient categories (HSP, 
MSP) suggested that the semiproficient students had not fully transferred their 
understanding of unitising tenths to unitising hundredths. Therefore, the interview also 
included tasks that focused on unitising. 
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Figure 3.2. Distribution patterns of the performance category means for tenths and hundredths. 
NUMERATION PROCESSES 
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Figure 3.3 provides the distribution patterns for the numeration processes and shows 
that the HP and LP (except for place value) performance categories maintained their 
distribution patterns across the range of numeration tasks. However, the remaining 
performance categories were generally more erratic. For example, the high semiproficient 
category (HSP) exhibited proficiency distribution patterns (i.e., regular distribution patterns 
for tenths and hundredths) for number identification and ordering, and a deviant 
semiproficient distribution pattern (i.e., low tenths/high hundredths) for estimating. This 
behaviour suggested that the numeration processes in which the HSP students maintained 
their semiproficiency distribution patterns, namely, place value, counting and regrouping, 
represented the areas in which they had most difficulty in extending their understanding of 
tenths to hundredths. 
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Note. Regrouping, counting, and estimating had no specific tenths/hundredths component. 
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Figure 3.3. Distribution patterns of the performance category means for the numeration processes. 
The data shown in Figure 3.3 is tabulated in Table 3.3 which shows those 
numeration processes in which the distribution patterns for each performance category were 
maintained (shown by v") or changed (shown by x). Table 3.3 reveals that: (a) the HP and 
LP students were the only ones to maintain their performance category for most of the 
numeration processes; and (b) the distribution patterns (proficient, semiproficient) generally 
held for number identification, place value, regrouping and counting. However, in some 
instances, the distribution patterns were maintained but at a higher or lower level of 
performance. For example, the HSP group reflected HP distributions for ordering (a 
positive change in performance). Similarly, the MSP group reflected HP performance 
means for ordering (a positive change in performance) but LP means for regrouping and 
estimating (a negative change in performance). Table 3.4 indicates the performance 
category changes that were yielded from a particular numeration process. 
Table 3.3 
Maintenance or Change in Peiformance Category Distribution Patterns for the Numeration 
Processes (Trial 3). 
Numeration Processes 
Performance Number Place value Regrouping Counting Ordering 
category identification 
HP ./ ./ ./ ./ ./ 
HSP .lC ./ ./ ./ .lC 
MP ./ ./ .lC ./ ./ 
MSP ./ ./ ./ ./ .lC 
LP ./ .lC ./ ./ ./ 
Table 3.4 
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Estimating 
./ 
.lC 
.lC 
.lC 
./ 
Positive and Negative Changes in Peiformance Categories for the Numeration Processes (Trial 3). 
Numeration Processes 
Performance Number Place value Regrouping Counting Ordering Estimating 
category identification 
HP ./ ./ ./ ./ ./ ./ (-) 
HSP MP ./ ./ ./ HP MP 
MP ./ ./ (-) MSP ./ (+) ./ (+) HD 
MSP ./ ./ (-) LP ./ HP LP 
LP ./ NP NP ./ (-) ./ (+) ./ 
Note . ./ = maintained distribution;./(-)= maintained distribution patterns but at a lower level of 
performance; ./ ( +) = maintained distribution patterns but at a higher level; HD = high deviant; NP = 
nonproficient (:::;;30% for tenths and hundredths). 
Ordering and estimation were the processes in which most changes in distribution 
patterns and performance means occurred. However, in ordering, performance generally 
improved whereas in estimating performance generally deteriorated. The positive change in 
performance in ordering suggested that students applied automated rules and, whilst rules 
may be applied in the approximating component of estimating, they cannot be applied to 
estimating itself which requires number sense and metacognitive processes. 
With respect to the HP and HSP performance categories which were the particular 
focus of this investigation, Table 3.4 revealed that the major difference in performance 
occurred for number identification, place value, regrouping and counting. Table 3.5 shows 
that the major differences in number identification, place value and counting were with 
hundredths and tenths/hundredths whilst the major difference in regrouping was with 
hundredths. 
To ensure that the interview tasks focused on the specific differences in proficient 
and semiproficient structural knowledge of the selected students, the individual means for 
the number identification, place value, regrouping and counting processes were examined. 
(See Table 3.6.) 
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Table 3.5 
HP and HSP means(%) for the Numeration Processes in Terms of Tenths, Hundredths, and 
Tenths/Hundredths (Trial3). 
Performance 
Category 
HP 
HSP 
HP 
HSP 
HP 
HSP 
NI 
92.4 
87.1 
94.2 
85.8 
76.7 
59.2 
PV 
94.4 
88.0 
94.4 
75.9 
90.0 
55.0 
Numeration processes 
RG CO 
97.9 
87.5 
Tenths 
98.8 
92.9 
Hundredths 
95.8 
70.8 
99.0 
80.2 
Tenths/Hundredths 
Nil Nil 
Nil Nil 
OR 
99.0 
96.9 
100.0 
100.0 
88.5 
80.2 
ES 
83.3 
82.9 
86.1 
81.9 
Nil 
Nil 
Note. HP =high proficient students; HSP =high semiproficient students; NI =number identification; 
PV =place value; RG = regrouping; CO = counting; OR = ordering; ES = estimating. 
Table 3.6 
Student and Performance Category Means (0/o) for the Numeration Processes (Trial 3). 
Student/ 
Category 
HPl 
HP2 
HP3 
HP4 
HP5 
HP6 
HP7 
HP8 
HP9 
HPlO 
HPll 
HP12 
Category 
Mean 
HSPI 
HSP2 
HSP3 
HSP4 
HSP5 
HSP6 
HSP7 
HSP8 
HSP9 
HSPlO 
HSPll 
HSP12 
Category 
Mean 
NI PV RG co 
Tenths 
100 100 100 100 
100 100 100 100 
100 88.9 100 100 
81.8 100 100 100 
90.9 100 100 100 
90.9 88.9 100 100 
90.9 88.9 100 85.7 
90.9 100 100 100 
90.9 100 100 100 
90.9 88.9 100 100 
90.9 100 100 100 
90.9 77.8 75.0 100 
92.4 
100 
100 
100 
90.9 
81.8 
81.8 
90.9 
81.8 
81.8 
72.7 
81.8 
81.8 
87.1 
94.4 
88.9 
88.9 
77.8 
88.9 
100 
100 
88.9 
100 
88.9 
88.9 
77.8 
66.7 
88.0 
97.9 98.8 
100 100 
100 100 
100 100 
75.0 100 
100 100 
100 100 
75.0 85.7 
50.0 100 
100 85.7 
75.0 100 
75.0 85.7 
100 57.1 
87.5 92.9 
Numeration processes 
NI PV RG co 
Hundredths 
100 100 100 87.5 
100 88.9 100 100 
100 100 100 100 
100 100 100 100 
80.0 100 100 100 
100 77.8 75.0 100 
100 100 100 100 
80.0 100 100 100 
90.0 100 100 100 
90.0 77.8 100 100 
100 100 75.0 100 
90.0 88.9 100 100 
94.2 94.4 95.8 99.0 
100 77.8 100 87.5 
100 66.7 75.0 100 
100 66.7 50.0 100 
100 66.7 100 100 
60.0 100 50.0 87.5 
90.0 88.9 50.0 75.0 
80.0 44.4 50.0 100 
80.0 88.9 50.0 75.0 
90.0 66.7 100 75.0 
80.0 100 100 25.0 
50.0 66.7 25.0 75.0 
100 77.8 100 62.5 
85.8 75.9 70.8 80.2 
NI PV 
Tenths/Hundredths 
90.0 100 
100 100 
80.0 100 
80.0 100 
80.0 100 
100 60.0 
50.0 100 
60.0 100 
50.0 100 
90.0 40.0 
80.0 80.0 
60.0 100 
76.7 
70.0 
70.0 
80.0 
70.0 
50.0 
70.0 
20.0 
60.0 
60.0 
40.0 
40.0 
80.0 
59.2 
90.0 
60.0 
40.0 
40.0 
40.0 
100 
80.0 
20.0 
100 
20.0 
100 
0.0 
60.0 
55.0 
N!lli<. NI = number identification; PV = place value; RG =regrouping; CO = counting; OR= 
ordering; ES = estimating. 
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Table 3.6 shows that both the HP and HSP students had difficulty in reunitising 
tenths as hundredths. It also shows that place value and regrouping involving hundredths 
were the domains in which the semiproficient students differed most from the proficient 
students. Therefore, the interview tasks should include a probe of the regrouping process as 
well as a probe of number identification and place value. 
Table 3. 7 provides the performance rating achieved by the individual HP and HSP 
students on the numeration processes under focus. It reveals that, unlike the semiproficient 
students, the proficient students' performances were generally stable across the numeration 
processes under consideration. However, all of those proficient students whose 
performance rating changed across the processes maintained high levels of achievement but 
each displayed the irregular distribution patterns ofHSP or HD (high deviant). This also 
applied to the HSP students whose irregular distribution patterns generally changed to 
regular distribution patterns. 
Table 3.7 
Individual Ratings of the HP and HSP Students for Number Identification, Place Value, Regrouping 
and Counting (Trial3). 
Numeration processes Numeration processes 
Student NI PV RG co Student NI PV RG co 
High proficient students High semiproficient students 
HPl HP HP HP HSP HSPl HP HSP HP HSP 
HP2 HP HSP HP HP HSP2 HP HSP HSP HP 
HP3 HP HD HP HP HSP3 HP HSP HSP HP 
HP4 HD HP HP HP HSP4 HP HSP HD HP 
HPS HSP HP HP HP HSP5 HSP HP HSP HSP 
HP6 HP HSP HSP HP HSP6 HP HSP HSP HSP 
HP7 HP HD HP HD HSP7 HSP HSP HSP HD 
HP8 HSP HP HP HP HSP8 MP HSP LP HSP 
HP9 HP HP HP HP HSP9 HP HSP HP HSP 
HPlO HP HSP HP HP HSPlO MP HD HD HSP 
HPll HP HP HSP HP HSPll HSP HSP HSP HSP 
HP12 HP HD HD HP HSP12 HD MD HP MSP 
Note. NI =number identification; PV =place value; RG = regrouping; CO = counting. 
The findings ofboth trials suggested that individual students' knowledge is 
idiosyncratic and overall means are not necessarily indicative of the level of understanding 
of decimal numbers. To gain some insight into the causes for the changes in performance 
categories, the proficient and semiproficient students' responses to the test items that 
assessed the number identification, place value and regrouping processes are presented in 
Table 3.8. 
The items in which all students performed poorly were B5, B6 and B7. These were 
the items that involved either nonprototypic models (B5 and B6) or linear models (B7). 
Those items in which the students should have performed better because they were 
assessing baseline knowledge were Al, AS and Bl. The items in which the HP students 
outperformed the HSP students by at least 10% were: B2, B3, B6, B7 (number 
identification), A4 (multiplicative structure) and A6 (regrouping). Table 3.9 provides the 
sub-items of these problem items and they will be used to direct the discussion of the 
students' weaknesses in number identification, place value and regrouping. 
Table 3.8 
HP and HSP Students' Means (%)for Those Test Items That Assessed Number Identification, Place 
Value and Regrouping (Trial3). 
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Number identification items Place value items egroupmg 
items 
Performance 
Catgeory AI A2 Bl B2 B3 B4 BS B6 B7 A3 A4 AS A6 
HP 93.8 98.8 91.7 97.2 95.8 91.7 66.7 50.0 77.1 99.0 90.3 91.7 96.9 
HSP 85.4 97.6 83.3 66.7 85.4 95.8 58.3 25.0 60.4 95.8 61.1 86.1 79.2 
Table 3.9 
HP and HSP Students' Means (%)for the Sub-Items of Items Al, A4, A6, B2, B3, B6 and B7 (Trial3). 
Number identification items 
Ala Ale Alb Alcl B2a B2b B2c B3b B3a B3e B3cl B6e B6a B6b B7a B7b B7c B7cl 
t t h h t h h t h t/h t/h t t/h t/h h t/h t/h 
HP too Ioo 83.3 91.7 too Ioo 91.7 Ioo Ioo Ioo 83.3 25.0 66.7 58.3 too 66.7 66.7 58.3 
HSP 100 100 66.7 75.0 66.7 58.3 75.0 100 100 75.0 66.7 25.0 16.7 33.3 83.3 83.3 16.7 33.3 
Place value items 
A4a Mcl Me Mb M£ MJ Mk Me Mg A4fi A4I Ml 
h h h h t/h t/h t/h t/h t/h 
HP 100 83.3 100 100 83.3 83.3 83.3 100 91.7 100 83.3 75.0 
HSP 100 50.0 66.7 100 66.7 50.0 41.7 75.0 50.0 66.7 50.0 33.3 
Regrouping items 
A6a A6e A6e A6g A6b A6cl A6£ A6fi 
t t t t h h h h 
HP 91.7 Ioo too too Ioo 100 83.3 ioo 
HSP 83.3 100 91.7 75.0 83.3 100 50.0 50.0 
Note. t =tenths; h =hundredths; tlh =tenths/hundredths. 
NUMBER IDENTIFICATION 
Table 3.9 shows that, in Al, the students could all identify the symbolic form of 
tenths but could not identify the symbolic form ofhundredths. Six students (2 HP, 4 HSP) 
were incorrect for Ale (6.39) whilst three students (1 HP, 2 HSP) were incorrect for Aid 
(5.02). The most common error for Ale was to write "tenths" (1 HP, 3 HSP) which may 
have been a careless error because the previous number had been tenths. The remaining 
incorrect students (1 HP, 1 HSP) wrote "hundreds" which may indicate an inability to 
distinguish the oral form of "hundreds" and "hundredths". The three incorrect students for 
A1d all wrote "hundreds". Of the three students who were incorrect for both sub-items, two 
of them (1 HP, 1 HSP) were consistent in the language; the remaining student (HSP) was 
inconsistent, writing "tenths" and "hundreds". Whilst these behaviours on elementary 
baseline knowledge were most likely due to carelessness, they are nevertheless unsettling in 
such high-performing students. Therefore, the interview would probe the students' use of 
the appropriate language. 
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For B2a, the students seemed able to unitise the diagrams as tenths but three HSP 
students could not record their answer correctly. For example, one HSP student wrote 2 
tenths as "0.02" whilst the remaining two students wrote "2.0". These two students used the 
same behaviour to record 74 )1undredths (7 .4) as did another student. When applied to 
hundredths, there is doubt whether the error stems from unitising or from recording. The 
most common error for B2c was to record 4 hundredths as "0.4", reinforcing the effect of 
the syntactic nature of the internal zero. 
For Item B3c, all of the six students (2 HP, 4 HSP) who were incorrect, shaded 6 
hundredths instead of 6 tenths, an error that could have been due to carelessness, to not 
being aware that reunitising was required, or to not being able to reunitise tenths as 
hundredths. The students' thinking would be probed during the interview. The behaviour 
revealed in B3d was also revealed in B5 where students had to shade 0.2 of a 5 x 20 grid 
(nonprototypic). Again, the most common error (2 HP, 4 HSP) was to shade 2 squares 
(0.02) and probably for the same reasons. However, as revealed with the Trial2 students 
(see Appendix C), some two students (1 HP, 1 HSP) did attempt to reunitise the hundredths 
as tenths but were focused on the syntactic feature of the "2" and thus shaded 2 rows (0.40 
or 2 columns (0.1). The remaining student (HP) shaded half the shape, suggesting that she 
may have confused the "2" of tenths with the "2" of a half. 
B6 was poorly done by all students and would need to be probed during the 
interview. The most common error was to reproduce prototypic models (e.g., the MAB 
ones, tens, hundreds) so that a small square was drawn to represent 0.01, a tall rectangle was 
drawn to represent 0.10, and a large square was drawn to represent the whole. 
In Item B7b, four of the HP students indicated the position of0.23 at 0.023. In B7c, 
the students were required to reunitise the number line divided into tenths to identify the 
position of5.62. Ofthe seven students who were incorrect, five (1 HP, 4 HSP) did not 
attempt an answer. B7d, which required the students to identify the number at 
approximately the 4.07 position on the given number line, elicited incorrect responses from 
six of the twelve HP students and from nine of the twelve HSP students. The most common 
error was to write 4.7, 4.8 or 4.9 instead of 4.07, 4.08, 4.09. This item revealed the 
difficulty students have in unitising and reunitising linear models and with the internal zero 
in a decimal number. The interview would need to include similar tasks to probe the 
students' thinking when they process linear models. 
PLACE VALUE 
As for the Trial2, A4 assessed the students' understanding of the multiplicative 
structure but, in this trial, more sub-items were included, not only to provide a better 
balance to the number of tenths, but to provide more insight into the students' knowledge. 
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However, for this item, it was more useful to analyse the responses in terms of 
multiplication (grouping) or division (partitioning). With the exception of two students who 
were unable to do the division sub-items, the HP students generally performed very well in 
A4. 
With respect to the multiplication sub-items, the most common errors seemed to 
stem from an inappropriate use of the whole-number rule of "adding" zeros to the rightmost 
digit or by multiplying the whole-number part only by 10 or 100. Several HSP students did 
not attempt Item A41 which required the students to multiply by 10 and then by 10 again (x 
10 x 1 0). Because ofthis behaviour, it was inferred that this was a nonprototypic example 
for these students. 
With respect to the division items, a common error was to reverse the given 
numbers so that the larger number would be divided by the smaller. For example, in A4d, 
several students wrote "2.2", "2 r 2" or "2.5", indicating that they had thought of 4 + 10 as 
10 + 4. The other common error was to multiply instead of divide. These behaviours were 
also exhibited by the Trial 2 students, thus confirming the need to probe the students' 
understanding of multiplicative structure. 
REGROUPING 
Whilst Table 3.9 shows that the HP students generally performed very well on the 
regrouping task (A6), it also shows that performance for both groups (HP, HSP) was 
generally lower for those sub-items involving hundredths (A6b, A6d, A6f, A6h) than for 
those sub-items involving tenths. With respect to the HSP students, the two sub-items 
involving the regrouping oftenths and hundredths (A6fand A6h) evoked the most incorrect 
responses. For A6f, the students were required to write the number that had the same value 
as 7 tenths 14 hundredths. The most common error was to insert a decimal point without 
regrouping the tenths as hundredths (7.14, 0.714). Two students (1 HP, 1 HSP) regrouped 
to get "84" but recorded the answer as "8.4". One HSP student simply added the numbers to 
get "0.21". A6h was the opposite of A4fin that students were asked to insert the missing 
hundredths to maintain the value of the given number (0.52 = 4 tenths_ hundredths). The 
most common error was to insert "2". 
3.3.4 CONCLUSIONS AND IMPLICATIONS FOR THE INTERVIEW INSTRUMENT 
The examination ofthe Trial2 students' knowledge (see Appendix C) and the 
selected students' (Trial3) knowledge both indicated that the students' knowledge of 
number identification (unitising, reunitising), place value (including the multiplicative 
structure) and regrouping should be probed during the interview. 
The interviews should include students from lower-performing categories to provide 
a more complete understanding of the variety of ways in which students structure 
knowledge and the qualitative differences that emerge from the different structures. 
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Moreover, having an understanding of the minimum requirements for processing number 
identification, place value and regrouping tasks should enable better judgments to be made 
of the high-performing students' knowledge. 
3.4 DEVELOPING THE NUMERATION MODEL 
This section describes the analysis that was undertaken in Trial 3 of the cognitions 
required for processing decimal numbers (see Section 3.4.1 ). This analysis must be viewed 
as the end-product of the analyses undertaken in Trials 2 and 3 (see Appendices Band C 
respectively). The numeration model is described in Section 3.4.2 and implications of the 
model for the interview instrument for Stage 4 (Clarification) are drawn in Section 3.4.3. 
3.4.1 ANALYSING COGNITIONS IN DECIMAL-NUMBER NUMERATION PROCESSES 
In Trial3, the processes assessed in the test were analysed in terms of the cognitions 
inherent in their structure to determine how they are related to each other, how they are 
different and, if possible, to determine which cognitions appear to be more difficult 
conceptually. In undertaking this structural analysis, the main cognitions were identified 
from the theoretical framework (Section 2.8). 
The test assessed the students' understanding of place value and their ability to 
identify, regroup, count, order, and estimate. Because the purpose of the test was to indicate 
the structural knowledge that students had abstracted after a lengthy period of formal 
instruction, most of the test items were concerned with the symbolic representation of 
decimal numbers. 
In their analysis of the semantic features of whole numbers and decimal fractions, 
Resnick et al. (1989) identified those features that were the same and different for whole 
numbers and decimal fractions. (See Table 2.2.) With respect to semantic differences, 
Table 2.2 showed that the most important differentiating features are the notion of unit and 
the concomitant processes used to derive either "superunits" (i.e., larger numbers) or 
"subunits" (i.e., smaller numbers). In decimal-number numeration, generating superunits 
requires an understanding of grouping units by powers of 10 whilst generating subunits 
requires an understanding of partitioning units by powers of 10. 
As described in Section 2.3.3, Behr, Harel, Post, & Lesh (1992) revealed the 
complexities involved in unitising (i.e., identifying singleton units) and reunitising 
(identifying composite units and unit-of-units) whole numbers. Furthermore, they claimed 
that, to process fractions, a measure unit needs to be invoked to relate the part to the whole. 
Halford (1993) claimed that transforming these units and keeping track of the 
transformations requires a great deal of flexible thinking and would put a strain on cognitive 
loading (Halford, 1993). 
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Resnick et al. 's (1989) list of semantic features (see Table 2.2) also showed that the 
two domains (whole numbers, decimal fractions) share the semantic features of base, order, 
and place value. The last three features shown in Table 2.2 appear to relate to the 
multiplicative structure, a property that is derived from the a result of the notion of base 10 
embedded in the decimal number system. However, Resnick et al. 's (1989) list of semantic 
features does not provide the cognitive processes (e.g., determining number names, 
determining the size of a number, determining whether two numbers are the same or 
different in value, changing the name of a number without changing its value) that are 
required to process decimal numbers. Therefore, for each of the numeration processes 
assessed in the test, an ideal analysis of the thinking strategies used to complete the various 
items successfully was undertaken in an attempt to determine what cognitions might be 
employed. No cognisance was taken of solutions that might be derived from syntactic 
knowledge (e.g., reunitising tenths as hundredths by inserting an "imaginary zero" after the 
tenths digit). 
COGNITIONS REQUIRED FOR NUMBER IDENTIFICATION 
The items in this component of the test were concerned with whether the students 
could correctly name decimal numbers that had been given in pictorial, language and 
symbolic forms. The pictorial form which incorporated prototypic models (e.g., 10 x 10 
grids for hundredths) and nonprototypic models (e.g., 5 x 20 grids for hundredths) gave 
some insight into the students' understanding of the part/whole concept of tenths and 
hundredths and the part/part concept of tenths/hundredths. Items A1 and A2 were 
concerned with the symbol/language interactions incorporated in Payne and Rathmell' s 
(1977) model of understanding (see Section 2.4.5) while the Part B items were concerned 
with the pictorial/symbolic interactions. Items Bl to B6 provided area models of the 
fractions whilst B7 incorporated linear models. (See Section 2.3.2 for a full description of 
the types of models and their associated difficulties in processing.) 
AI. This item required the students to write 4.7, 6.39, 0.8, 5.02. Thus, it assessed 
the students' ability to name the first two decimal fraction places and, as such, was 
considered to be assessing the baseline knowledge of place value. 
A2. This item was the reverse of Item 1 in that the students were given the name of 
the decimal fraction and the students merely had to record the digit in the appropriate place. 
Therefore this item also assessed the baseline knowledge of place value. 
Bl, B2a, B3b, B4ai, B7a. These items were designed to assess the student's ability 
to identify tenths when presented in pictorial form. To answer these items successfully, a 
knowledge of place value (to interpret the given number or to record the answer) and an 
ability to unitise (in conjunction with the measure unit) was required. B7a incorporated a 
linear model, not an area model as the others had. 
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B2b, B2c, B3a, B3b, B4bii. These items were designed to assess the students' 
ability to identify hundredths from a prototypic 10 x 10 grid. Therefore, they were similar 
to the ones above and so required place value and unitising (with the measure unit). 
B3c, B3d, B4aii, B4bi, B7b, B7c, B7d. These items required the students to identify 
hundredths from a prototypic model depicting tenths or to identify tenths from a prototypic 
model depicting hundredths. Therefore, these items were considered to be cognitively more 
difficult than the foregoing examples as they required an ability to unitise then to reunitise. 
They also required a lmowledge of place value to be able to interpret the given number or to 
record the answer. 
B5. This item used a nonprototypic 5 x 20 grid to represent hundredths and required 
the students to shade 0.2 of the grid. Thus a lmowledge of place value was required to 
interpret the given number and an ability to unitise the model as 1 x 1 00-unit and then to 
reunitise the model as 1 x 10 x 1 0-unit. Unlike the prototypic 10 x 10 grid in which the 
100-unit could be mentally partitioned into 10 rows or columns so that the 10-unit could be 
perceived as one whole row or column, the nonprototypic model in this item could not 
easily be partitioned mentally into 10 equal parts. Counting was required to determine that 
a 1 0-unit would be half a row or two columns. 
B6. This item used a nonprototypic model to represent a part of a whole (0.1 ). In 
B6a, the students were required to show 0.01 in relation to the model. This required a 
lmowledge of place value to interpret the given numbers and an acceptance ofthe part of the 
whole as the whole (unitising) and then to partition (mentally or pictorially) the "unit" into 
10 equal parts (reunitising). 
In B6b, the students were required to draw a representation of0.10 in relation to the 
given model. Two solution paths could be successful: (a) realising that 0.10 has the same 
value as 0.1 (equivalence) and thus reproducing the given model; or (b) thinking of 0.10 as 
10 x 0.01 (abstract reunitising or multiplicative thinking) and thus drawing either an area or 
a set model to represent 10 of the representations for 0 .1. 
In B6c, the students were required to draw the whole in relation to the given model 
representing 0 .1. This required the reverse thinking to that which was involved in the other 
items, namely, having to think from the part to the whole instead of from the whole to the 
part. Thus students were required to perceive that a grouping process was required, not a 
partitioning process. 
In summary, a lmowledge of place value is required to identify numbers that are 
presented in word or digit form, unitising is required for processing the part/whole 
relationships of tenths and hundredths, reunitising is required for processing the part/part 
relationship of tenths/hundredths, and equivalence is required for abstract reunitising (i.e., 
when symbolic rather than pictorial representation is used). 
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COGNITIONS REQUIRED FOR PLACE VALUE 
A3. This item presented numbers as a set of jumbled places (e.g., 2 tenths, 5 
hundredths, 4 ones) and required the students to write the appropriate standard number (i.e., 
4.25). This item then required a knowledge of the place names and, as such, was similar to 
A1 and A2 in number identification. However, this item was included to determine whether 
students use the semantic understanding of the places or whether they rely on the syntactic 
"left to right" order in which the digits of a number are usually written. 
A4. This item assessed the students' understanding of the multiplicative structure of 
the decimal number system. That is, if a given number is multiplied by powers of 10 (base), 
it becomes larger in value, not from a change of digits but from a change in position. 
Conversely, if a number is divided by powers of 10, it becomes smaller in value, not 
because of a change in the digits but from a change of position. To know how many places 
are involved in the transformation, students need to know that each place is related by 10, 
that 100 is equivalent to 10 x 10 (a shift of two places) and that 1000 is equivalent to 10 x 
10 x 10 (a shift of three places) and so on. In the test, the items were limited to multiplying 
or dividing a given number by 10 or 100. 
However, this form of multiplicative thinking is different from the type that was 
identified in B6b (number identification), namely, that 0.10 = 10 x 0.01. It seems to be that 
the former type of multiplicative structure spans the places (i.e., across places) whilst the 
latter type occurs within places. Figure 3.4 attempts to clarify the difference. 
TypeA TypeB 
1 hundredth 2U.Q ~ 1 tenth 1 hundredth 2U.Q = 10 hundredths 
x 1 0 is dynamic in nature, producing a 
transformation across places from 
hundredths to tenths. In this type, the 
unit is reunitised. 
x 1 0 is static in nature, producing no 
transformation across places but 
focusing on the 10 "lots of associated 
with multiplication. In this type, the 
unit is not reunitised. 
Figure 3.4. Differences in multiplicative thinking. 
AS. This item required the students to identify those numbers whose values were 
unchanged by the insertion of zero in a variety of places. This item required the students to 
have a clear understanding of the order of the places so that they would recognise that 
internal insertions would alter the original place values whilst insertions at the endmost 
places would not. Thus, a zero insertion at the rightmost place of a decimal number is the 
syntactic feature associated with renaming one decimal place as another. In their study of 
decimal-number computation, Hiebert and Wearne (1985) drew attention to the difficulties 
students have in knowing when zeros can be inserted without changing the value of the 
given number. (See Section 2.3.4.) 
Like all other digits that comprise a given number, zero has a cardinal value as well 
as a positional value in relation to the number. Thus, in 7405, 0 means 0 tens in the tens 
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place and indicates that, in the continued grouping of the 7405 ones, there were no tens left 
after grouping to make hundreds. However, there are 5 ones remaining. In 74.05, the 0 
means 0 tenths and indicates that, in the continued grouping of7405 hundredths, there were 
no tenths left after grouping to make ones but there are 5 hundredths remaining. Therefore, 
from a place value aspect, 0 should be considered in the same way as other digits. 
However, as the identity element for addition, zero could be taken to mean "having 
no effect" because the addition (or subtraction) of 0 will not change the number to be 
operated on Hence, 7405 could be thought of as 7000 + 400 + 0 + 5 or as 7000 + 400 + 5 
(employing the additive property of the decimal number system) showing that 0 tens has no 
effect in this situation and can be omitted from the calculation. Thus, the use of zero in a 
number can invoke inappropriate access when place value is under consideration. 
COGNITIONS REQUIRED FOR REGROUPING 
One item only (A6) was used to assess the students' knowledge of regrouping but, 
within this item, different situations involving regrouping were given. Basically there were 
two main categories of regrouping tasks -those that required full regrouping and those that 
required only partial regrouping. With regard to the partial regrouping types, these were 
directly related to the types of regrouping processes that occur in the operations whereas the 
complete regrouping types had no utilitarian purpose but rather required a facility with the 
place value notions embedded in the decimal number system. Within each of these 
categories, two types of regrouping activity were given - those that required the given 
"unit" to be "superunitised" (i.e., transformed to a larger unit) and those that required the 
given unit to be "subunitised" (i.e., transformed to a smaller unit). (See Figure 3.5 for the 
classification and possible solution path of each sub-item in this regrouping task.) 
COMPLETE REGROUPING 
Superunitising 
A6a: 36 t 
36 t= 30 t+ 6 t 
=3x10t+6t 
= 3 x 1 one+ 6 t 
= 3 ones +6 t 
=3.6 
A6b: 125 h = 
125 h = 100 h + 25 h 
= 1 one+ 25 h 
= 1.25 
Alternative solution 
125h= 12t+5h 
= 10 t+ 2t + 5 h 
= 1 one + 2 t + 5 h 
= 1.25 
Subunitising 
A6c: 4.1 = t 
4.1 = 4 ones + 1 t 
= 4 x 1 one+ 1 t 
=4x10t+1t 
=40t+ 1 t 
=41 t 
A6d: 3.04 = h 
3.04 = 3 ones+ 4 h 
= 3 x 1 one+4h 
= 3 X 100 h +4 h 
= 300 h +4 h 
=304h 
PARTIAL REGROUPING 
Superunitising 
A6e: 86 t 3 h = 
86 t 3 h = 80 t + 6 t + 3 h 
=8x10t+6t+3h 
= 8 x 1 one + 6 t + 3 h 
= 8 ones + 6 t + 3 h 
= 8.63 
A6f' 7 t 14 h = 
7t+ 14h=7t+ 10h+4h 
=7t+lt+4h 
=8t+4h 
=0.84 
Subunitising 
A6g: 2.09 =_t_h 
2.09 = 2 ones+ 9 h 
= 2 xI one+ 9 h 
=2x !Ot+9h 
= 20 t 9h 
A6h: 0.52 = 4 t h 
0.52 = 5 t + 2 h 
=4t+lt+2h 
=4t+10h+2h 
= 4 t 12 h 
Figure 3. 5. Classification of the regrouping items and their possible solution paths. 
The solution paths show that, in each item, the following cognitions were employed. 
• additive structure (e.g., 36 t = 30 t + 6 t; 40 t + 1 t = 4.1 ); 
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• multiplicative structure within places (e.g. 80 t = 8 x 10 t); 
• equivalence (e.g., 10 t = 1 one- superunitising; 1 one = 100 h- subunitising); 
• place value; 
• base 
The purpose of the multiplicative structure seems to be to reduce the given number 
of tenths (or ones or hundredths, etc.) to multiples of 10, the base. 
COGNITIONS REQUIRED FOR COUNTING 
Counting forwards can be considered as the repeated addition of an iterated unit 
and, conversely, counting backwards can be considered as the repeated subtraction of the 
iterated unit. Each test item in this category (A 7, AS and A9) focused on counting forwards. 
In A 7 and A8, the students were required to write the number that was 1 tenth more 
and 1 hundredth more respectively than the given number. That is, they were given the 
iterated unit. To answer these correctly, a knowledge of place value was required to identify 
the digit to which 1 tenth or 1 hundredth had to be added and a knowledge of order within 
places (0<1 <2<3 ... <9) was required to determine the direction (forwards/larger or 
backwards/smaller). In some cases, the addition of 1 tenth or 1 hundredth resulted in the 
need to rename/reunitise. 
In Item A9, the first three terms of particular sequences were provided and the 
students had to supply the next three terms for each sequence. This required an examination 
of the given terms to determine what the iterated unit was and whether the operation was 
addition or subtraction. To determine the iterated unit, the students needed a knowledge of 
place value and the order across places (i.e., tens>ones>tenths>hundredths) to decide which 
place/s remained constant and which place changed. To determine which operation to use, a 
knowledge of order within places was required. In some sequences, the need to reunitise 
occurred. 
Therefore, to be able to count successfully, students require an understanding of 
place value, order across and within places, and the ability to reunitise. 
COGNITIONS REQUIRED FOR ORDERING 
AI 0. In this item, the students were given the parameters of a range of numbers and 
asked to provide a number that fell within this range. To determine the range, students 
required an understanding of place value and order across places. For example, to select a 
number that comes between 7.8 and 7.2 (AlOa), the students needed to examine the places 
from left to right (order across places) to eliminate the larger places that are the same in 
order to refine the permitted range. Therefore, in A1 Oa, the students needed to examine the 
ones place (the larger place given), determine that there wasn't a difference there and then 
move to the next larger place (tenths) to compare the digits. They then needed to know the 
order of the digits within places to select a number between 2 tenths and 8 tenths. 
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A10b could have been solved in the same way as A10a or students could have 
drawn on their !mow ledge of reunitising so that they thought of 18.28 and 18.5 as 18.28 and 
18.50. Having established that there was no difference in the whole numbers, they simply 
had to select a number between 28 hundredths and 50 hundredths. 
AlOe required the students to select a number between 1.5 and 1.6. An examination 
of the digits from left to right would elicit the difference as occurring in the tenths place. 
However, 5 tenths and 6 tenths are consecutive are there are no tenths that would fit within 
this range. Students, then, needed the understanding that there are an infinite number of 
decimal places so that it would be legitimate to draw on hundredths. Once having decided 
that it was necessary to involve hundredths, the students could have used reunitising to 
produce 1.50 and 1.60 and then select a number between 50 and 60 hundredths. Another 
solution would have been to use a counting procedure so that after 1.5 comes 1.51, then 
1.52, and so on until1.59. 
All. Each of the sub-items in this item involved two numbers and the identification 
ofthe number that had the larger value. To minimise perceptual problems, each pair of 
numbers was vertically aligned about the decimal point. As for A10, the students needed to 
!mow and use their lmowledge of order across places to determine the place in which the 
difference in value occurred and then to use their lmowledge of the order within places to 
select the larger of the two numbers. 
Al2. In each sub-item, a set ofthree numbers was given and the students were 
required to order them from the smallest to largest. (Students who wrote the numbers from 
largest to smallest were not penalised if the order was correct.) The same cognitions were 
required here as for the previous items. 
Ordering numbers, then, appears to require !mow ledge of place value and order 
(both across and within places). 
COGNITIONS REQUIRED FOR ESTIMATING 
AI3. This item was designed to elicit the student's ability to approximate a given 
decimal number to the nearest whole number. In effect, it was the opposite process to that 
required for AI 0 in which the parameters of a range were given and the students had to 
select a number that fell within that range. In this item, the students were given the number 
in the range but needed to identify the parameters of that range. For example, to round 6.2 
to the nearest whole number (A13a), the students may employ the following thinking. 
6.2 has 6 ones and 2 tenths (additive structure- 6 ones+ 2 t); 
6.2 comes between 6 ones and 7 ones (identifying the parameters); 
I = I 0 tenths (equivalence); 
1/ 2 = 5 tenths (benchmarking); 
2 tenths is less than 5 tenths (order within places) so it is less than halfway between 
6 ones and 7 ones; so 6.2 is closer to 6 ones than to 7 ones. 
Therefore, to approximate, with understanding, decimal numbers to the nearest 
whole number, a knowledge of place value is required as is a knowledge of the additive 
structure, equivalence, benchmarking to a half, order within places, and the cognitions 
required to identify the parameters. 
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A14. In each sub-item, the students were given a nonprototypic shape (in terms of 
their experience with partitioning) and asked to colour 0.93 (A14a) and 0.6 (A14b). 
Provided below are the cognitions required to complete each task with understanding. 
A14a. Colour 0.93 ofthis shape: 6 
I= 100 h (equivalence); 
9 3 h is just less than 100 h (order 
within places) so colour just a bit 
less than the whole triangle. 
A14b. Colour 0.6 of this shape: ti' 
I = 10 t (equivalence); 
112 = 5 t (benchmarking); 6 t is 
just more than halfway (order 
within places) so colour just a bit 
more than half the star 
A15. This was the reverse of A14 in that part of each given shape was shaded and 
the students had to either draw the whole shape (A15a) or match the shaded part to a given 
decimal fraction. The understandings required for successful solutions reveal that 
benchmarking and parameter-setting seem to be peculiar to estimating. 
A15a. This is 0.52 of the whole shape. 
Draw the whole shape. 
I = IOO h (equivalence); 
112 = 50 h (benchmarking); 
52 his just more than half so 
A15b. Circle the number that shows how 
much of the shape has been 
shaded. 
0.3 0.6 0.9 
Less than half the shape has been 
shaded; 
I = IO t (equivalence); 
112 = 5 t (benchmarking); 
0.3 is the only fraction < half 
3.4.2 CONSTRUCTING THE NUMERATION MODEL 
As a result of the analysis of the cognitions required for the processes involving 
decimal numbers, the model in Figure 3.6 was developed to show these cognitions and how 
they appear to be connected. 
The numeration model depicts decimal-number numeration as having the following 
three levels of knowledge that are hierarchical in nature, that is, they represent a sequence of 
cognitive complexity. 
Levell knowledge. This is the baseline knowledge associated with position, base 
and order, without which students cannot function with understanding in numeration tasks. 
Level 2 knowledge. This is the "linking" knowledge associated with unitisation and 
equivalence, both of which are derived from the notion ofbase. 
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Level 3 knowledge. This is the structurallmowledge that provides the 
superstructure for integrating all levels and is associated with reunitisation, additive 
structure and multiplicative structure. 
- associated name 
- role of decimal 
point 
-zero 
- across places 
34 t=30 t+ 4 t 
- within places 
4t=4t+Ot 
or 3 t + 1 t 
and so on 
Type A (partitioning) 
6t=60h 
Type B (grouping) 
60h=6t 
· ................. Type C 
6 t = 5 t + 10 h 
- across places 
H>T>O>t>h 
- within places 
0<1<2<3 ... <9 
MUTLIPLICATIVE 
STRUCTURE 
- across places 
(4 t x 10 = 4 ones) 
- within places 
(4 t = 4 X 1 t) 
Figure 3.6. Cognitions and their connections embedded in the decimal number system. 
The model portrays position, base (10) and order as the baseline lmowledge from 
which all decimal-number numeration lmowledge is derived. These are sometimes referred 
to as elementary cognitions and together they comprise Level 1 lmowledge. Elementary 
cognitions are thought of as having a unary structure, that is, they consist of static memory-
objects (e.g., the names of the places and their positions). (See Section 2.4.4 for a 
discussion of memory objects.) Inherent in the notion of position are the associated place 
names, the role of the decimal point, and the effect of zero in a variety of places (external 
and internal). Zero plays an important role in the syntactic lmowledge associated with 
abstract reunitising (i.e., inserting a zero after the tenths digit makes hundredths and, 
conversely, cutting off the 0 hundredths makes tenths), thinking which may or may not be 
associated with the semantic lmowledge required for reunitising tenths as hundredths and 
hundredths as tenths. 
Equivalence and unitising (determining the unit) are shown as emerging from the 
notion ofbase. These cognitions are seen as being dynamic in that one object is 
transformed to another through some operation. Thus, these cognitions are seen as being 
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binary in nature and, according to Halford's (1993) complexity metric (see Section 2.5.2 for 
a description of this metric) represent relational mappings. 
Reunitising, additive structure and multiplicative structure emerge from an 
amalgamation of Level 1 and Level 2 knowledge, a behaviour which suggests that they 
incorporate ternary relations that are the basis of system mappings (Halford (1993). 
According to Halford, ternary relations are much more complex cognitively than binary 
relations. 
To add to the complexity, some cognitions (order, additive structure and 
multiplicative structure) encompass different understandings - a consideration across places 
and a consideration within places. The Level 3 cognition (reunitising) is that which pertains 
to the process called "regrouping" in the research and technical literature. However, there 
are two main types ofreunitising: (a) reunitising to make "superunits" as a result of 
regrouping (Type A), and (b) reunitising to make "subunits" as a result ofrepartitioning 
(Type B). Type A reunitising can occur when "equalising" two numbers would be 
advantageous (e.g., when comparing 3.6 and 3.27 or in preparing numbers for computation 
so that 23.4 + 6.83 would be written as 23.40 + 6.83 or in subtraction operations such as 
7.04-2.58 where the 7 ones need to be reunitised as 70 tenths before the hundredths can be 
subtracted). Type B reunitising occurs in recording the answers to computations (e.g., 
adding 3.7 and 2.8 produces 15 tenths which need to be reunitised as 1 one 5 tenths). Type 
C occurs mainly in the subtraction operation when a subtrahend digit cannot be subtracted 
as it is from the minuend digit (e.g., 5.83- 1.39). In this situation, the 8 tenths are 
decomposed into 7t + 1 t (additive structure within places) and then the 1 tenth is reunitised 
as 10 hundredths, making 14 hundredths altogether. It should be noted that, with the advent 
of calculators and their impact on pencil-and-paper algorithms, Type C reunitising may 
become redundant. Table 3.10 provides a summary of the cognitions that were involved in 
each of the processes assessed in the test. 
Table 3.10 
Cognitions Embedded in the Decimal-Number Numeration Processes. 
Numeration processes 
NI PV RG co OR ES 
Position ./ ./ ./ ./ ./ ./ 
Base ./ ./ ./ ./ ./ ./ 
Order ./ ./ ./ ./ 
Equivalence ./ ./ ./ ./ ./ 
Unitising ./ ./ ./ ./ 
Reunitising ./ ./ ./ ./ 
Additive structure ./ ./ 
Multiplicative structure ./ ./ 
Other BE;PS 
Note. NI =number identification; PV =place value; RG =regrouping; CO = counting; OR= 
ordering; ES = estimating; - = not required; BE =benchmarking; PS =parameter setting. 
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Table 3.10 indicates that a lmowledge of position and base (Levell cognitions) is 
required for all of the numeration processes. An understanding of additive and 
multiplicative structures (Level3 cognitions) seems to be required in tasks related to place 
value whilst unitising and reunitising were required for regrouping. The processes related to 
place value and regrouping were identified as those which provoked lower individual 
performance ratings, a behaviour which supports the notion that Level 3 lmowledge is 
cognitively complex. Several processes required a notion of the Level 2 cognitions 
(equivalence and unitising) which supports the notion that these processes link the 
elementary Level llmowledge and the complex systemic Level 3 lmowledge. 
The lowered performance ratings for place value and regrouping tasks indicated that 
the interview should focus on the cognitions embedded in these processes. 
3.4.3 IMPLICATIONS FOR THE INTERVIEW 
The interview students were selected to represent the various performance 
categories that emerged from the class results for tenths and hundredths (see Table D-2). 
These performance categories were categorised as High Proficient (HP), High 
Semiproficient (HSP), Medium Proficient (MP), Medium Semiproficient (MSP), and Low 
Proficient (LP). Very few deviant students (low tenths, high hundredths) emerged with 
most of them either low proficient or nonproficient (i.e., :::;:30% for both tenths and 
hundredths). The only deviant student who performed at a proficient level (~80%) for 
hundredths was included with the high semiproficient group. The other two deviant 
students were included in the low proficient group. (See Section 3.3.2 for a complete 
description of the classification criteria for the performance categories.) The proficient 
groups had regular distributions for tenths and hundredths whilst the semiproficient groups 
(and the deviant students) had irregular distributions. When the selected students' 
performance was examined in terms of all the decimal-fraction components (i.e., tenths, 
hundredths and tenths/hundredths), all but four MSP students maintained their performance 
rating (see Table D-3). The four MSP students reflected MP distributions. 
Table D-3 also revealed that, with the exception of four students (2 HP, 2 deviant 
LP), the students performed much better on the tasks assessing the part/whole notion of 
hundredths than they did on the tasks assessing the part/part notion of tenths/hundredths. 
This behaviour was also noted with the trial students, confirming the need to focus on 
unitising and reunitising in the interview. 
An examination of the performance category results with respect to the numeration 
processes in terms of the decimal-fraction components revealed that performance categories 
were not always maintained. (See Table 3.3.) However, for some categories the change 
was positive (i.e., the students collectively performed at a higher level) while for some 
categories, the change was negative. Positive changes in distribution patterns occurred for 
counting and ordering; negative changes occurred in number identification, place value, 
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regrouping and estimating. The results indicate that students' knowledge is idiosyncratic 
and therefore it cannot be assumed that proficiency with one process means proficiency with 
all processes. Therefore, the same interview tasks would be given to all of the participating 
students. 
With respect to the HP and HSP students, Table 3.5 showed that both groups 
showed no difference in performance overall for ordering and estimating. The major 
differences in proficient and semiproficient knowledge were shown to be in number 
identification (the largest difference), place value, regrouping and counting. These findings 
suggested that there were conceptual difficulties inherent in these processes and that they 
should be probed in the interviews to determine whether the difficulties are related to the 
availability or the accessibility of the knowledge. 
The structural analysis (see Section 3.4.1) exposed the cognitions inherent in the 
various numeration processes (see Table 3.10). Overall, there were strong indications that 
position, base, unitising, reunitising and multiplicative structure should be probed in the 
interviews to determine whether the students had acquired the appropriate cognitions and, if 
they had, why they could not access these cognitions in the test. The numeration model 
shown in Figure 3.6 would be used as a framework for constructing the interview schedule 
and for analysing the students' responses. 
In summary, the students who participated in the interviews were selected from 
Trial 3. The five performance categories were maintained to provide a better understanding 
of the range of difficulties encountered in coming to know decimal numbers but the 
emphasis was on comparing high proficient and high semiproficient knowledge. 
Number identification (unitising, reunitising) and place value (position, base, 
multiplicative structure were the foci of the interviews. 
3.5 CONSTRUCTING THE INTERVIEW INSTRUMENT 
3.5.1 OVERVIEW 
The numeration model developed in Section 3.4 provided the scaffold for the 
development of the interview instrument. (See Sections 3.5 .2 to 3.5 .4 for a detailed 
description and rationale for each task.) For example, the interview instrument focused on 
tasks related to: (a) position and order which represented Levell (baseline) knowledge in 
the numeration model; (b) multiplicative structure (Leve13 knowledge) which requires an 
understanding ofbase and equivalence (Level2 knowledge); and (c) reunitisation (Level3 
knowledge) which requires an ability to unitise (Level2 knowledge). The other major 
component of the numeration knowledge (additive structure) was not included because of 
time constraints and because it was expected to appear when probing multiplicative 
structure. The tasks related to position/order, multiplicative structure and reunitisation are 
referred to asP tasks, M tasks, and U tasks respectively. 
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Two interview sessions were required. In the first interview, the student's 
understanding of position, order and multiplicative relationships was probed while their 
understanding of unitising and reunitising in symbolic representations of decimal numbers 
was probed in the second interview. 
With respect to the tasks designed to assess the baseline knowledge associated with 
position and order, Tasks Pl to P4 focused on position, Task P5 focused on order whilst 
Tasks P6 and P7 focused on the mental models that facilitated: (a) a structural schema of 
multiplicativity (see the exponential model shown in Figure 2.3), and (b) an awareness of 
the syntactic link between the whole-number and decimal-fraction place names (see the 
symmetry model shown in Figure 2.5). O~the tasks related to position, Task P1 assessed 
the students' knowledge of the role of the decimal point and of the generic terminology used 
to describe the two mathematical domains that are generated by the insertion of the decimal 
point. Task P2 assessed the students' knowledge of the place names and the effect on the 
value of the given number when the decimal point is inserted in a variety of positions within 
the number. Task P3 assessed whether the students were confused by the aurally-similar 
whole-number and decimal-fraction place names (e.g., tens/tenths) and examined how, in 
their initial learning experiences, they learned to differentiate between the aurally-similar 
place names. Task P4 assessed the students' understanding of the effect of inserting a zero 
in external and internal position. 
Task P5 was designed to assess the students' notion of the order of the places. 
Tasks P6 and P7 were designed to elicit whether the students had: (a) a mental model of the 
symmetry involved in the place names (see Figure 2.5); and (b) a mental model of the 
multiplicative structure embedded in the decimal number system (as represented by the 
exponential model in Figure 2.3). 
Four tasks were designed to assess the students' understanding of the continuous, 
bi-directional and exponential nature ofmultiplicativity (M tasks). Tasks Ml and M2 
assessed the students' available knowledge ofmultiplicativity whilst Tasks M3 and M4 
assessed whether the students who had the appropriate knowledge could access this 
knowledge. Task M1 focused on the structural knowledge of multiplicativity involving 
binary relationships (i.e., x/7 by 10) whilst Task M2 focused on the structural knowledge of 
multiplicativity involving ternary relationships (i.e., x/7 by 100 or by 10 x 1 0). Task M3 
assessed whether the students could access multiplicativity in tasks such as 0.3 x 10 = _ in 
which a number and the relationship (x or 7, binary or ternary) were provided and the 
resulting number (unchanged digits and order of digits but new position of digits) 
determined. Task M4 required the students to access the direction and relationship required 
to effect a change in the position of the digits in a given number without changing either the 
digits or their order. For example, change 7 tenths (starting number) to 7 ones (finishing 
number). In this task, the students were given a calculator. 
Four tasks were designed to assess the students' understanding of the fraction 
concept (Task Ul), their ability to unitise (Task U2) and to reunitise (Tasks U3 and U4). 
Task U3 assessed the students' ability to reunitise in Type A situations whilst task U4 
assessed the students' ability to reunitise in type B situations. For all tasks, prototypic, 
semiprototypic and nonprototypic pictorial representations of the decimal fractions were 
used. 
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To minimise teaching effects from the pictorial representations of the decimal 
fractions, the unitisation and reunitisation tasks were deliberately presented after the tasks 
related to position/order and multiplicativity. This decision took cognisance of the students' 
behaviours in the Triall test, behaviours which led to the test instrument's being presented 
in two parts (see Appendix B for these behaviours). Teaching effects in this situation would 
probably be short-term only and would compromise the investigation's purpose in eliciting 
the structural knowledge that proficient students have and can access and which the 
semiproficient students don't have (or cannot access). 
3.5.2 TASKS ASSESSING POSITION AND ORDER (LEVEL 1 KNOWLEDGE) 
The global objective for the tasks in this section was to determine whether the 
students had constructed the appropriate mental models, namely, the exponential model (see 
Figure 2.3) and the symmetry model (see Figure 2.5) as a framework for integrating the 
individual place names and the order (both value and positional) of the places. As well, the 
tasks and the contingent probing were designed to reveal how those students who had 
constructed the mental models amalgamated the semantic exponential model and the 
syntactic symmetry model and how they accommodated the role of the decimal point and 
the role of zero into the mental models. These tasks are referred to as P tasks. 
TASK P 1 - ROLE OF THE DECIMAL POINT 
Pl What is this thing (pointing to the decimal point in 3.78) called? Why is it here? 
Materials: The number, 3.78 (see Worksheet, Task Pl, Attachment 3). 
Objectives 
• To determine the students' understanding of the role of the decimal point; and 
• To determine whether they know the formal terminology associated with the two major 
domains of whole numbers and fractions. 
Rationale 
This task was designed to determine how the students reconciled the decimal point 
with their existing schema for whole numbers, that is, how they "made sense" of this 
symbol. For example, do students view the symbol as another place holder or do they see 
the decimal point as a convention that is used to indicate that the digits following it are not 
whole numbers? 
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The second objective was designed to find out whether the students had "chunked" 
the individual place names for whole numbers and for decimal fractions to generic terms 
because chunking has been identified as an expert strategy (Chi, Glaser, & Parr, 1988) in 
which the salient features of a set of similar objects are abstracted to form an abstract 
schema (Dienes, 1969, Ohlsson, 1993). This strategy places less cognitive load on memory 
(Halford, 1993) and consequently frees up valuable memory space to enable a focus on the 
relationship rather on the objects themselves (Gentner & Marlanan, 1993). 
TASK P2 -LANGUAGE (NAMING FRACTIONS AND PLACES) 
P2.1 Read the number (3.78). What's the 3 worth? The 7? The 8? 
P2.2 Write the number without the decimal point. Read the number. How is it the same 
as this one (3.78)? How is it different? 
P2.3 Write the number with the decimal point between the 7 and the 8. Read the 
number. Does it have the same value as this one (3.78)? Is it bigger or smaller? 
P2.4 Write the number with the decimal point after the 8. What is the number? Does it 
have the same value as any of the other numbers you 've written? 
Materials: The number, 3.78, from Task Pl. 
Objectives 
• To determine whether the students read the number in semantic form (i.e., naming the 
decimal fraction as in "three and seventy-eight hundredths") or in syntactic form (i.e., 
"reading" the digits as in "three point seven eight"); 
• To determine whether the students know the names of the given places; 
• To probe the students' understanding of the role of the decimal point (i.e., the decimal 
point always separates the whole numbers/ones from the fraction and therefore has the 
effect of changing the value of a digit); and 
• To determine whether students compare whole numbers or fractions to determine the 
larger of two decimal numbers. 
Rationale 
The major focus of this task was to examine the language used by the students when 
reading decimal numbers (number identification) and in naming the individual places for 
whole numbers (limited to thousands) and for decimal fractions (limited to hundredths). 
This was considered to be a crucial task to determine which students did not have the 
correct knowledge ofthe decimal-fraction place names for, without this knowledge, their 
responses to the other interview tasks would be unreliable. Therefore, students could be 
eliminated from the remainder of the interview tasks (except for Task P5 which assessed the 
students' understanding of the order of the place names) if they did not have constancy and 
correctness with respect to the decimal-fraction place names. 
As well, the task set out to determine whether: (a) the students realised that the 
decimal point can be placed in a variety of positions but that its role in separating whole 
108 
numbers and decimal fractions remains constant; and (b) they realised the effect on the 
value of a given number when the position of the decimal point is changed. (See Tasks P2.2 
- 2.4.) In this respect, Task P2 was similar to Task Pl in that it continued to probe how the 
students made sense of the decimal point. 
TASK P3 - DIFFERENTIATING DECIMAL PLACES 
P3.1 You called this one (37.8) tenths. Could you have called it tens? Why? [You 
called this one (3.78) hundredths. Could you have called it hundreds? Why?] 
P3 .2 When you were starting to learn about tenths, did you ever get confused with tens 
and tenths? How did you work out which was which? [Repeat for 
hundreds/hundredths if Test Items Al.l and A1.4 were incorrect.] 
P3.3 Do you get tenths and hundredths mixed up? How do you remember which is 
tenths and which is hundredths? 
Materials: Nil. 
Objectives 
• To determine whether the students can differentiate the similar-sounding whole-number 
and decimal-fraction place names (i.e., tens and tenths, hundreds and hundredths) and, if 
so, how they remember which is which; 
• To determine whether the students confuse the names of the first two decimal-fraction 
places and, if not, how they remember which is which. 
Rationale 
This task was designed to provide insights into the students' early experiences. For 
example, how they differentiated tens and tenths when they were first introduced to tenths 
and whether they constructed (or were shown) the symmetry model (see Figure 2.5) that 
would enable them to make sense of the aurally-similar place names. 
As well, the tasks were designed to determine how the students reconciled the 
hundreds/tens order of the whole-number places with the tenths/hundredths order of the 
decimal-fraction places. It was thought that students who had reconciled this syntactic 
reversal of the names with the semantic consistency of value order would have constructed: 
(a) the exponential model (see Figure 2.3); (b) the syntactic symmetry model and made 
adjustments to accommodate the value; or (c) constructed both models and reconciled the 
difference. The students' responses would be probed to attempt to determine whether they 
had constructed one or both models. 
Another facet of this task was its capability of identifying those students who were 
aware of the problems associated with these names or those students who were unaware of 
their problems. That is, to identify those student who said that they weren't confused by the 
names, tens and tenths, but who either reversed the decimal-fraction place names in Task Pl 
(i.e., called them hundredths and tenths respectively) or who had called the decimal-fraction 
places in 3.78 (Task Pl), tens and hundreds respectively. 
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TASK P4 - ROLE OF INTERNAL AND EXTERNAL ZEROS 
P4.1 Put a zero in 3. 78 so that it doesn't change the value of the number. Where else 
could you put it? 
P4.2 Could you put a zero somewhere so it does change the value? Have you made the 
number larger or smaller in value? How can you tell? 
Materials: Nil. 
Objectives 
• To assess the students' understanding that internal zeros (i.e., within a number) change 
the value of the number; 
• To assess the students' understanding that external zeros (i.e., at either end of a number) 
do not change the value of the number. 
These questions were to be repeated until both 3.078 and 30.78 were elicited. If 
they weren't elicited, the missing number would be written for the student and then the 
student asked if the value had changed and, if so, was the new number larger or smaller in 
value. 
Rationale 
The problems that students have with zero have been noted in Sections 2.3.3 and 
2.3.4. Resnick et al. (1989) revealed that, when comparing two decimal numbers and one of 
which has an internal zero (e.g., 4.3 and 4.08), students tend to say (correctly) that 4.08 is 
smaller in value because the zero makes the number small (syntactic, and therefore, 
inappropriate reasoning). In this study (see Section 3.4), some students said that 4.08 was 
larger in value than 4.3 because "zero means nothing" and consequently they mentally 
deleted the zero to produce 4.8. Therefore, when asked to determine whether 4.04 and 4.4 
had the same value or if one number was larger in value than the other, students with the 
"zero means nothing" internal zero problem found it difficult to respond. 
Moreover, Resnick et al. (1989) found that when comparing two decimal numbers 
with the same whole number but a different number of decimal-fraction places (e.g., 9.5 and 
9.34 as in Item All of the test), many students selected the number with more decimal 
places because it was "longer". This was a fmding of this study as well (see Section 3.4). 
By focusing on the role of zero in the rightmost decimal-fraction place, this task set out to 
determine whether students who could correctly compare 9.5 and 9.34 in the test were also 
able to compare 3.78 and 3.780 and, conversely, if those students who compared on the 
basis oflength maintained this for 3.78 and 3.078 or whether the "length" rule conflicted 
with the "zero means nothing" rule. 
Underlying this task, then, is the belief that an understanding of decimal-number 
numeration must include numbers that have a zero in internal and external positions. 
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TASK P5 -ORDER OF PLACE NAMES 
P5 .1 Arrange the cards in the order in which you see them in your mind. In what order 
have you arranged them? [Contingent question: Have you arranged them from 
largest to smallest, smallest to largest or are they jumbled up?] 
P5.2. Sort them into two groups. Why this group? Why this group? 
P5.3 Put in the decimal point. Could you put the decimal point somewhere else? 
Materials: Seven small cards with the place names from thousands to hundredths written 
in word form (one name per card); coloured adhesive circles for decimal points. 
Objectives 
• To determine whether the students' know the correct order of the places from thousands 
to hundredths and whether they realise that the places are in descending order; 
• To determine whether the students see the place names in terms of the two major 
domains, namely, whole numbers and fractions (as for Task P1); 
• To determine the students' understanding that the decimal point comes after the ones and 
to challenge that understanding. 
Rationale 
Knowing the order of the place names is essential baseline knowledge (see Section 
3.4) for, without this knowledge, the notion of place value has no relevance and the decimal-
number numeration processes can only be known from a syntactic perspective. Probing 
students' alignments was undertaken to determine whether their knowledge of order was 
connected to the exponential (mental) model or whether it was a memorised sequence that 
had no relevance to the student. 
TASK P6- MENTAL MODELS 
P6. 1 Could there be another name here (left of thousands)? What would you call it? 
Why? Could there be another name here (right of hundredths)? What would you 
call it? Why? 
P6.2 On this side (left of the decimal point) the hundreds are followed by the tens. Why 
aren't the hundredths followed by the tenths on this side (right of the decimal 
point)? 
Materials: The cards from Task P5. 
Objectives 
• To determine whether the students have an understanding of multiplicative structure in 
the whole-number places and/or an understanding ofthe patterns of the periods in the 
whole-number places; 
• To determine whether the students have an understanding of the multiplicative structure 
of the decimal-fraction places and/or an understanding of the symmetry model which 
relates the whole-number and decimal-fraction places; 
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• To determine whether the students' understanding of the order of the place names is 
dominated by: (a) the semantic property of size (i.e., each place is larger or smaller than 
the place on its immediate right or left); (b) the syntactic property (i.e., similarity of the 
place names guides the order); or (c) conflict between the semantic and syntactic 
properties. 
Rationale 
Underlying this task was the belief that students who had constructed appropriate 
mental models, namely, the exponential model, the symmetry model and the pattern of the 
place value periods (see Figure 2.4 in Section 2.2.3) would be able to predict, with 
understanding, the next whole-number place and the next decimal-fraction place. 
Conversely, the students who had not constructed appropriate mental models would not be 
able to predict with understanding the next places, particularly thousandths. 
TASK 7- PROBING MENTAL MODELS (CONTINGENT TASK) 
P7.1 What do they (the names) balance around? or What do you see as the middle? 
P7.2 Write this number (6 tens and 6 tenths on the Worksheet). How come you need 
two digits to show tens and only one digit to show tenths? Does this confuse you? 
P7.3 Read this number (400.04 on the Worksheet). How come you need three digits to 
show hundreds but only two digits to show hundredths? Does this confuse you? 
Materials: The place name cards; Tasks P7.2 and 7.3 on the Worksheet (see Attachment 3) 
Objectives 
• To probe the students' understanding of the symmetry model of the place names and 
where they see the balance in this model; 
• To probe whether the symmetry model of the place names (syntactic) interferes with the 
linear model of order (semantic) when numbers are written in digit form. 
Rationale 
As revealed by the objectives, these tasks were designed to assess the students' 
understanding of the symmetry model that was required for predicting the next decimal-
fraction place in Task P6.1. The tasks were to be used on a contingent basis, that it, to probe 
the students' thinking that occurred in the course of doing other tasks. For example, Task 
P7 .1 would probably be asked in conjunction with those tasks that should have elicited 
explicit or implicit knowledge of the symmetry model, namely, Task P5 .1 (aligning the 
place names), Task P6.1 (predicting thousandths), and Task 6.2 (supporting the 
tenths/hundredths sequence). 
Tasks P7 .2 and P7 .3 were to be asked in conjunction with Task P3 .2 (confusion 
between tens/tenths and hundreds/hundredths) to determine whether those students who 
might say they were unconfused were, indeed, unconfused in these numerical examples. 
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3.5.3 TASKS ASSESSING MULTIPLICATIVE STRUCTURE (LEVEL 3 KNOWLEDGE) 
A major semantic feature embedded in the decimal number system is the 
multiplicative structure which relates position and base into an exponential system (Behr, et 
al., 1992; Smith & Confrey, 1994) to give value and order. The notion of equivalence 
(Level 2 knowledge) is derived from this relationship. The multiplicative structure is 
continuous and bi-directional, relating all adjacent positions to the left through 
multiplication by 10 and to the right through division by 10 (see Figure 2.3). This structure 
underlies the concept of place value which is a major teaching focus in the primary school. 
Thus, an understanding of multiplicativity is crucial and, if not explicated for whole 
numbers, denies students one of the major conceptual underpinnings of decimal numbers. 
Four tasks (referred to as M tasks) were designed to elicit the students' 
understanding of the multiplicative structure embedded in the decimal number system. 
TASK Ml -ABSTRACT BINARY RELATIONSHIPS 
M1.1 Find another pair of places that are related in the same way as these two places. 
How are your places related in the same way as mine? 
M1.2 What would you put here (ones, -) to keep the patterns? (If not elicited from 
Ml.l.) 
Materials: Two sets of place name cards (different colours)- one set for the interviewer 
and one set for the students. 
Objectives 
• To determine whether the students understand that adjacent places are related by 10 
(i.e., the binary relationship); 
• To determine whether the students understand the binary grouping (x 10) and 
partitioning ( + 1 0) notions embedded in multiplicative structure; 
• To determine whether the students understand the binary grouping (x 10) and 
partitioning ( + 1 0) notions embedded in multiplicative structure; 
• To determine whether the students can access binary relationships across the whole-
number and decimal-fraction domains. 
Contingent questions to elicit the availability of multiplicative structure: 
What do you do the tens to make hundreds? What do you do to the hundreds to make tens? 
(The places named will be contingent on the students' selections.) 
Rationale 
Like all of the tasks in this part of the interview, this task was designed to determine 
whether the students understood the continuous, bi-directional and exponential properties of 
the multiplicative structure embedded in the decimal-number system and which are 
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represented by the exponential model. However, this task focused on binary relationships 
(i.e., places connected by 10 through multiplication or division) and the task itself involved 
abstract place names (rather than symbolic numerical representations). The abstract 
representations of the places was assumed to be a novel task for these students. Basically, 
this task was to determine whether students had an abstract schema of multiplicativity or 
whether they had a content-full schema ofmultiplicativity. See Section 2.4.7 for a full 
discussion of Ohlsson's (1993) analysis of abstract schemas. 
TASK M2 -ABSTRACT TERNARY RELATIONSillPS 
M2.1 Find another pair of places that are related in the same way as these two places. 
How are your places related in the same way as mine? 
M2.2: What would you put here(-, tenths) to keep the patterns? (If not elicited from 
M2.1.) 
Materials: As for Task M1. 
Rationale 
This task was identical to Task M1 except that it assessed the students' 
understanding of ternary relations (i.e., places connected by 100 through multiplication and 
division). 
TASK M3 -APPLYING MULTIPLICATIVE RELATIONSHIPS (PREDICTING THE SHIFT) 
A4.1 A4.2 A4.3 A4.4 A4.5 A4.6 
0.3x10= 0.04 X 100 = 6.23x10= 0.7x100= 2.16 X 100 = 0.2 X 10 X 10 = 
A4.7 A4.8 A4.9 A4.10 A4.11 A4.12 
4 + 10= 72.5+10= 0.9+ 10= 37 + 100 = 8 + 100 = 14+ 10+ 10= 
Material: Test Item A4 
Obiectives 
• To determine whether the students would access the continuous, bi-directional and 
exponential properties of multiplicative structure in a familiar task; 
• To determine the strategies the students use in predicting the outcome of binary or 
ternary multiplicative relationships. 
Rationale 
This task required the students to explain how they predicted a shift, that is how 
they determined the finishing number when given the starting number (i.e., the multiplier or 
dividend) and an operation. The task consisted of 6 multiplication and 6 division tasks and, 
as stated in the objective, were constructed to examine the students' understanding ofthe 
properties of multiplicativity embedded in the decimal system, with particular attention to 
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the bi-directional nature ofbinary (x/+ 10) and ternary relationships (x 10 x 10/+ 10 + 10 or 
xl+ 100). It was anticipated that the students would shift the digits in the given multiplicand 
to the left or right according to whether the operation was multiplication or division and the 
number of places the digits were shifted would be determined by the multiplier or divisor. 
That is, x 10 would produce a shift of one place to the left whilst + 10 would produce a shift 
of one place to the left, and x 100 (or x 10 x 10) would produce a shift of two places to the 
left and two places to the right for the corresponding divisors. It was anticipated that the 
students would associate the number of zeros in the multipliers/divisors with the number of 
places the digits had to be shifted. 
The multiplicands and dividends were selected to examine a variety of shifts that 
would occur with tenths and hundredths (i.e., tenths to ones, ones to tenths; hundredths to 
ones, ones to hundredths; hundredths to tenths, tenths to hundredths; tenths to tens). 
Therefore multiplicands and dividends included decimal fractions and decimal numbers or 
whole numbers only. Figure 3.7 analyses each item in terms of whether the shift was binary 
or ternary. 
o~t 
BINARY 
0.3 X 10 (A4.1) 
4 + 10 (A4.4) 
6.23 X 10 (A4.3) 
0.9 + 10 (A4.9) 
72.5 + 10 (A4.7) 
O~h 
T~t 
O~t~h 
TERNARY 
0.04 X 100 (A4.2) 
2.16 X 100 (A4.6) 
8 + 100 (A4.11) 
37 + 100 (A4.10) 
0.7 X 100 (A4.5) 
0.02 X 10 X 10 
14+ 10+ 10 
Figure 3. 7. Task analysis of Item A4 in Task M3. 
TASK M4 -APPLYING MULTIPLICATIVE RELATIONSHIPS (MAKING THE SHIFT) 
M4.1: Change 7 tenths to 7 ones (using a calculator). 
M4.2: Change 8 ones to 8 hundredths (using a calculator). 
Materials: Calculator 
Objectives 
• To determine whether the students would access the continuous, bi-directional and 
exponential properties of multiplicative structure in a novel (assumed) task; 
• To determine the students' ability to select the binary or ternary operation that connects 
two given places (i.e., to effect the required shift in position). 
Rationale 
In this task, the students were provided with the starting and finishing numbers and 
were required to use their knowledge of the bi-directional nature of the multiplicative 
structure to provide the operation that would make the change. However, because of the 
openness of this task, students could access either additive structures or multiplicative 
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structures with equal legitimacy. Therefore, if students accessed additive structure 
spontaneously (e.g, for Task M4.1, adding 6.3 instead of multiplying by 1 0), they would 
then be asked if they could make the change by doing something different. Students who 
could then immediately access the appropriate multiplicative structure would be considered 
to have the appropriate knowledge available. 
3.5.4 TASKS ASSESSING REUNITISATION (LEVEL 3 KNOWLEDGE) 
The reunitisation tasks included tasks related to unitisation (Level 2 knowledge) and 
partitioning and are referred to as U tasks because of the centrality of the unitising process. 
Underlying the unitisation and reunitisation tasks was the global objective of determining 
whether the students had developed for themselves, or had acquired through explicit 
instruction, the appropriate representational knowledge that underpins the structural 
knowledge of decimal fractions. To determine whether the structural knowledge constituted 
abstract or content-full schemas (Ohlsson, 1993), a variety of area models (prototypic, 
semiprototypic and nonprototypic) were used to represent the whole and the parts (see 
Figure 3.8). 
A 
Prototypic whole, 
prototypic parts 
D 
Prototypic whole, 
prototypic parts 
TENTHS 
B 
Semiprototypic whole, 
prototypic parts 
HUNDREDTHS 
111111111111111111111 
E 
Semiprototypic whole, 
prototypic parts 
c 
Nonprototypic whole, 
nonprototypic parts 
F 
Semiprototypic whole, 
nonprototypic parts 
Figure 3.8. Categorisation of the area models used to represent tenths and hundredths. 
TASK Ul - UNITISATION 
U1.1 Tick the number that shows how many chocolate bars Sally ate. Sally ate ... 
24/6 
2.4 
2.04 
How did you decide which number matched the picture? 
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Task Ul.2 Does this diagram show 2.4? Task U1.3: Does this diagram show 2.4? 
How can you tell? How can you tell? 
U1.4 This is 0.1: L------''· Draw the whole. 
Materials: Test Item B1 (U1.1); Tasks 1.1 and 1.2 (Tasks Ul.2 and Ul.3 respectively), 
Worksheet; Test Item B6.3(U1.4). 
Objectives 
• To determine the students' ability to unitise tenths when represented by a Type B area 
model (U1.1); 
• To determine whether students focus on the part/whole (fraction) or the part/part (ratio) 
relationship when identifying the fraction (U1.1); 
• To determine whether the students consider the equality of the parts when unitising 
tenths (Ul.2); 
• To determine whether the students consider the number of equal parts when identifying 
the fraction (Ul.3); 
• To determine whether the students can iterate a part to make a whole (U1.4). 
Rationale 
Unitisation has been described as the quest for an appropriate unit-of-measure that 
will enable the cognitive assignment of a numerical value to the amount under consideration 
(Lamon, 1996). For example, the whole in Task Ul.1 can be unitised as 10 x 1-units (i.e., 
as discrete parts), as 2 x 5-units (i.e., 2 halves), as 5 x 2-units (i.e., 5 fifths) units or as 1 x 
10-unit (i.e., 10 tenths). It can apply to discrete as well as continuous units/wholes. As 
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Lamon (1996) points out, unitising is a cognitive process for conceptualising the amount of 
a given commodity or share before, during and after the sharing/partitioning process. Thus 
unitisation appears to involve the following processes: (a) identifying the whole that has 
been partitioned; (b) recognising that the partitions are equal; (c) relating the number of 
equal parts to the name of the fraction; and (d) considering the amount under consideration 
(e.g., the shaded part) in relation to the whole (i.e., invoking the unit-of-measure- Behr et 
al., 1992). 
Tasks U1.1, 1.2 and 1.3 were developed to assess whether the students could unitise 
the given shape and were aware of the role of equal partitions and the number of such 
partitions in actually naming the fraction. However, each of the tasks in U2 and U3 
incorporated unitisation. Task U1.4 was included to challenge the students' structural 
knowledge ofunitisation in a novel (assumed) task by asking them to construct the whole 
from the given part. In this regard, this task was similar to the reunitising (Type B) tasks of 
U3. 
TASK U2- REUNITISATION (TYPE A) 
U2.1: Colour 0.17 ofthe shape below. U2.2: What fraction of the shape is shaded? 
U2.3: Colour 0.23 ofthis shape. 
Materials: Test Item B3.3 (U2.1); Task U6, Worksheet (U2.2); Task U3, Worksheet 
(U2.3) 
Objectives 
• To determine whether the students could reunitise tenths as hundredths (Type A) from a 
prototypic model of tenths and whether they used partitioning strategies in the reunitising 
process (U2.1); 
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• To determine whether the students could reunitise tenths as hundredths (Type A) from a 
semiprototypic model of tenths and whether they used partitioning strategies in the 
reunitising process (U2.2); 
• To determine whether the students could reunitise tenths as hundredths (Type A) from a 
nonprototypic model and whether they used partitioning strategies in the reunitising 
process (U2.3). 
Rationale 
The major focus of Task U2 was to assess the students' ability to do Type A 
reunitisation. Type A reunitisation refers to those instances when a given part needs to be 
thought of as an equivalent number of subparts (e.g., when tenths need to be renamed as 
hundredths). According to Lamon (1996), partitioning is the process that "generates 
quantity"(p. 171) so reunitisation Type A tasks require understanding of partitioning. When 
the given unit or fraction to be partitioned is presented in symbolic form, partitioning is 
synonymous with dividing, an operation that is used to generate equal shares or groups. For 
example, 1 + 10 = 1 tenth (0.1 or 1/ 10) and 0.1 + 10 = 1 hundredth (0.01 or 1/ 100). Therefore, 
to understand the abstract symbolism that transforms a whole into parts or parts into smaller 
parts, the partitioning process associated with models needs to be well-established. 
Moreover, the notion of equivalence that is related to the base and which links certain 
fractions (e.g., 1/ 2 = 2/ 4; 1 tenth= 10 hundredths) is derived from the partitioning process. 
Consequently, when partitioning a model of a unit to produce a particular fraction 
(or a model of a fraction to produce a smaller fraction), students need to be aware that the 
resulting parts must be equal and that the number of parts is important. If the parts are not 
equal, then the fraction cannot be named. The Type A reunitisation tasks in this section 
involved a prototypic model, a semiprototypic model and a nonprototypic model. 
TASK U3- REUNITISATION (TYPE B) 
U3.1: Shade 0.6 of the shape below. U3.2: Shade 0.2 of the shape below. 
Materials: Test Item B3.4 (U3.1); Test Item B5 (U3.2). 
Objectives 
• To determine whether the students could reunitise hundredths as tenths (Type B) from a 
prototypic model of hundredths and to determine the strategies they used in the 
reunitising process (U3 .1 ); 
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• To determine whether the students could reunitise hundredths as tenths (Type B) from a 
semiprototypic model of hundredths and to determine the strategies they used in the 
reunitising process (U3.2). 
Rationale 
The major focus of Task U3 was to assess the students' ability to do Type B 
reunitisation. Type B reunitisation refers to those instances when a given subpart needs to 
be thought of as an equivalent larger part (e.g., when hundredths need to be renamed as 
tenths). Whereas Type A reunitisation requires the decomposition (or partitioning), either 
mentally or physically, of a part into subparts, Type B reunitisation requires the 
recomposition (or grouping) of a number of subparts into a larger part. When working with 
decimal fractions, the students need to have an awareness of base and equivalence in 
determining how may subparts need to be recomposed. For example, a representation of 
hundredths (1 x 100-units) may be recomposed as 5 x 20-units, 4 x 25-units, 10 x 10-units 
or 2 x 50-units. However, when decimal fractions are under consideration, only the 10 x 
1 0-units recomposition will be useful. 
CHAPTER 4: CLARIFICATION 
PROBING THE SELECTED STUDENTS' COGNITIONS OF POSITION AND ORDER, 
MULTIPLICATIVE STRUCTURE AND UNITISATION 
4.1 OVERVIEW 
This chapter reports on all facets of the interview, namely, its purposes and research 
design, and the students' results for the tasks related to position and order (see Section 4.3), 
multiplicative structure (see Section 4.4), and unitisation and reunitisation (see Section 4.5). 
For all tasks, the students were asked to explain the thinking underlying their responses and 
this yielded a variety of strategies that were identified and categorised. These strategies 
were then analysed and categorised as reflecting either semantic knowledge or syntactic 
knowledge (Resnick et al. 1989). In collating final results (see Section 4.6), only those 
strategies that were classified as reflecting semantic knowledge were considered to be 
appropriate whilst those strategies that were classified as reflecting syntactic knowledge 
were considered to be inappropriate. Incorrect solutions to a task (including no response) or 
correct solutions based on "guesses" were classified as reflecting unavailable knowledge 
and were also considered to be inappropriate. 
At the end of the position and order tasks (P tasks), ad hoc and contingent 
intervention episodes were undertaken with some students to help them construct the 
symmetry model. Similarly, at the end of the multiplicative structure tasks (M tasks), ad 
hoc and contingent intervention episodes were undertaken with some students to help them 
construct the exponential model. 
4.2 PURPOSES AND DESIGN 
4.2.1 PURPOSES 
This investigation set out to illuminate the conceptual complexities involved in 
extending an established and successful cognitive framework (schema) for tenths to 
accommodate hundredths and to determine why the HP students appeared to have extended 
this framework successfully and why the remaining performance categories had not. An 
analysis of the conceptual complexities of the various processes required for decimal-
number numeration was undertaken in Section 3.4 so this stage of the study focused on 
whether the students had the appropriate structural knowledge available and, if so, whether 
they could access this knowledge when presented with prototypic and nonprototypic tasks. 
Therefore this stage of the study had the following specific objectives: 
• To use the interview tasks (developed in Section 3.6) to elicit the students' structural 
knowledge of position and order, multiplicative structure, and unitisation; 
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• To probe the students' responses to the tasks to determine what strategies they used in 
solving the tasks and to continue to probe, in the case of inappropriate knowledge, for the 
appropriate knowledge; 
• To identify and categorise the students' responses in terms of appropriate/inappropriate, 
semantic/syntactic explanations, and semantic/syntactic solution strategies; 
• To compare the behaviours exhibited by the performance categories; 
• To trial intervention episodes, with some students, to help them construct the symmetry 
and exponential models. 
4.2.2 RESEARCH METHODOLOGY 
Semi-structured individual interviews (Burns, 1994) were conducted with each of 
the selected students. (See Section 1.3 for the full research design.) Tasks were developed 
for the interview schedule and these were generally presented in the same order to each 
student. However, the interviewer was free to omit tasks or change the order, depending on 
the individual student's responses. As well, probes (planned questions) were designed for 
each task but again the interviewer was free to omit, cut short or use contingent questioning, 
depending on the individual student's responses. (See Attachment 3 for the tasks, materials 
and contingent questions. The rationale for the tasks is provided in Section 4.2.4) 
4.2.3 SUBJECTS 
To meet the study's objectives, 45 students representing proficient and 
semiproficient performance categories (see Section 3.3.2 for the selection criteria) were 
interviewed as they worked on a set of tasks designed to probe their understanding of 
position and order (Section 4.3), multiplicativity (Section 4.4), and unitisation, partitioning 
and reunitisation (Section 4.5). 
The 45 students selected for interviewing were previously named in terms of their 
class number but, for ease of reporting results, will be henceforth named in terms of their 
performance category. For example, the student who was identified as E'18 is now 
identified as HP1 (see Table 4.1), meaning that this student was the top performing student 
in the high proficient category; HP2 indicates the next best performing student in that 
performance category. 
Because of their poor performance (and general nervousness) on the tasks relating to 
position/order and multiplicativity, the MSP and LP students were eliminated from the tasks 
related to unitisation. As well, because of time constraints, a second interview was required 
for the unitisation tasks, and 3 other students (1 HSP, 2 MP) were unavailable because of 
sickness. Consequently, 29 students only (12 HP, 11 HSP, 6 MP) participated in the 
unitisation, partitioning and reunitisation tasks. 
Table 4.1 
Students Selected for Interviewing in Terms of Their Peiformance Category. 
Performance category 
HP HSP MP MSP 
HPl (E'18) HP9 (C'20) HSPl (A'18) HSP9 (A'27) MPl (D'12) MSPl (F'I2) 
HP2 (C'22) HPlO (C'l I) HSP2 (C'I6) HSPIO (G'3) MP2 (E'20) MSP2 (F'24) 
HP3 (A'IO) HPII (D'lO) HSP3 (B'l3) HSPll (G'2) MP3 (C'21) MSP3 (F'8) 
HP4 (G'8) HP12 (B'l4) HSP4 (A'16) HSP12 (A'4) MP4 (B'l) MSP4 (B'9) 
HPS (F'S) HSPS (F'6) MP5 (C'2) MSP5 (F'20) 
HP6 (A'l) HSP6 (F'I) MP6 (C'5) MSP6 (A'6) 
HP7 (F'l5) HSP7 (F'17) MP7 (D'l6) MSP7 (F'3) 
HP8 (E'29) HSP8 (E'lO) MP8 (B'6) MSP8 (A'l9) 
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LP 
LPl (D'!l) 
LP2 (E'28) 
LP3 (D'23) 
LP4 (E'l4) 
LPS (D'l) 
Note. HP =high proficient; HSP =high serniproficient; MP =medium proficient; MSP =medium 
serniproficient; LP = low proficient. 
4.2.4 INSTRUMENT 
See Section 3.5 for a full description of the interview tasks and their rationale. The 
interview instrument is also provided in Attachment 3. The instrument was constructed to 
accommodate the findings of Stage 2 (Mathematical Reality) in which the test highlighted 
knowledge weaknesses in place value, multiplicative structure, and in processing pictorial 
representations of decimal fractions. Therefore the interview instrument consisted of three 
sets of tasks, namely, tasks related to position and order (designated asP tasks), tasks 
related to multiplicative structure (designated as M tasks) and tasks related to unitisation 
and reunitisation (designated as U tasks). 
4.2.5 PROCEDURE 
The interviews took place at the schools. At School A', the students were 
interviewed in a hall that was normally used for music practice. It was generally a quiet 
venue except when other classes were taking physical education lessons in the school pool. 
At these times, the student being interviewed was sometimes distracted. At School B', the 
interviews were held in a small computer laboratory between two double classrooms. This 
was sometimes very noisy, making it difficult to hear the student's response. Each 
interview was planned to take 30 minutes to fit in with the normal routine of the classes. 
The students were to be interviewed in order of performance category, that is, the 
HP students before the HSP students and so on. However, at times, this plan had to be 
abandoned because of unforeseen student commitments or sickness. The interview tasks 
were presented in the same order but not all the students were given all the tasks. This 
depended on how well the students performed in the tasks related to position/order and 
multiplicativity. Each interview was video-taped and transcribed into protocols. 
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4.2.6 ANALYSIS 
The analysis incorporated the following three stages: (a) the interviews were 
transcribed into protocols; (b) for each performance category, a matrix was developed for 
each student and his or her response to each sub-task; and (c) from the matrices, behaviours 
were categorised. The literature findings, particularly those related to syntactic and 
semantic knowledge and the mental models (see Section 2.2), were used when appropriate 
to determine the categories ofbehaviours. 
Tables, graphs and matrices were used to describe the results. They should not be 
interpreted as indicating inferential statistics. 
The analysis and discussion of the general outcomes of each set of tasks were 
guided by the literature related to understanding (see Sections 2.4 to 2.6). 
4.3 TASKS ASSESSING LEVEL 1 KNOWLEDGE (POSffiON, ORDER) 
Task Pl: Role of the decimal point 
Task P2: Reading decimal numbers; identifying the decimal-fraction place names 
Task P3: Differentiating place names 
Task P4: Role of internal and external zeros 
Task P5: Order of the whole-number and decimal-fraction place names 
Task P6: Mental models 
Task P7: Probing mental models 
Each task incorporated several sub-tasks, the objectives of which will be given with 
the specific sub-task or group of sub-tasks. However, underlying these tasks was the global 
objective of determining whether these students had developed for themselves, or had 
acquired through explicit instruction, mental models (described in Section 2.5.2) to help 
them connect the position of the whole-number and decimal-fraction places (a syntactic 
property) and the size relationship between the places (a semantic property). To this end, 
contingent questions were planned (see Task P7) and would be used whenever the 
opportunity occurred (usually from the student's response to a particular task). Generally, 
these opportunities arose in the course of Tasks P5 and P6. (See Section 3.5.2 for the full 
rationale of the tasks related to position and order and Attachment 3 for the tasks.) 
4.3.1 TASK P1 -ROLE OF THE DECIMAL POINT 
Task PI: What is this thing (pointing to the decimal point in 3.78) called? Why is it 
here? 
Objective: To determine the students' understanding of the role of the decimal point and 
the terminology associated with the two major domains of whole numbers and 
fractions. 
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Materials: The number, 3.78 (see Worksheet, Task P1 in Attachment 3) 
NAME OF THE DECIMAL POINT 
All students were able to name the symbol, with 34 students (12 HP, 8 HSP, 3 MP, 
6 MSP, 5 LP) using the formal term, decimal point, and 11 students using the informal 
terms, decimal (4 HSP, 4 MP, 2 MSP) or point (1 MP). Whilst the majority of the students 
(75.6%) used the formal term, decimal point, only the HP and LP students used this 
terminology exclusively. (See Table E-1 for the students' responses to Task Pl.) 
Naming the decimal point was considered to be a low-level task and was included 
merely to focus the students on the more important aspect of the task, namely, the role of 
the decimal point. 
ROLE OF THE DECIMAL POINT 
Forty-one students (12 HP, 12 HSP, 8 MP, 6 MSP, 3 LP) gave appropriate responses 
with 40 students indicating, either explicitly or implicitly, an awareness of the separator 
effect of the decimal. The other student (HSP12) thought of the decimal point as a signal 
indicating a remainder resulting from division. The remaining 4 students (2 MSP, 2 LP) 
could not explain the role of the decimal point. (See Table E-1 for the individual 
responses.) 
Twenty-three students (9 HP, 4 HSP, 4 MP, 3 HSP, 3 LP) used action terms such as 
"separate, divide, split, part" to describe the separator effect, 16 students (3 HP, 6 HSP, 4 
MP, 3 MSP) described the different types of numbers that resulted from the separator 
action, 1 student (HSP12) saw the decimal point as the symbol signifying the remainder 
after division whilst 1 student (HSP7) gave a response that was difficult to understand. The 
following protocols illustrate the various types of responses. 
HP8 - separator role 
S: To separate the whole numbers from the parts. 
MP4 -number types 
S: That's (the 3 in 3.78) a whole number and that's (the .78 in 3.78) not. 
HSP 12 - remainder 
S: It's instead of remainders and you can do the same with it as normal numbers but, 
urn, that remainder (the .78) if you say like -say it was 3 into II, you'd say 3 into I 
you can't do so 3 into II goes 3 times (doing algorithm) and then you put the decimal 
point and there's 2 left over so you put that there then 3 into 20 is 6 and then you can 
keep on going from there. 
HSP7 - unclear 
S: Because that's, um,just the one and you can't go any further back so you put a 
decimal point and it goes, ones, tens and keeps on going up again. 
In describing the role of the decimal point, some students used formal language 
(e.g., whole numbers, fractions) or informal language (e.g., full numbers, parts) to describe 
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the two domains the decimal point separates. This type of response was classified as being 
semantic in nature because it indicated that the individual whole-number and decimal-
fraction place names had been "chunked" (Chi, Glaser, & Farr, 1988) and, in doing so, 
implied the part/whole relationship. However, some students simply mentioned the 
separation of the actual places (e.g., ones from tenths) and thus gave no explicit indication 
of a knowledge of the part/whole relationship. This type of response was classified as being 
syntactic in nature. Other responses were classified as naive (e.g., to separate the numbers 
- MSP5) because, although they mentioned some form of difference, they mentioned 
neither the domains, the actual place names or the part/whole relationship. Protocols are 
provided to explicate the response categories. 
It should be pointed out that the students' responses reflect the knowledge that was 
accessed at the time of the interview. Therefore, no definite claims can be made about the 
knowledge that was available to the students. For example, those students who made 
syntactic responses may well have had the particular semantic knowledge available but 
chose to access the syntactic aspect of the question. 
SEMANTIC KNOWLEDGE 
Altogether, 23 students (8 HP, 6 HSP, 6 MP, 3 MSP) representing 51.1% ofthe 
students interviewed gave responses that indicated, either explicitly or implicitly, semantic 
knowledge. All of these students, except HSP12, gave responses that indicated an 
understanding of the part/whole relationship of whole numbers and fractions. (As noted 
earlier, HSP12 appeared to access the division notion of fractions. 
Some of these students, however, gave more complete answers than others in that 
they mentioned both of the domains involved (i.e., whole numbers and fractions or parts). 
HP3 was included in this category because her response clearly implied that she saw the two 
domains in terms of wholes or parts and, when asked, could give the generic terms. 
Although technically not correct ("half numbers"), MP5 was also included in this category 
because her response also indicated that she was thinking of whole numbers and fractions 
and, when asked, was able to provide the generic term "decimal fractions". The following 
protocols exemplify these complete answers. [See Table E-1 for the complete range of 
protocols.) 
HP3 To separate the numbers bigger than one and the numbers smaller than one. 
HSP8 To show we've stopped with the full numbers and we're going into parts. 
HSP9 That's (the 3) a whole number and that's (the .78) part of a number. 
MPl To show that's (the 3) a whole number and that's (the .78) a fraction. 
MP3 To show the whole numbers from the decimal numbers, say 78 in this case; 7 tenths 
8 hundredths. 
MP5 So it can separate the whole numbers from the half numbers. 
MP6 To separate the whole numbers from the fractions. 
As shown by the following protocols, some students mentioned just one of the 
domains with the other domain being implied. 
HP1 It shows parts of numbers. 
HP12 Because after the decimal point is a bit of numbers. 
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HSP2 To show that the things on that side (right of the decimal point) are a fraction of 
one. 
HSP11 Because that's (the .78) not a whole one. 
MP2 To show the end of the whole numbers. 
SYNTACTIC KNOWLEDGE 
These responses indicated a focus on the position of the digits but, although these 
students named the places, they may have understood that tenths and hundredths were 
fractions. Therefore, this classification does not imply that the students did not have 
semantic knowledge as well; rather, it was the knowledge they accessed at that time. 
Thirteen students (4 HP, 6 HSP, 2 MP. 1 MSP) representing 28.9% of the students 
interviewed were classified as focusing on syntactic knowledge. The protocol ofHSP3 is 
representative of the responses made by 11 of the students in this category (i.e., 4 HP, 4 
HSP, 2 MP, 1 MSP) whilst the protocols of the remaining 2 students (HSP4 and HSP7) are 
included to show the difficulty that some students have in verbalising their thinking when 
they don't have the correct terminology. (In the probe following their responses, neither of 
these students could access the word "fractions" to describe the decimal places on the right 
ofthe decimal point.) 
HSP3 To separate the ones from the tenths and the hundredths. 
HSP4 So you don't -well, since it's (decimal point) there you know that they're 
(indicating 3, then 78) separate numbers but if it wasn't there you'djust think it was 
3 hundred and 78. 
HSP7 Because that's (the 3), um, just the one and you can't go any further back so you put 
a decimal point and it goes, ones, tens and keeps on going up again. 
NAIVE KNOWLEDGE 
Five student (2 MSP, 3 LP) representing 11.1% of the students interviewed made 
naive responses. These responses generally indicated an understanding of the separator role 
of the decimal point but did not mention what it was separating. Probing what the numbers 
were called on the left of the decimal point, usually yielded a reference to one of the places 
(e.g., ones, or hundreds) but not to the general term "whole numbers". These students 
generally could not access the term "fraction" to denote the numbers on the right of the 
decimal point. Their responses are given in brackets. 
MSPl To make it different. [Hundreds; parts] 
MSP5 To separate the numbers. [Hundreds; didn't know] 
LP2 To break up these two fractions, ah, 3 and 78 hundredths. 
[Decimal fraction; didn't know] 
LP3 To separate those two numbers (the 78)from that one (the 3). 
[Hundreds; didn't know] 
LP4 Urn . .. to show .. . to actually separate the numbers. [Tens; didn't know] 
NO RESPONSE 
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Four students (2 MSP, 2 LP) representing 8.9% of the students interviewed were 
unable to respond to this question. Probing for the generic terms (i.e., whole numbers, 
fractions) revealed that they either did not know the terms or could not access them. 
FORMAL TERMINOLOGY 
As stated earlier, being able to chunk the individual place names on the left and 
right of the decimal point into two domains was considered to reveal semantic knowledge. 
Furthermore, chunking knowledge is seen to be a means of reducing cognitive load and has 
been recognised as a strategy used by experts. (Chi, Glaser, & Farr, 1988) Therefore, if 
students did not use the generic terms (whole numbers, fractions) spontaneously, they were 
asked specifically what the numbers on either side of the decimal point were called. 
The use of the term "parts" to signify fractions was accepted as semantic knowledge 
but "decimals" or "decimal numbers" were not because they give no indication of the 
part/whole nature of these types of numbers. The use of the term "ones" for whole numbers 
was probed to determine whether the student was thinking of ones as the source from which 
fractions are derived or whether they were seeing them as the place on the immediate left of 
the decimal point. 
Only 31 students (11 HP, 9 HSP, 6 MP, 5 MSP) representing 68.9% of the 45 
students could access the generic term "whole numbers". This included 4 students (1 HP, 2 
HSP, 1 MSP) who referred to these numbers as full numbers, complete numbers, normal 
ones and units respectively. Twenty-seven students (11 HP, 9 HSP, 4 MP, 3 MSP) 
representing 60% of the students interviewed could access the generic "fractions" (or 
"decimal fractions" or "parts"). However, only 23 students (10 HP, 6 HSP, 4 MP, 3 MSP) 
representing 51.1% of the students interviewed were able to access both generic terms. No 
LP student gave a semantic response for either whole numbers or decimal fractions. 
The remaining students were unable to think of the generic term and usually 
resorted to naming the individual places. These students were thought to have a more 
fragmented understanding and their responses were categorised as syntactic knowledge 
because they tended to focus on position rather than size 
PERFORMANCE CATEGORIES 
With respect to the role of the decimal point, none of the higher-performing groups 
(HP, HSP, MP) gave either an inappropriate response (naive) or made no response (see 
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Table 4.2). However, only half of the lower-performing MSP group gave appropriate 
responses whilst none of the lowest-performing group (LP) gave an appropriate response. 
Thus Task Pl illuminated one aspect of understanding hundredths, namely, the rationale 
underlying the conventional symbolism, that differentiates "poor" performers from "good" 
performers. 
Table 4.2 
Frequency (and Mean) of Response Categories for Task Pi in Terms of the Performance Categories. 
Response HP HSP 
categories (n = 12) (n = 12) 
Name 
- Decimal point 12 (100%) 8 (66.7%) 
-Decimal 4 (33.3%) 
-Point 
Role 
Appropriate 12 (100%) 100% 
-Semantic 8 6 
-Syntactic 8 6 
Inappropriate 0 (00.0%) 0 (00.0%) 
-Naive 
-No response 
Terminology 
Whole numbers 11 (91.7%) 9 (75.0%) 
-semantic 3 (25.0%) 
-syntactic 1 (08.3%) 
- no response 
Fractions 
-semantic 11 (91.7%) 9 (75.0%) 
-syntactic 1 (16.7) 3 (25.0%) 
- no response 
Both (WN, FR) 
-semantic 10 (83.3%) 6 (50.0%) 
-syntactic 1 (08.3%) 6 (50.0%) 
- no response 1 (08.3%) 
Note. WN =whole numbers; FR =fractions. 
Performance categories 
MP 
(n = 8) 
3 (37.5%) 
4 (50.0%) 
1 (12.5%) 
8 (100%) 
6 
6 
0 (00.0%) 
6 (75.0%) 
2 (25.0%) 
4 (50.0%) 
3 (37.5%) 
1 (12.5%) 
4 (50.0%) 
3 (37.5%) 
1 (12.5%) 
MSP 
(n= 8) 
6 (75.0%) 
2 (25.0%) 
4 (50.0%) 
3 
3 
4 (50.0%) 
2 
2 
5 (62.5%) 
3 (37.5%) 
3 (37.5%) 
5 (62.5%) 
3 (37.5%) 
5 (62.5%) 
LP 
(n =5) 
5 (100%) 
0 (00.0%) 
5 (100%) 
3 
2 
0 (00.0%) 
5 (100%) 
0 (00.0%) 
5 (100%) 
0 (00.0%) 
5 (100%) 
Table 4.2 also shows that, with respect to the role of the decimal point, the majority 
of the HP and MP students gave a semantic response (i.e., they indicated, either explicitly or 
implicitly, the part/whole relationship between whole numbers and fractions) as opposed to 
only half of the HSP students. Whilst the other HSP students may have had the appropriate 
knowledge available, they chose to access the knowledge at the syntactic level. This part of 
Task Pl was insufficient to determine a difference in conceptualisation between high 
proficient and high semiproficient students. 
However, a major difference in conceptualisation between high proficient and high 
semiproficient students, namely, the use of the appropriate terminology to discuss the two 
domains (whole numbers and fractions) was revealed by Table 4.2. This table shows that 
almost all of the HP students used the appropriate generic terms whereas just half of the 
HSP students could access the generic terms, even after probing. This behaviour by the HP 
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students suggested that they were able to "chunk" the individual place names for whole 
numbers and for decimal fractions to generic terms. Chunking has been identified as an 
expert strategy (Chi, Glaser, & Farr, 1988) in which the salient features of a set of similar 
objects are abstracted to form an abstract schema (Dienes, 1969; Ohlsson, 1993). This 
strategy places less cognitive load on memory (Halford, 1993) and consequently frees up 
valuable memory space to enable a focus on the relationship rather on the objects 
themselves (Gentner & Markman, 1993). 
4.3.2 TASK P2 -LANGUAGE AND COMPARISON 
Task P2.1 Read the number (3.78). What's the 3 worth? The 7? The 8? 
Task P2.2 Write the number without the decimal point. Read the number. How is it the 
same as this one (3.78)? How is it different? 
Task P2.3 Write the number with the decimal point between the 7 and the 8. Read the 
number. Does it have the same value as this one (3.78)? Is it bigger or 
smaller? 
Task P2.4 Write the number with the decimal point after the 8. What is the number? 
Does it have the same value as any of the other numbers you 've written? 
Objectives: (i) To determine whether the students read the number in semantic form (i.e., 
naming the decimal fraction as in "three and seventy-eight hundredths") or 
in syntactic form (i.e., "reading" the digits as in "three point seven eight); 
(ii) To determine whether the students know the names of the given places; 
(iii) To probe the students' understanding of the role of the decimal point (i.e., 
the decimal point always separates the whole numbers /ones from the 
fraction and therefore has the effect of changing the value of a digit); and 
(iv) To determine whether students compare whole numbers or fractions to 
determine the larger of two decimal numbers. 
The results of these tasks will be synthesised and reported on in terms of the main 
objectives, namely, number identification, place names, and comparison. 
NUMBER IDENTIFICATION 
Table 4.3 provides an overview of the students' responses to the reading component 
ofthe P2 tasks. (See Table E-2 for the students' responses across the tasks.) 
With respect to the whole numbers (378 in P2.2 and 378. in P2.4), all of the students 
were able to write and read the numbers correctly although some students had to be assured 
that these were not trick questions before they were able to do so. In Task P2.2., one student 
(MP3) initially wrote 21/ 2 whilst two other students (MPl and MP6) wrote "3 78", leaving a 
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space to show that the decimal point had been "dropped out". Another student (HP8) wrote 
378.0 "to show there are no parts". In Task P2.4, 10 students (5 HP, 1 HSP, 3 MSP, 1 LP) 
inserted a zero after the decimal point to show that there were no tenths (i.e. 378.0). These 
students may have felt uncomfortable about ending a whole number with a decimal point 
and perhaps associated the decimal point with the beginning of the decimal-fraction places 
rather than with the end of the whole-number places. 
Table 4.3 
Frequency (and Mean) of Correct Spontaneous Responses to the Reading Component of Task P2 in 
Terms of the Performance Categories. 
Performance categories 
HP HSP MP MSP LP 
Responses (n = 12) (n = 12) (n=8) (n = 8) (n = 5)* 
3.78 (P2.1) 11 (91.7%) 8 (66.7%) 8 (100%) 4 (50.0%) 1 (20.0%) 
378 (P2.2) 12 (100%) 12 (100%) 8 (100%) 8 (100%) 5 (100%) 
37.8 (P2.3) 12 (100%) 11 (91.7%) 8 (100%) 6 (75.0%) 2 (40.0%) 
378. (P2.4) 12 (100%) 12 (100%) 8 (100%) 8 (100%) 5 (100%) 
With respect to the decimal numbers, more students could read tenths correctly 
(86.7% for 37.8) than hundredths (71.1% for 3.78). Table 4.3 reveals that reading 
hundredths was a problem for the HSP, MSP and LP groups whereas reading tenths was a 
problem for the MSP and LP groups. 
READING TENTHS 
In Task P2.3, 12 students (3 HSP, 2 MP, 4 MSP, 3 LP) initially read the number, 
37.8, in its syntactic form (i.e., as "thirty-seven decimal eight" or "thirty-seven point eight). 
These students were then asked to read the number so that the name of the fraction part 
could be heard. 
Thirty-nine students (12 HP, 11 HSP, 8 MP, 6 MSP, 2 LP) read 37.8 (P2.3) 
correctly as "thirty-seven and eight tenths". Of the 6 students who were incorrect, HSP4 
read it as 37 and 8 hundredths, MSP1 and MSP7 read it as 37 decimal8 ones, LP3 read it as 
37 point 8 units, LP4 read it as 37 and 8 thousands, LP5 was unable to respond. 
The student (HSP4) who had named the fraction part of37.8 as "hundredths" had 
also named the fraction part of 3.78 as "hundredths" (Task P2.1) and seemed to be unaware 
of the discrepancy ofhis responses. When probed, he revealed that he may have a problem 
in reunitising 7 tenths as 70 hundredths. 
HSP4 
I: You've got two digits here (indicating the 78 in 3.78)for hundredths and one digit 
here (37.8)for hundredths .. Is that a problem? Which are hundredths? 
S: This one (37.8). That's (3.78) 78 hundredths but if you wanted to divide, say, the 7 
because it's greater than I 0, you could put another decimal here (indicating the place 
after the 8), ah, not decimal, another column here for tenths. You just take the 7 and 
131 
put 7 tenths, now leave the 8. In other words, take the 7 because it's 70 so if you, ah 
-3.78 is 3 and 8 hundredths and 7 tenths. 
READING HUNDREDTHS 
Ofthe 32 students (11 HP, 8 HSP, 8 MP, 4 MSP, 1 LP) who had read 3.78 (Task 
P2.1) correctly as "three (ones) and seventy-eight hundredths", 7 (4 HP, 1 MP, 2 MSP) had 
initially read the number in its syntactic form, that is three decimal/point seven eight or 3 
decimal seventy-eight. 
Of the 13 incorrect students, 8 (1 HP, 3 HSP, 2 MSP, 2 LP) read the number as three 
and seventy-eight tenths, 1 (HSP5) read it as three and seventy-eight fractions, 1 (MSP1) 
read it as three and seventy-eight hundreds, 1 (MSP7) read it as three and seventy-eight 
ones, 1 (LP4) read it as three and seventy-eight thousands whilst 1 student (LP5) could not 
read the number. However, after probing, 4 (3 HSP, 1 LP) of the 13 incorrect students were 
found to have made careless errors. 
Of the 8 students who had read the fraction part of3.78 as "78 tenths", 2 students 
(HSP12, MSP4), whose protocols are provided, were given another chance to read the 
number after they had named the individual places in 3.78 correctly. The protocols reveal 
that HSP12 had made a careless reading error but MSP4 appeared to prefer 78 tenths, 
indicating a serious flaw in her knowledge of the place names. 
HSP12 
1: Read the number (3.78). [S: Three ones and seventy-eight tenths.] What's the 3 
worth? [S: 3 ones.] The 7? [S: 7 tenths.] The 8? [S: 8 hundredths.] Read the 
number again. [S: 3 ones and 78 hundredths.] Now, you've called 78 tenths and 
hundredths -which one is correct? [S: 78 hundredths.] 
MSP4 
1: Read the number (3.78). [S: Three and seventy-eight tenths, no hundredths, no, 
tenths] What's the 3 worth? [S: Ones.] And the 7? [S: Tenths.] And the 8? [S: 
Hundredths.] Do you want to change your mind about reading that number? [S: 
No.] 
Four (HP6, HSP7, HSP9, LPl) of the 8 students who had read 3.78 as "3 and 78 
tenths" had also read 37.8 as "37 and 8 tenths" (Task P2.3) and seemed unaware of the 
discrepancy of their responses. When challenged, in Task P2.3, HP6 revealed that she may 
have a problem in reunitising 7 tenths as 70 hundredths but the remaining students read the 
numbers correctly, indicating that the reading of 3.78 as "3 and 78 tenths" was a careless 
error. 
HP6 
1: But you said this (3.78) was 3 and 78 tenths. [S: Mm] Can they (3.78) be called 
tenths as well as those (37.8)? [S: No] Why not? 
S: Well, they're hun ... they're (the 78) not whole numbers and they (the 3) are. 
I: 
S: 
I: 
HSP7 
I: 
HSP9 
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So, looking at this one here (3.78),you've got 3 and? [S: 78] 78 what? [S: 
Hundredths.] You're calling them hundredths, this time? [S: Oh (laughing)] Are 
you a bit muddled up with tenths and hundredths? 
Well, they're (the 7 in 3.78) tenths and they're (the 8 in 3.78) hundredths. 
So what are you going to call 78 altogether? [S: Hundredths.] So they're (the 78 in 
3.78] hundredths and that's (the 8 in 37.8)? [S: Tenths] 
Now you said that (3.78) was 3 and 78 tenths and you said that (37.8) was 37 and 8 
tenths, now they both can't be tenths, can they? [S: That one's (3. 78) hundredths and 
that one's (37.8) tenths.] 
I: We've got a problem here. You said that (indicating the 78 in 3.78) was tenths and 
that (the 8 in 37.8) was tenths. Can they both be tenths? 
S: No, this side's the tenths (pointing to the immediate right of the decimal point). 
I: Would you read that (3.78) again? [S: Three and seventy-eight hundredths] Are you 
sure you've got them the right way? [S: Yes] 
LP1 
I: We have a problem here. You said that (3. 78) was 3 and 78 tenths and now you're 
telling me that this (37.8) is 37 and 8 tenths. Read this one (3.78) again. [S: 3 and 
78 hundredths.] 
When the student (HSP5) who had read the number as 3 and 78 fractions was 
probed, she revealed a tenuous knowledge of reading hundredths. Her response was not 
considered to be adequate. 
HSP5 
I: Read the number (3.78). [S: Three decimal .. ] No, read it so that I can hear the 
name of the fraction. [S: Three and seventy-eight fractions.] What do we call it 
though? [S: 3 decimal 78.] Yes, but what's the name of that fraction? [S: Urn ... 
hundredths (after quite a long pause)?] Are you having a bit of trouble with the names 
of these fraction parts? [H: Mm.] 
The remaining 2 students (MSP5, LP3) who had read 3.78 as "3 and 78 tenths" were 
not challenged because their obvious problems with the individual place names (see PLACE 
NAMES) indicated that any response they would make would lack credence. 
As a result ofthe probes, 37 students (12 HP, 11 HSP, 8 MP, 4 MSP, 2 LP) were 
considered to have had the appropriate knowledge required to read a decimal number 
containing hundredths. (See Table 4.4 for these results in terms of the performance 
categories.) 
PLACE NAMES 
Not all of the students who had read the number (3.78 in Task P2.1) correctly named 
each place correctly and vice versa. The surprising aspect of this behaviour was that no 
student recognised his/her discrepancy. (See Table E-2 for the students' responses.) When 
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asked to name each place, all but 9 students (MSPl, MSP5, MSP6, MSP7, MSP8, LPl, LP3, 
LP4, LP5) were able to do so correctly. (See Table 4.4.) Their protocols are provided. 
Table 4.4 
Frequency (and Mean) of Correct Responses for the Reading and Place Value Components of Task 
P2.1 (3. 78) in Terms of the Peiformance Categories. 
Performance categories 
HP HSP MP MSP LP 
Responses (n = I2) (n = I2) (n= 8) (n= 8) (n = 5) 
Reading 
- spontaneous I2 (100%) 8 (66.7%) 8 (IOO%) 4 (50.0%) I (20.0%) 
-probed II (91.7%) 4 (50.0%) 2 (40.0%) 
Place names 
-tenths I2 (100%) I2 (IOO%) 8 (IOO%) 3 (37.5%) I (20.0%) 
- hundredths I2 (100%) I2 (IOO%) 8 (IOO%) 3 (37.5%) I (20.0%) 
MSPl 
I: What's the 3 worth? [S: Tens] And how can you tell that they're tens? [S: Because 
these (the 8 in 3.78) are hundreds and - oh! Yeah. And they're (the 7 in 3.78) tens.] 
So they're (8 hundredths) the? [S: Hundreds] Hundreds or hundredths? [S: 
MSP5 
Hundreds] And the 7 is the? [S: Ones (said "tens" before). And they're (the 3) the 
tens.] 
I: What's this place called? [S: 3 tens.] And the 7? [S: Hundreds.] And the 8? [S: 
Ones.] 
MSP6 
I: What's the 3 worth? [S: 3 ones.] The 7? [S: 7 hundredths.] The 8? [S: 8 tenths.] 
MSP7 
I: What's the 3 worth? [S: Hundreds] The 7? [S: Ten/ths] Show me which card has 
the name. [S: Tens (selecting the card with "tens").] And what's the 8? [S: Ones] 
MSP8 
I: What's the 3 worth? [S: Ones.] The 7? [S: Hundredths.] And the 8? [S: Tenths.] 
LPl 
I: What's the 3 worth? [S: 3 tens] And 7? [S: 7 hundredths.] And 8? [S: Units.] 
LP3 
I: What's the 3 worth? [S: 3 wholes.] And the 7? [S: Hundreds.] And the 8? [S: 
LP4 
Ones- units.] Whose class were you in last year? [S: Ms ---] Was--- (LPl) in your 
class? [S: Yes] Was--- (LP5)? [S: Yes] Was--- (LP2)? [S: Yes] Was--- (LP4)? 
[S: Yes] Was--- (MSP5)? [S: Yes] Was--- (MSP7)? [S: Yes] 
I: What's the 3 worth? [S: 3 tens.] And the 7? [S: Hundreds.] The 8? [S: 
LP5 
Thousands.] The 7? [S: Hundreds.] The 3? [S: Tens.] So they go tens, hundreds, 
thousands? [S: Yes.] Where would the ones be? [S: Here (indicating left of the 
ones).] Show me where you'd put 6 ones in that number (3.78). [She wrote 63.78.] 
Read the number. [S: 63 and- 63 and- 63 ones and 78 thousands.] 
I: What's the 3 worth? [S: 3 hundreds.] And the 7? [S: 3 tenths.] The 7, not the 3. 
[S: Urn- she could not explain).] The 8? [S: Urn ... ] 
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All of the 9 incorrect students, with the exception ofMSP6 and MSP8, came from 
School B' and had been in the same class the previous year (see LP3 's protocol) but were in 
different classes at the time of the interview. Their responses are summarised below. (Th = 
thousands; H = hundreds; T = tens; 0 = ones; U = units; t = tenths; h = hundredths; W = 
wholes.) The response ofMSP7, unlike those of the other students, incorporated the correct 
order of the places had the decimal point been omitted, suggesting that this student may 
have had order but not position for whole numbers whereas the erratic responses from the 
other students suggested that they had neither order nor position. None of these students 
used a decimal-fraction place name at any time during this task. 
MSPI: 3 T, 7 T, 8 H (1st) 
3 T, 7 0, 8 H (2nd) 
LP4: 3 T 7 H 8 Th 
MSP5: 3 T 7 H 8 0 
LPI: 3 T7H8 U 
MSP7: 3 H 7 T 8 0 
LP3: 3 W 7 H 8 0/U 
LP5: 3 H 7 _ 8 _(couldn't name) 
PERFORMANCE ACROSS THE READING TASKS AND THE PLACE NAME TASKS 
The erratic and idiosyncratic nature of some students' knowledge of the individual 
place names and the collective place name for the decimal-fraction part of a decimal number 
is revealed by Table 4.5. (Initial syntactic responses are included.) 
Table 4.5 
Incorrect Responses Made in Tasks P2.1 and P2.3. 
Incorrect responses in Tasks P2.1 and P2.3 
Student Reading 3.78 Place names in 3.78 Reading 37.8 
MSPl 3 decimal seven eight 3T, 7T, 8H 37 decimalS hundredths or ones 
3 and 78 hundreds 3T, 70, 8H 37 and 8 ones 
MSP5 3 decimal seven eight 3T, 7H, 80 37 decimalS 
3 and 78 tenths 37 and 8 tenths 
MSP6 3 and 78 hundredths 30, 7h, 8t 37 and 8 tenths 
MSP7 3 and 78 ones 3H, 7T, 80 ND 
MSP8 3 and 78 hundredths 30, 7h, 8t 3 7 and 8 tenths 
LPl 3 point seven eight 3T, 7h, 8U 3 7 and 8 tenths 
3 and 78 tenths 
LP3 3 point seventy-eight 3W, 7H,80/U 3 7 and 8 units 
3 and 78 tenths 
LP4 3 ones and 78 thousands 3T, 7H, 8Th 37 and 8 thousands 
LP5 No response 3H, 7-,8- No response 
3 and 78 t ... h 
(couldn't decide) 
Note. Th = thousands; H = hundreds; T = tens; 0 = ones; U = units; W - wholes; t - tenths; h -
hundredths; 
As shown by Table 4.5, MSP6 and MSP8 had reversed the names ofthe decimal-
fraction places when naming the individual places in 3.78 but had read both numbers 
correctly indicating that the reversal of the names was probably a careless error. LP4 
appeared to have an error pattern because she was consistent in naming the rightmost place 
in a decimal number as "thousands". When asked where the ones would be, she indicated 
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that they would be left of the 3 in 3.78 and, to show where 6 ones would be in 3.78, she 
wrote "63. 78". 
Two students (MSPS and LPl) read both numbers as "tenths" which indicated that 
they associated "tenths" with the rightmost place in a decimal number. However, when 
naming the individual places in 3. 78, they said the 8 was called 8 ones (MSPS) or 8 units 
(LPl), responses that suggest unavailable lmowledge of the place names and a lack of 
connection between place names and the value of a decimal fraction. 
MSPl was consistent in naming the rightmost place when reading 3.78 and in 
naming the individual places but was inconsistent in that she did not then name the 
rightmost place in 37.8 the same way. For example, she read 3.78 as a number of 
"hundreds", said that the 8 was worth 8 hundreds but then read 37.8 as a number of"ones". 
This inconsistency indicated that she did not have an error pattern. Moreover, this student 
was inconsistent when naming the individual places in 3. 78 with her first attempt naming 
both the 3 and the 7 as "tens". She then corrected herself to name the places as "3 tens, 7 
ones, 8 hundreds". For both responses she associated the 8 with "hundreds" but her 
incorrect naming of the other places (3 tens, 7 ones) cannot be explained rationally and there 
is no reason to believe that she would give the same responses when presented with a 
different (but isomorphic) number such as "5 .26" or when presented with the same number 
at another time. Had she named the places as "3 ones, 7 tens, 8 hundreds", the association 
of the rightmost place with "hundreds" would have been understood as a reversal of the 
whole-number places and an attempt to invoke the symmetry model (see Section 2.2.3) on 
the decimal-fraction places. 
LP3 named the rightmost digit as "units" when reading 37.8 and when naming the 
places in 3.78. However, he named the rightmost place in 3.78 as "tenths" but made no 
reference to tenths when naming the individual places in 3.78. Like MSPS, his behaviour 
suggested erratic and idiosyncratic lmowledge that would produce different responses to 
isomorphic tasks or to the same task at a different time. This suggestion was supported by 
his responses to probing. For example, as a result of the P2 tasks, LP3 had written the 
numbers 378, 37.8 and 378.0 so that there were now four numbers (including the given 
3.78). LP3 was asked to find a number that had hundreds, then a number that had tens, then 
a number that had tenths, and then hundredths. His responses are shown in Figure 4.1. LP3 
seemed to be unaware of the discrepancy ofhis responses. 
Initial response (P2.1) 
wholes units hundreds tens hundredths tenths 
\'1/ ~l: 1 1 3.7 37.8 378.0 
Figure 4.1. LP3 's naming of the places in Task P2. 
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Two students (MSP7 and LPS) named the places in 3.78 as "3 hundreds, 7 tens, 8 
ones" which suggests that they had mentally blocked out the decimal point and had then 
read the places as though the number were 378, not 3.78. Thus these students' responses 
appeared to have a rational explanation and, in the case of MSP7, this explanation held 
when she read 3.78 as "3 and 78 ones". Had she been asked to read 37.8, it seems likely 
that she may have read it as "37 and 8 ones". However, LPl 's response to reading 37.8 
cannot be predicted because she had eventually read 3.78 as a number of tenths and then as 
a number of hundredths, neither of which place had she named as an individual place in 
3.78. When asked which name she preferred (tenths or hundredths), she said "hundredths 
because there's 3 places". This response only makes sense if she imposes the symmetry 
model so that she sees both hundreds and hundredths as having three places (including the 
ones in each sequence). 
As stated earlier, all of these students, with the exception ofMSP8 had been in the 
same class the previous year when the formal instruction of hundredths took place. Their 
erratic and idiosyncratic knowledge of the baseline date pertaining to place names and 
position raises serious issues regarding the quality of that instruction. 
COMPARISON 
In Tasks P2.2, P2.3 and P2.4, the students were required to compare numbers that 
had the same digits which were written in the same order but which had the decimal point in 
different positions. Therefore, they were being assessed on their understanding that the 
position of the decimal point can affect the value of a number. 
In Task P2.2, the students were asked to say how 378 and 3. 78 were the same and 
how they were different so this task was expected to require syntactic knowledge (i.e., 
perceptual comparisons of the digits and their order to determine sameness, and perceptual 
comparisons of the position of the decimal points to determine difference). 
In Tasks P2.2 and P2.3, the students were required to determine which of the two 
numbers was the larger in value so these tasks were expected to require semantic knowledge 
(i.e., cognitive comparisons requiring an understanding that comparing value means 
comparing the value oflike places only). 
SYNTACTIC KNOWLEDGE (SAMENESS AND DIFFERENCE) 
Sameness 
Thirty-five students (12 HP, 12 HSP, 8 MP, 3 MSP) spontaneously said that the 
digits (or numbers or numerals) were the same, 7 students (4 MSP, 3 LP) said that the 
numbers weren't the same whilst 3 students (MSP7, LP1, LPS) were unable to respond. All 
of the 35 correct said that the digits were the same but none of these students mentioned that 
the order of the digits was the same although, when probed, they agreed that it was. 
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Those students who said that the two numbers were not the same in any way 
appeared to have equated sameness with value (a semantic feature) but not with the other 
attributes of digits and order. When asked whether the digits and order were the same, they 
all agreed that they were. Their consideration of value only when making comparisons 
suggested that teaching practices focus almost exclusively on comparing numbers that have 
different digits. 
When asked, in P2.4, if378. had the same value as any of the other numbers (3.78, 
378, 37.8), all but MPl and MSPl (whose protocols are provided) quickly identified "378". 
MP1 
I: 
MSP1 
I: 
Is it the same value as any of the other numbers you've written before? [S: No]. How 
is it different from the others? [S: It's bigger.] Is it bigger than this one (378)? [S: 
No] Does it matter if we put the decimal point after a whole number? [S: No] Do 
we normally? [S: No] 
Is it the same value as any of the other numbers you've written before? [S: No]. How 
is it different from anything else you've written? [S: Because these (378) are in the, 
urn, the whole numbers and these are all the fractions (including 378.).] So how do 
you read that one (378)? [S: Three hundred and seventy-eight.] How do you read 
that one (378.)? [S: Three hundred and seventy-eight. Oh!] They're the same 
number, aren't they? [S: Yes.] Does it matter if we put the decimal point after a 
whole number? [S: No] 
Difference 
Forty-three students (12 HP, 12 HSP, 8 MP, 7 MSP, 4 LP) spontaneously said that 
the two numbers were different. Two students (MSP7, LP5) were unable to respond to the 
open question (How are they different?) or to the probe (Are they different in value?). In 
describing how the numbers were different, 36 students (12 HP, 10 HSP, 6 MP, 5 MSP, 3 
LP) indicated, either implicitly or explicitly, that there had been a change in value whilst 7 
students (2 HSP, 2 MP, 2 MSP, 1 LP) indicated that there were perceptual differences 
between the numbers. (See Table 4.6.) These categories of responses are exemplified 
through selected protocols. 
Table 4.6 
Frequency (and Mean) of Strategies Used in Determining Difference (Task P2.2) in Terms of the 
Performance Categories. 
Strategies 
Value 
Perception 
No response 
HP 
(n = 12) 
12 (100%) 
HSP 
(n = 12) 
9 (75.0%) 
3 (25.0%) 
Performance categories 
MP 
(n = 8) 
6 (75.0%) 
2 (25.0%) 
MSP 
(n = 8) 
5 (62.5%) 
2 (25.0%) 
1 (12.5%) 
LP 
(n = 5) 
2 (40.0%) 
1 (20.0%) 
2 (40.0%) 
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ExPlicit value change 
Nineteen students (5 HP, 5 HSP, 4 MP, 3 MSP, 2 LP) spontaneously referred to one 
number being either larger or smaller than the other. (Protocols which exemplify this type 
of response are provided.) Sixteen of the students correctly selected 378 as the larger 
number and could support their selection. One student (MSP5) correctly said that 378 was 
larger than 3.78 but, because of his lack oflmowledge of the places names (revealed in Task 
P2.1 ), his response could not be given credence so his response was probed. The 2 LP 
students (LP3, LP4) selected the incorrect number. The protocols of these. three students 
will be provided in the next section (Semantic knowledge) where the students' ability to 
make value comparisons are examined 
HP2 
S: That's (378) more. This (378) is hundreds and this (3.78) is wholes and hundredths. 
MP2 
S: That one's (378) bigger. 
LP3 
S: That's (378) smaller (after a pause). [I: How do you lmow?] Because the 3 (in 378) 
is not whole. [I: How do you lmow it's not a whole number?] Because it doesn 't 
have a decimal point there. 
Implied value change 
Seventeen students (7 HP, 5 HSP, 2 MP, 2 MSP, 1 LP) gave responses that were 
inferred as indicating a value change although 3 of these students (HP7, HPlO, HSP3) were 
initially thought to have been focusing on perceptual differences. All17 responses were 
clarified by asking the students if they were saying that the numbers were a different size or 
that they looked different. All of these students said that they had a different size and all 
identified 378 as the larger of the two numbers. Protocols which exemplify this type of 
explanation are provided. 
HPl That's (378) 378 whole numbers and that's (3.78) only 3. 
HP7 
S: Um, it's -the whole number, like has moved up two places forward and the decimal 
point would have to be behind the eight because it's moved up. 
HPlO 
S: Well, 378 whole numbers-that's (the 3 in 3.78) a whole number and that's (.78) a 
fraction. 
HSP7 
S: They're (378) all whole numbers and they (3.78) aren't. 
MP5 
S: It's (378) got 3 hundred. 
Perceptual difference 
Of the 7 students whose responses indicated a focus on the perceptual difference 
between the two numbers, 4 (HSP5, MPl, MP3, LPl) referred to the omission or insertion 
of the decimal point. When asked if these numbers were different in value, all but the LP 
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student said that 378 was larger than 3.78. LPl said that 378 was smaller but was unable to 
give a reason for her choice. The remaining 3 students (HSPlO, MSP2, MSP3) gave other 
responses that could have been implying a change of value but, when asked if the numbers 
were different in value or whether they looked different, they said that the numbers looked 
different. These 3 students were then asked if the numbers also had a different value to 
which they all said that 378 was larger than 3.78. The protocols of all 7 students are 
provided. 
HSP5: Because that's got the decimal point. 
HSPlO: There's not tenths or hundredths. 
MPl: It doesn't have a decimal point. 
MP3: Because it doesn't have a decimal point. 
MSP2: Because that's got a decimal point and it means there's only one whole number 
and two fractions and this is all whole numbers. 
MSP3: It hasn't got a decimal point and it's got whole hundreds. 
LPl: There's no decimal point. 
SEMANTIC KNOWLEDGE (VALUE) 
Table 4.7 provides a summary of the students' correctness and incorrectness in 
selecting the larger of two given numbers in Tasks P2.2 (378, 3.78) and P2.3 (3.78, 37.8) 
and reveals that errors of value comparison were made by the MSP and LP groups only. 
Table 4.7 
Frequency (and Mean) of Correct Response to Value Comparisons (Tasks P2.2 and P2.3) in Terms of 
the Performance Categories. 
Performance categories 
HP HSP MP MSP LP 
Responses (n = 12) (n = 12) (n =8) (n= 8) (n = 5) 
378, 3.78 (P2.2 12 (100%) 12 (100%) 8 (100%) 6 (75.0%) 1 (20.0%) 
37.8, 3.78 (P2.3) 12 (100%) 12 (100%) 8 (100%) 7 (87.5%) 3 ( 60.0%) 
With respect to Task P2.2, 40 students (12 HP, 12 HSP, 8 MP, 7 MSP, 1 LP) 
correctly selected 378 as the larger of the two numbers, 3 students (3 LP) selected 3.78 as 
the larger of the two numbers whilst 2 students (MSP7, LP5) were unable to make a 
selection. The most common explanations for selecting the correct number were to compare 
the whole numbers (378, 3) or to compare the value of the "3" in each number (3 hundreds, 
3 ones). However, one student (MSP5) who had selected the correct larger numbers could 
not support his selection. His protocol reveals that he had no knowledge of the place names 
(also elicited from Task P2.1 ). The 3 LP students , whose protocols are also provided, 
selected the incorrect number because of an inability to compare abstract numbers (LPl), a 
lack of understanding of the role of the decimal point (LP3) or a lack of place value 
knowledge (LP4). 
MSP5 
S: 
I: 
LPl 
S: 
LP3 
S: 
LP4 
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That's (378) larger. 
What's the 3 worth here {378)? [S: Hundreds.] And the 7? [S: Tens.] And the 8? 
[S: Ones.] And over here (3.78)], the 3 is 3 what? [S: Tens.] 7? [S: Hundreds.] 8? 
[S: Ones.] 
That's (3 78) smaller. [I: How could you convince me that it's smaller?] (No 
response) [I: What would you rather have- 378 dollars or 3 dollars?] $378. [I: So 
is that number (378) larger or smaller than that (3.78)?] Larger. 
This (378) is smaller. [I: How can you tell?] Because the 3 (in 378) is not whole. [I: 
How do you !mow it's not a whole number?] Because it doesn't have a decimal 
there. 
S: That one (pointing to 3.78) is bigger. [I: How do you !mow it's bigger?] Because 
that one (3.78) is 3 tens and 78 thousands and that one (378) is three hundred and 
seventy-eight. 
With respect to Task P2.3, the most common explanation for selecting 37.8 as the 
larger number was that 37.8 had "more whole numbers" than 3.78. Three students (1 HSP, 
2 MP) said that 37.8 had more whole numbers and more tenths, a comparison technique that 
unnecessarily involved the decimal-fraction places. Another student (HSPl) said that 37.8 
had "tens but no hundredths" which suggested that he made a perceptual comparison rather 
than a value comparison. However, because these four students had performed very well on 
the test item related to comparing decimal numbers (Item All), their responses were taken 
to be an artefact of the visual similarity of the two particular numbers (3. 78, 3 7 .8) or to the 
interview procedure ( in which some students tend to give more detail than they commonly 
would). 
Whilst most students compared the numbers from a static perspective (i.e., they 
tended to think of the two numbers as two distinct entities), 2 students (HP5, MSP4) seemed 
to make their comparison from a dynamic perspective (i.e., they seemed to think of one 
number as resulting from a change to the other) as revealed by their explanations: the 7 has 
moved up a place (HP5); the decimal point has moved back one (MSP4). These two 
students seemed to be aware that the new position of the decimal point altered the value of 
the original number and that digits become larger in value as they move towards the left. 
Ofthe 3 incorrect students (MSP7, LP4, LP5), 2 (MSP7, LP5) were unable to make 
a selection whilst LP4 said that 37.8 was smaller than 3.78 :because "it's (the 7) not in the 
thousands place any more - it's in the hundreds place", again revealing her lack of 
understanding of place value. 
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PERFORMANCE CATEGORIES 
Table 4.8 provides an overview of the students' correct responses to Task P2 and 
reveals that, with respect to identifying (reading) numbers in symbolic form, there was no 
difference between the high-performing (HP, HSP, :MP) and low-performing groups (MSP, 
LP) for whole numbers. The LP students seemed to put off by the decimal point after the 
whole number (378. in Task P2.4), a syntactic feature of the symbolism. 
Table 4.8 
Frequency (and Mean) of Correct Response Categories to the Components of Task P2 in Terms of the 
Peiformance Categories. 
Performance categories 
HP HSP MP MSP LP 
Responses (n = 12) (n = 12) (n = 8) (n = 8) (n = 5) 
IdentifiQation 
Whole numbers 
Spontaneous 
-378 12 (100%) 12 (100%) 8 (100%) 8 (100%) 5 (100%) 
-378. 12 (100%) 12 (100%) 8 (100%) 8 (100%) 5 (100%) 
Fraction names 
3.78 (P2.1) 
- Spontaneous 11 (91.7%) 8 (66.7%) 8 (100%) 4 (50.0%) 1 (20.0%) 
-Probed 11 (91.7%) 11 (91.7%) 4 (50.0%) 2 (40.0%) 
37.8 (P2.3) 
- Spontaneous 12 (100%) 11 (91.7%) 8 (100%) 6 (75.0%) 2 (40.0%) 
-Probed 11 (91.7%) 6 (75.0%) 2 (40.0%) 
Place names 
3.78 
- Spontaneous 12 (100%) 12 (100%) 8 (100%) 3 (37.5%) 1 (20.0%) 
-Probed 3 (37.5%) 1 (20.0%) 
~QmJ;!ari~on~ 
Sameness (P2.2) 
Spontaneous 12 (100%) 12 (100%) 8 (100%) 3 (37.5%) 0 (00.0%) 
-Digits 12 12 8 3 
-Order 
Probed 7 (87.5%) 3 (60.0%) 
-Digits 7 3 
-Order 
Difference (P2.2) 
7 (87.5%) 4 (80.0%) Spontaneous 12 (100%) 12 (100%) 8 (100%) 
-Value 12 10 6 5 3 
- Perception 2 2 2 1 
Value 
Spontaneous 
-378, 3.78 (P2.1) 12 (100%) 12 (100%) 8 (100%) 6 (75.0%) 1 (20.0%) 
- 37.8, 3.78 (P2.3) 12 (100%) 12 (100%) 8 (100%) 7 (87.5%) 3 ( 60.0%) 
However, there were performance differences when reading decimal numbers. For 
example, Table 4.8 shows that all but the LP students were proficient at reading tenths but 
only the HP and MP students were proficient at reading hundredths. However, probing 
revealed that the HSP students had made careless errors but the lower-performing students 
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(MSP and LP) had knowledge errors. Therefore, this aspect of the task differentiated 
between the high- and low-performers as did the naming of the individual decimal-fraction 
places in Task P2.1. 
With respect to comparisons, the high-performing students were able to identify 
similarities and differences whereas the lower-performing groups were more able to detect 
differences than similarities, possibly because determining differences involved both value 
and perceptual attributes whereas determining similarities involved perceptual differences 
(digits, order). However, no student considered order when making judgments of similarity. 
Making value comparisons of a whole number and a decimal number (378/3.78-
Task P2.2) and of two decimal numbers (37.8/3.78- Task P2.3) differentiated between the 
HP, HSP, MP, MSP categories and the LP category. 
In summary, Task P2 revealed knowledge differences between the HP, HSP, MP, 
HSP categories and the LP category for all tasks involving decimal numbers. 
Task P2 also revealed knowledge differences between the high-performing 
categories (HP, HSP, MP) and the low-performing (MSP, LP) categories in identifying 
fractions, in identifying place names and in making comparisons to determine similarity. 
Task P2 also revealed that, within the high-performing categories, identifying 
fractions differentiated between the HP, MP and HSP students. Although probing revealed 
that the HSP students had probably made careless errors, nevertheless this aspect of Task P2 
assessed elementary baseline knowledge which should have been automated at this stage of 
their learning cycle. 
This task had implications for teaching which will be discussed in Chapter 6. 
4.3.3 TASK P3 -DIFFERENTIATING DECIMAL PLACES 
Task P3.1 You called this one (37.8) tenths. Could you have called it tens? Why? 
[You called this one (3.78) hundredths. Could you have called it hundreds? 
Why?] 
Task P3.2 When you were starting to learn about tenths, did you ever get confused with 
tens and tenths? How did you work out which was which? [Repeat for 
hundreds/hundredths ifltems lb and ld in Part A of the test were incorrect.] 
Task P3.3 Do you get tenths and hundredths mixed up? How do you remember which is 
tenths and which is hundredths? 
Objectives: (i) To determine whether the students can differentiate the similar-sounding 
whole-number and decimal-fraction place names (i.e., tens and tenths 
hundreds and hundredths and, if so, how they remember which is which; 
(ii) To determine whether the students confuse the names of the first two 
decimal-fraction places and, if not, how they remember which is which. 
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Materials: Tasks P1 and P2. 
The results of the P3 tasks will be reported on under the headings, tens/tenths, 
hundreds/hundredths, and tenths/hundredths. In the tens/tenths section, the pertinent 
aspects of Tasks P3 .1 (present knowledge) and P3 .2 (early learning experiences) will be 
combined. Similarly, the pertinent aspects ofTasks P3.1 and 3.2 will be combined in the 
hundreds/hundredths section. Task P3.3 will be discussed entirely in the tenths/hundredths 
section. 
Several students (2 MSP, 3 LP) were not given one or more of the three tasks, 
generally because Tasks P1 and P2 had already elicited the problems they had with place 
names. 
TENS/TENTHS 
Table 4.9 provides a summary of the students' responses to the tens/tenths 
components of Tasks P3.1 and P3.2. 
Table 4.9 
Frequency of Responses to the Tens/Tenths Component of Tasks P3.1 and P3.2 in Terms of the 
Performance Categories. 
Performance categories 
HP HSP MP MSP LP 
Responses (n = 12) (n = 12) (n=8) (n= 8) (n=5) 
TaskP3.1 
-No 11 12 8 4 
-Yes 2 
-Sometimes 1 
-Unsure 1 
-Not asked 1 1 2 3 
TaskP3.2 
-No 4 6 6 1 
-Yes 4 4 3 1 
-Sometimes 3 1 1 2 2 
-Not asked 1 1 1 2 2 
With respect to Task P3.1 (assessing present knowledge), 92.3% of the students said 
that tenths could not be called tens, 5.1% of the students said that tens could be called 
tenths, whilst 2.6% ofthe students said that tens could sometimes be called tenths. 
However, because ofhis poor understanding of the place names (elicited from Task 
P2), one of the correct students, MSP5, was asked to show where the tenths were in 3.78. 
He pointed to the 7, then the 8 and then to the 7 again. When asked which one, he pointed 
to the 7 then the 3. When asked to show where the tens place was in 3.78, he pointed to the 
7. Thinking that he may not have heard the name correctly, he was shown the tens card and 
asked to show the place shown on the card. He pointed to the 7. Two possible suggestions 
are offered to explain this behaviour, namely: (a) he is not aware of his problem with tens 
and tenths, or (b) he was embarrassed to admit that he had a problem. The protocols of the 
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3 students who said that tens could sometimes be called tenths or who said that tens could 
be called tenths are provided. 
MSP4 
S: Sometimes I do it; sometimes you can just block out that decimal. 
LPl 
I: You called this one (37.8) tenths. Could you have called it thirty-seven and eight 
tens? [S: Yes.] They're sometimes hard to hear so I'm going to put out these cards 
and you can show me which name you mean. Could you have called this (37.8) 37 
and 8 tens (pointing to the tens card)? [S: Yes] Show me which card (jumbling the 
name cards) has the name of that 8 (in 37.8). [She selected the tenths card.] They 
have exactly the same value? [S: Yes] Then why do they have different names? [S 
(after a very long pause): That one's (tenths card) you said, fractions, and this (tens 
card) is just a normal number.] Can they represent the same number if they're doing 
differentjobs? [S: Yep.] 
LP2 
I: You called this one (37.8) tenths. Could you have called it thirty-seven and eight 
tens? [S: Yes] You could have tens and tenths -it doesn't really matter what you 
say? [S: No] You sure? What's this place here (the 7 in 3.78)? [S: Tens.] 
Both LPl and LP2 had read 37.8 as "37 and 8 tenths" (Task P2.3). LPl had read 
3.78 as "3 and 78 tenths" and had named the individual places in 3.78 as "3 tens, 7 
hundredths, 8 units". Therefore, LP1 's response was in keeping with her impoverished 
knowledge of the place names. However, LP2 had read 3.78 correctly and had named the 
individual places in 3.78 correctly so it is difficult to understand why LP2 now named the 7 
in 3.78 as tens and not tenths, particularly as, in this task (P3.1), care was given to sound the 
places names, tens and tenths, very clearly. 
The 3 3 students ( 11 HP, 10 HSP, 7 MP, 5 MSP) who had said that tens could not be 
called tenths were then asked to give a reason for their response and their explanations were 
classified as semantic, syntactic or inappropriate. However, these categories were formed 
on the basis of the explanations that the students accessed at the time of the interview and 
are not meant to indicate the full range of knowledge available to the students. For 
example, those students who accessed semantic explanations may have had syntactic 
explanations available but chose not to access them. Similarly, those students who gave 
syntactic explanations may have had semantic explanations available but chose not to access 
them on this occasion. 
Semantic explanations included those that referred to the part/whole notion, the 
relative values of the places or the relative positions of the places. Those which referred to 
the part/whole aspect of tenths and tens were thought to represent more expert knowledge 
than the other types of semantic explanations because they defmed the difference in terms of 
their relationship to the unit. However, this does not mean that those students who referred 
to value or position did not also know the part/whole relationship. Syntactic explanations 
included those that referred to the decimal point or to the sound difference in tens/tenths. 
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Inappropriate responses were those that could not be classified as being either semantic or 
syntactic. Protocols exemplifying these types of explanations will be provided. 
Table 4.10 provides a summary of the types of explanations given by those students 
who had said, in Task P3 .1, that tens could not be called tenths and reveals that the majority 
of the students (84.8%) gave a semantic explanation, 6.1% of the students gave a syntactic 
explanation whilst 9.1% of the students gave inappropriate responses. 
Table 4.10 
Frequency (and Mean) of Response Categories to TaskP3.1 in Terms of the Peiformance Categories. 
Responses 
Semantic 
- part/whole 
-position 
-value 
Syntactic 
- decimal point 
-t-h 
Inappropriate 
HP 
(n = 12) 
10 (90.9%) 
3 
6 
1 
1 (09.1%) 
1 
Notasked 1 
HSP 
(n = 12) 
8 (80.0%) 
7 
1 
1 (10.0%) 
1 
1 (10.0%) 
2 
Note. t-h =sound or spelling difference. 
Semantic explanations 
Performance categories 
MP 
(n = 8) 
7 (100%) 
2 
5 
MSP 
(n = 8) 
3 (60.00%) 
1 
2 
2 (40.0%) 
1 3 
LP 
(n=5) 
5 
Six students (3 HP, 2 MP, 1 MSP) referred to the part/whole aspect of tens and 
tenths, for example: Because tenths is part of a number and tens are whole (HPl); ten is a 
whole number and that's (the 8 tenths) behind the decimal point which means it's a fraction 
(HP7); it's (8 tenths) part of a number (HP8); tens is a whole number and tenths is a 
fraction (MPJ); tens is a whole number (MP5 and MSP3). 
Two students (HPlO, HSPlO) indicated that 37 and 8 tens would alter the value of 
the number, 37.8, for example: Because 37 and 8 tens would be like expanding -like 
adding the 8 tens (HPlO); because then that (37.8) would be a bigger number (HSPlO). 
Twenty students (6 HP, 7 HSP, 5 MP, 2 MSP) referred to the position of the tens 
place, for example: The 3 is the tens (HP2); because that's (the 8 tenths) not tens, that 
house (the 3 in 37.8) is (HP11); because tens are over there and the tenths are here (HSP8). 
Syntactic explanations 
One student (HP12) referred to the decimal point (because it's got a decimal point 
in it) whilst another student (HSP6) referred to the sound difference in tens/tenths (because 
they sound different -you have to have the "t-h-s" on the end of the word). 
Inappropriate explanations 
Tirree students (HSP11, MSP4, MSP8) gave inappropriate responses, for example: 
Because that's (the 8 tenths) below zero and ones -it doesn't make it tens (HSPll); 
because sometimes you can just block out the decimal (MSP4 -the student who had said 
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that sometimes 8 tenths could be called 8 tens). The other incorrect student (MSP8) could 
not give an explanation. 
EARLY LEARNING EXPERlENCE 
Table 4.9 revealed that 44.7% of the students said that they hadn't confused tens and 
tenths when first learning about tenths, 31.6% said that they confused the places whilst 
23.7% said that they sometimes confused the places. Thus 55.3% of the students had 
experienced some confusion between the similar-sounding place names. However, Table 
4.8 revealed that 80% of the students correctly identified the 7 in 3. 78 as tenths whilst Table 
4.9 revealed that 92.3% of the students categorically stated that tens could not be called 
tenths. Therefore, in the intervening time between the introduction to tenths (Year 4) to the 
time of the interview (early Year 6), the students had learnt to accommodate the similar-
sounding names. 
Probing the students' responses elicited that the "t-h" on the end of tenths was a 
crutch for some students (1 HP, 3 HSP, 2 MP) but a problem for others (4 HP, 4 HSP, 4 
MSP, 1 LP). Probing also revealed that the main problem-solving strategy used by those 
students who had a problem with the aural difference was to "listen hard". 
Not confused 
Of the 17 students who said that they hadn't been confused by tens and tenths when 
they were first learning about tenths, 12 (4 HP, 6 HSP, 2 MP) were asked why they hadn't. 
Six (HP8, HSP10, HSPll, HSP12, MP1, MP5) of these students said that they used the "th" 
in tenths to help them differentiate although some of them said that they sometimes had a 
problem hearing the difference between tens and tenths. For example, HSP10 said that it 
was a problem "when we were doing tests and they (teachers) used to say it very quickly". 
Five (HP2, HP11, HSP2, HSP7, HSP8) of the students associated the position in relation to 
the decimal point: HP2 and HP11- tens are on that side (indicating left of the decimal 
point); HSP2- tenths would be next to the decimal point, like right after it; HSP7 -I know 
there's a decimal point with tenths; HSP8 -I just remembered the point. One student (HP7) 
again repeated his part/whole reference (Task P3 .1) to tens and tenths 
Confused/Sometimes confused 
Twenty-one students (7 HP, 5 HSP, 1 MP, 5 MSP, 3 LP) admitted that they had had 
a problem in differentiating between tens and tenths when they were first introduced to 
tenths. When asked to explain why, the tone of their responses indicated that it was a relief 
to talk about the problem. The responses of the students who had said they were sometimes 
confused were generally more vague than the responses given by those students who 
recognised that they had had a problem. 
Thirteen students (4 HP, 4 HSP, 4 MSP, 1 LP) said it was because the two names 
were difficult to distinguish aurally. All the protocols are provided because, although the 
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students shared a similar problem, the source of the problem and the method of overcoming 
it were different for some students. 
HPl 
S: Yes. [I: What mixed you up?] The way you say them -tens and tenths. [I: So 
they're hard to hear?] Yes. [I: How are they different to look at?] Tens has no 
decimal point but tenths has. [I: And if you write it in words, how are they 
different?] Tenths has "ths ". 
HP3 
S: Sometimes. [I: What was the problem?] It was hard to hear them. [I: How did you 
sort them out?] !just tried to learn it. 
HP4 
S: Yes. [I: What part confused you?] I thought that (pointing to the tens card) was the 
same as that (the tenths card). 
I: Because you couldn't hear the "t-h" (spelling, not sounding) on the end? [S: Yes] 
Did you know the sizes were different? (No response). What sort of things did you 
use to help you remember that? 
S: We had these -like, in Grade 5, last year, we had these like little things ... we had 
these slips and you could move it along and you saw the 8 tens and tenths and 
numbers like that. 
I: But you only saw the digits moving? You didn't have a picture of what 8 tenths 
looked like? [S: No] Did you use MAB when you were looking at whole numbers? 
[S: Yes] So you would know what 8longs looked like to make 8 tens? [S: Yes] 
HPlO 
S: Definitely. [I: How did you sort it out?] Well, !just sort of ... the tens and the 
tenths, I just remembered to look for the "th" (sounding, not spelling) in the words. 
I: And what if somebody said it to you? [S: I just had to listen hard.] 
HSPl 
S: I think I might have once or twice. [I: What was the problem?] The way they 
sounded. [I: How did you sort them out?] I just kept going over them because we 
did a lot of work on them and I eventually got them right. [I: Did you think, like tens 
on this side, tenths on that side?] Oh, no, I just had to copy them and work them out 
for myself. [I: So sometimes you probably made errors because you weren't quite 
sure ofthe difference between tens and tenths?] Yes. 
HSP3 
S: Yes, yes! [I: What was the problem for you?] I was used to hearing on television 
and everywhere when people were talking about fractions, that they, like said "point" 
and then the number and we were starting learning about hundredths and tenths and I 
was getting confused in, um what -how they were the same because they were said 
differently. 
I: Did you have trouble hearing the difference? [S: Yes.] What did you do? 
S: Well, the -I just learnt them a lot and we got some homework and the tenths were 
sort of not worth as much as the tens so I just put it in my mind that the tenths were 
not worth as much as the tens. 
I: Did that mean they had to go to the right of the decimal point or the left of the 
decimal if they weren't worth as much? [S: Yes. Say, in money, the tens are after 
the decimal point and the cents are on the other side.] 
HSP5 
S: 
HSP6 
S: 
MSP2 
S: 
MSP3 
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Urn, yes. [I: Why do you think that was?] Because they sounded the same except for 
the "t-h ". They'd say it and I'd think it was the other one. It's really hard to hear 
when people say it. It isn't so bad when it's written down. 
Yes. [I: What was the problem for you?] Because they sounded the same. 
sounded so much like tens and I kept getting them muddled up. 
The tenths 
Yes. [I: What was the problem for you?] Because of the way they sounded. [I: And 
what did you do to sort that out?] Oh, it was a bit bad in Year 4 but the teacher in 
Year 5 has helped me with pronouncing them. 
S: Sometimes they were hard to hear. [I: How did you sort them out?] I learnt that the 
tenths came one after the decimal point -was the first number after the decimal 
point. [I: Was it easier to see it than it was to hear it?] Mm. 
MSP6 
S: Yes. [I: What was the problem for you?] They were a bit hard to hear. [I: How did 
you remember which was which?] !just thought that "tenths is the bigger word and 
it's less". 
I: That's interesting. Sometimes it's hard to hear which is which, isn't it? [S: Yes] 
What about when you write the number? Write 6 tens and 6 tenths. (She wrote 6.6.) 
Read what you've written. [S: 6 tens and 6 tenths.] How do I know that that's (the 6 
ones) 6 tens? [S: Because there's a dot ... oh!. (She then inserted the 0 ones).] 
MSP8 
S: Yes! [I: What was the problem for you?] I'm not sure really. [I: Was it because it 
was hard to hear?] Yes, sometimes. 
LPI 
S: (She nodded her head.) [I: What was the problem for you?] I don't know. [I: Did 
you find it difficult to hear which was which?] Uh-huh (indicating a positive 
response). [I: So maybe you started to think they were the same thing?] Uh-huh 
(again indicating a positive response). 
Two students (2 LP) intimated that they had a problem with the symmetry 
(imbalance) of the positions of tens and tenths away from the decimal point, 
LP2 
S: Sometimes I did and sometimes I didn't. [I: Have you sorted them out now?] Yes. 
I: Write that number (6 tens and 6 tenths in Task P4.6). [He wrote 6 . 6] What are 
these big gaps for? [S: I always write them like that.] How come? [S: I don't 
know.] Because most people wouldn't leave that big space there, would they? [A: 
No. Sometimes I put big spaces ifi need to do some working.] 
LP3 
S: Sometimes. [I: What do you think the problem was?] The numbers before the dots 
(pointing to the 3 in 3.78). [I: On this side (left of the decimal point)? Do you find 
them more of a problem than the numbers on that side (fractions)?] Yes. [I: So how 
are you trying to help yourself remember which is which?] I can remember that that 
one's a whole. [I: Which one?] That one before the decimal point (the 3 in 3. 78) 
and the ones behind the decimal point are not wholes, they're ... 
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One student (HP6) had a problem remembering which position went to the right of 
the decimal point but her problem seemed to stem from the aural similarity of the names. 
Four students (1 HP, 1 HSP, 1 MP, 1 MSP) couldn't remember what the problem was. 
HP6 
S: Memorised it. [I: How?] Well, at school, we just kept doing it over and over. 
I: So, what do you think now? If somebody says tenths, what do you think in your mind? 
[S: It's sort of like zero point one.] So it comes straight after the decimal point, is 
that how you work it out? [Yes] 
HP12 
S: I- that's a tricky question! Um -I can't remember really. [I: Did you have trouble 
hearing the difference?] Sometimes. [I: When you write a number, how do you 
remember which are tens and which are tenths?] Well, I don't really have anything. 
HSP9 
S: I think so. [I: What was the problem?] I can't remember. [I: How did you sort 
them out?] I can 't really remember. 
MSP4 
S: No - oh, maybe sometimes. Kind of like it was and then it wasn't. Like, when I first 
started off, I kind of got half of them and the other half I wasn't quite sure of them. [I: 
How did you sort them out?] My teacher just normally set some for home and I kept 
doing them. 
MP8 
S: Sometimes. [I: What was the problem?] I don't know; I kind of remembered but-
HUNDREDS/HUNDREDTHS 
Table 4.11 provides a summary of the responses for the hundreds/hundredths 
component ofTask P3.1. 
Table 4.11 
Frequency (and Mean) of Responses to The Hundreds/Hundredths Component of Tasks P3.1 in Terms 
of the Peiformance Categories. 
Performance categories 
HP HSP MP MSP LP 
Responses (n = 12) (n = 12) (n= 8) (n= 8) (n = 5) 
Responses 
-No 7 (100%) 7 (100%) 5 (100%) 1 (100%) 
-Yes 
-Sometimes 
-Not asked 5 5 3 8 4 
Explanations 
Semantic 4 (80.0%) 5 (71.4%) 3 (100%) 
- Part/Whole 2 1 
-Position 2 4 
-Value 3 
Syntactic 1 (14.3%) 
- Decimal point 1 1 (100%) 
-t-h 1 (20.0%) 
Inappropriate 1 (14.3%) 
Not asked 7 5 5 8 4 
Note. T-h =sound or spelling difference. 
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Fewer students were given the hundreds/hundredths components ofTasks P3.1 and 
P3.2 because their responses and explanations given in the tens/tenths components had 
provided insight into the major obstacle (aural similarity) in accommodating the decimal-
fraction places into the decimal number system. 
Table 4.11 reveals that 100% of the students said that hundredths could not be 
called hundreds and also reveals that the students gave similar explanations to those that 
were given for the tens/tenths components. 
EARLY LEARNING EXPERIENCES 
Table 4.12 provides the responses to whether the students ever confused hundreds 
and hundredths when they were first learning about hundredths (Task P3 .2) and the 
explanations given, if asked, for their confusion or lack of confusion. 
Table 4.12 
Frequency (and Mean) of Responses for the Hundreds/Hundredths Component of Task P3.2 in Terms 
of the Peiformance Categories. 
Performance categories 
HP HSP MP MSP LP 
Responses (n = 12) (n = 12) (n=8) (n= 8) (n= 5) 
Responses 
-No 7 (87.5%) 2 (25.0%) 5 (83.3%) 2 (50.0%) 1 (50.0%) 
-Yes 2 (25.0%) 1 (25.0%) 1 (50.0%) 
-Sometimes 1 (12.5%) 4 (50.0%) 1 (16.7%) 1 (25.0%) 
-NA 4 4 2 4 3 
Explanations 
-Sound 1 3 1(./) 
-Position 2 (./) 1 (./) 
-Symmetry 
- Part/whole 
-Can't remember 
- Knew tenths 2 (./) 1 (./) 2 (./) 1 (./) 
-Not asked 3 4 4 1 1 
Note. ( ./) = "not confused" responses. 
Not confused 
Of the 17 students who said that they didn't confuse hundreds and hundredths, 10 (4 
HP, 1 HSP, 2 MP, 2 MSP, 1 LP) were asked to explain their responses. Six of these 
students (HP10, HP12, MP3, MSP2, MSP6, LP2) said it was because they had sorted out the 
problem with tens and tenths. This type of explanation is exemplified by HP 10' s 
explanation: By the time I got to hundredths, I already knew about tenths. Two students 
(HP6, HP11) said that they memorised the position ofhundredths after the decimal point. 
This strategy was also inferred from the response given by another student (HSP 11) who 
had said that she didn't get confused with hundreds and hundredths because her class made 
mobiles with decimal numbers, thus providing her with a visual aid that would enable her to 
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remember the position of hundredths and to see, rather than hear, the aural difference. One 
student (MP5) listened for the "t-h". 
Confused/Sometimes confused 
When asked to explain their responses, 6 students (HP7, HSP6, HSP7, HSP9, 
HSPlO, 1 LP) said it was because the two names were difficult to distinguish aurally, 
although LPl said that differentiating hundreds and hundredths was not as much of a 
problem as differentiating tens and tenths had been. However, her response cannot be given 
much credence as she had been unable to read 3.78 and name the places (Task P2.1). 
HP7 and HSP7 had not had a problem in differentiating the aural difference of tens 
and tenths whilst HSPlO had actually used the aural difference to help him remember which 
was tens and which was tenths. Their protocols are provided. The protocol of HP7 reveals 
that he has developed a strategy of inserting the decimal point after the digits have been 
written. That is, he does not insert the decimal point in order from left to write when 
writing a decimal number. 
HSP7 
S: Sometimes because sometimes I didn't know if it was "th" at the end. 
I: What about ten and tenths, wasn 't that the same problem? I mean if someone said to 
you write me a number of tenths, did you find yourself thinking, now I wonder if they 
mean tens or tenths? [S: No, because after tenths, they always used to got ten~ 
(stressing the "th" sound).] So just when you were first learning about it but when 
you got to hundredths they thought you knew what to listen for? [Yes] 
HSPlO 
I: Sometimes. [I: Why do you think that might be?] Because they both sound the same. 
[I: They sound more alike than tens and tenths?] Yes. 
HP7 
S: A bit. [I: Why do you think that happened?] I don't know. [I: Do you still get them 
mixed up?] No. [I: How did you sort out which was which?] Hundredths had the 
"t-h-s" on the end so I just, whenever I heard "hundredths", I put it straight behind 
the tenths. I wrote the number and then figured out where to put the decimal point. 
One student (MSP3), whose protocol is provided, seemed to be confused by the lack 
of symmetry of the place names if the decimal point is considered to be the point of balance. 
MSP3 
I: What about hundreds and hundredths -did you ever get them mixed up? [S: A lot of 
the time] Why was that, do you think? [S: Because the hundredths was still further 
back- was a couple of spaces further back from the decimal.] I think I know what 
you mean -like that number there (400.04)? [S: Yes.] Read that number. [S: Four 
hundred and 4 tenths- 4 hundredths.] So on this side you need three digits to write 
the hundreds but you only need two digits to write the hundredths on this side. Was 
that your problem? [S: Yes] 
One student (HSP9) didn't know the problem and couldn't remember how he learnt 
to differentiate between the two names. 
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TENTHS/HUNDREDTHS 
Twenty-two students (3 HP, 6 HSP, 7 MP, 4 MSP, 2 LP) were asked whether they 
confused tenths and hundredths (Task P3.3). However, only 15 (4 HP, 5 HSP, 5 MP, 1 
MSP) of the 22 students were asked why they did or didn't confuse tenths and hundredths. 
Table 4.13 provides the students' responses and the strategies they utilised in remembering 
the positions. 
Table 4.13 
Frequency (and Mean) of Responses/Strategies Given in Task P3.3 in Terms of the Peiformance 
Categories. 
Performance categories 
Responses/ HP HSP MP MSP LP 
Strategies (n = 12) (n = 12) (n= 8) (n = 8) (n = 5) 
Responses 
-No 2 (50.0%) 5 (71.4%) 5 (71.4%) 2 (40.0%) 1 (100%) 
-Yes 2 (28.6%) 1 (20.0%) 
-Sometimes 2 (50.0%) 2 (28.6% 2 (40.0%) 
-Not asked 8 5 3 4 
Strategies 
-Symmetry 2 (1-/) 
-Position 4 (2-/) 2 (-/) 1 (-/) 
-Memorised 1 (-/) 3 (1-/) 
-Other 1 (-/) 
Note. ( -/) ="not confused" responses. 
Symmetry 
The students who used this strategy intimated the balance, either of the positions or 
the names, of hundreds, tens, tenths, hundredths as revealed by their protocols. 
HSP11- not confused 
S: No, because tens comes before hundreds (pointing from right to left) and tenths come 
before hundredths (pointing from left to right). 
HSP9 - sometimes confused 
I: Have you sorted them out now? [S: Yes.] How do you remember which is which? 
S: That side (whole numbers), it goes tens and gets higher. [I: What do you mean by 
"higher?] Well, it goes tenths and hundredths and this (whole numbers) goes zero-
no, ones, tens, hundreds. 
Position 
This strategy related the positions to the decimal point (i.e., one or two places to the 
right of the decimal point) and was implied by 5 students (3 HP, 1 HSP, 1 MP). 
HPl- not confused 
I: What about tenths and hundredths -do you get them mixed up? [S: No; I just see a 
little thing like (drawing vertical lines in the air).] Do you mean a place value chart 
like this (showing the chart prepared for the interview)? [S: Yes.] 
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HPll- not confused 
I: What about tenths and hundredths -do you get them mixed up? [S: No, not really, 
because like, this is the tenth's house and this is the hundredth's house.] 
HSPS - not confused 
I: How do you remember which is tenths and which is hundredths? [S: Urn, cos tenths 
are in after the decimal point before hundredths.] And yet when you had to read that 
number (3.78),you had a bit oftrouble. Why was that? [No response] Remember 
when I asked you to read that and you said "3 and 78 fractions"? [No response] 
HSPlO- not confused 
I: What about tenths and hundredths -do you get them mixed up? [S: No, because 
they're different numbers.] Do you mean because they don't sound alike like 
hundreds and hundredths do? {S: Yes.] So ho do you remember which is tenths and 
which is hundredths? [S: Tenths come before hundredths.] 
MP6 - not confused 
S: The hundredths, usually there's two numbers with a decimal point. 
HPS - sometimes confused 
S: Well, um ... sometimes I thought that the tenths were hundredths cos there was no 
number after it. [I: What do you mean, "there was no number after it"?] After the 
tenths; I thought it was hundredths sometimes. 
I: Like this number (37.8), do you mean? [S: Yes] Tell me with this number how you 
used to get mixed up. [S: I got confused whether it was tenths or hundredths.] How 
did you manage to sort that out? [S: Well, I found out I had to have another number 
after it (tenths) to have hundredths.] So how many places do you need to show 
tenths? [S: One.] 
One student (HP2) had a problem with the position of the places only when there 
was an internal zero (in the tenths place). 
HP2 - sometimes confused 
S: I do a little bit. Because if the zero is here (tenths place), I sometimes put the 
hundredths where the tenths should be and keep out the zero. 
Memorised sequence 
This strategy involved memorising the order of the decimal-fraction places and was 
mentioned or implied by 5 students (1 HSP, 3 MP, 1 MSP). 
HSP2 - not confused 
I: What about tenths and hundredths -do you get them mixed up? [S: No.] How did 
you know which was which? [S: Well, I remember the tenths come first and then 
hundredths.] 
MP3 - not confused 
S: No, because I always knew that tenths came before hundredths and that's just the way 
I worked it out. 
MP4 - confused 
I: Do you get the hundredths and tenths mixed up? [S: Yes] Why's that? 
M: I don't know. I just get them muddled. I make careless mistakes. 
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I: Are you trying to do something to help yourself? [S: I just usually realise after I write 
it and I just rub it out.] 
:MP2 - confused 
S: I used to. [I: Have you sorted it out now?] Yes. [I: And how did you do that?] 
Well, our teacher used to tell us over and over again. It sometimes got boring. 
MSP 1 - sometimes confused 
I: How do you think you can help yourself remember which is which? [S: Tenths come 
before hundredths.] 
Other 
It was difficult to interpret the response of one student (MP5) because she said that 
"the tenths are smaller than the hundredths so they go first" which could have implied: (a) 
an erroneous application of the symmetry notion to value rather than to names, or (b) that 
tenths are smaller than hundredths because of the fewer number of equal parts (i.e., 10 as 
opposed to 100). However, if the latter meaning was intended, then she has not applied the 
linear model of value. 
PERFORMANCE CATEGORIES 
Table 4.14 synthesises the students responses to Tasks P3.1 and P3.2). 
Table 4.14 
Frequency (and Mean) of Responses to Tasks P3.1 in Tenns of the Peifonnance Categories. 
Responses 
Differentiating 
Tit 
-No 
-Yes 
-Sometimes 
-Not asked 
Hlh 
-No 
-Yes 
-Sometimes 
-Not asked 
Strategies 
Tit 
-Semantic 
-Syntactic 
- Inappropriate 
-Not asked 
H/h 
-Semantic 
-Syntactic 
- Inappropriate 
-Not asked 
HP 
(n = 12) 
11 (100%) 
7 (100%) 
5 
10 (90.9%) 
1 (09.1%) 
4 (80.0%) 
1 (20.0%) 
7 
Performance categories 
HSP 
(n = 12) 
12 (100%) 
7 (100%) 
5 
8 (80.0%) 
1 (10.0%) 
1 (10.0%) 
2 
5 (71.4%) 
1 (14.3%) 
1 (14.3%) 
5 
MP 
(n =8) 
8 (100%) 
5 (100%) 
3 
7 (100%) 
1 
3 (100%) 
5 
MSP 
(n = 8) 
5 (83.3%) 
1 (16.7%) 
2 
8 
3 (60.00%) 
2 (40.0%) 
3 
8 
LP 
(n = 5) 
2 (100%) 
3 
1 (100%) 
4 
5 
1 (100%) 
4 
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Not enough students were given all the components of this task to enable patterns of 
responses in terms of the performance categories to emerge. Therefore, it was inconclusive 
in determining qualitative differences in the thinking of the higher- and lower-performing 
groups and in the HP and HSP groups. However, some differences were discerned with 
respect to differentiating between tens and tenths (see Table 4.14). For example, some 
students said that tens could sometimes be called tenths (MSP) or that tens could be called 
tenths (LP). This behaviour indicated that these students had not yet accommodated the 
initial decimal-fraction place into a schema for whole-number places. However, 
differentiating hundreds and hundredths was not a problem for any student. 
With respect to tenths and hundredths, only 62.5% of all students asked said that 
they were able to differentiate between the places (see Table 4.14). This result included 
students from the high-performing groups as well as the low-performing groups. 
This task was more fruitful in raising implications for teaching (see Table D-3) than 
it was in differentiating competence between the high- and low-performing groups and 
between the HP and HSP groups. These implications will be addressed in Chapter 6. 
4.3.4 TASK P4- THE ROLE OF ZERO 
Task P4.1 Put a zero in 3.78 so that it doesn't change the value of the number. Where else 
could you put it? 
Objective: To assess the students' understanding that external zeros (i.e., at either end of a 
number) do not change the value of the number. 
Task P4.2 Could you put a zero somewhere so it does change the value? Have you made 
the number larger or smaller in value? How can you tell? (These questions 
were to be repeated until both 3.078 and 30.78 were elicited. If they weren't 
elicited, the missing number would be written for the student and then the 
student asked if the value had changed and, if so, was the new number larger or 
smaller in value.) 
Objective: To assess the students' understanding that internal zeros (i.e., within a number) 
do change the value of the number. 
Materials: Worksheet. 
EXTERNAL ZEROS 
Task P4.1 required the recognition that the insertion of external zeros does not affect 
the value of a given number. Table 4.15 shows that 68.3% (28 of the 41 students who were 
given this task) were able to write both numbers (03.78 and 3.780) whose value would 
remain unchanged by the insertion of a zero. The table also shows that, ofthe 13 students 
who could not write both numbers, 12 students wrote 03.78 although 3 of these students (2 
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MSP, 1 LP) wrote it in conjunction with an incorrect number (3.078 or 378.0). The 
remaining student (LP4) wrote 0.378 and was unable to think of any other number. 
Table 4.15 
Frequency (and Mean) of Responses to Task P4.1 in Tenns of the Peifonnance Categories. 
Performance categories 
HP HSP MP MSP LP 
Responses (n = 12) (n = 12) (n = 8) (n =8) (n = 5) 
Both correct 11 (91.7%) 10 (90.9%) 6 (75.0%) 0 (00.0%) 1 (33.3%) 
One correct 1 (08.3%) 1 (09.1%) 2 (25.0%) 7 (100%) 1 (33.3%) 
-03.78 1 1 2 7 1 
-3.780 
None correct 1 (33.3%) 
Not asked 1 2 
With respect to 03. 78, 40 of the 41 students gave explanations that referred to the 
fact that zero in front of a number had no value (e.g., It doesn't mean nothing- HPI; The 
zero doesn't change anything- HSP2), to the lack of change (with value being implicit) to 
the original number (e.g., It's still almost the same number; I've just put a zero in the front -
HP7; It doesn't add anything; it's still three point seventy-eight -it doesn't make it thirty or 
anything- HP12; I haven't moved the decimal and I haven't added any whole numbers or 
fractions on- HSP1; It's still3 -MP5; The zero doesn't mean anything; nothing has moved 
up one- MSP2), or to the position of the digits (e.g., There are no tens there -HSP8; Zero 
isn't worth anything as far as the tens are concerned - MP2; If you put it there, it's a 
placeholder to make it look different- MSP1). 
One HP student was unable to explain why the numbers had the same value but her 
protocol indicates that she had the appropriate knowledge. 
HP3 
S: You could put it before the 3 or after the 8 because it has to be -after the last number 
past the decimal point or before the first number in front of the decimal. [I: Who told 
you that?] !worked it out. [I: How?] It's just sensible. It's the way things work. 
With respect to 3.780, only 28 (11 HP, 10 HSP, 6 MP, 1 LP) of the 41 students were 
able to write this as a number whose value would be unchanged by inserting a zero. (All of 
these 28 students were correct for both parts.) Most of the explanations given to support 
their response were similar to the ones given for 03.78, that is, some referred to zero's 
having no value (e.g., you really wouldn't change the value of it- HP4; zeros -they don't 
really change anything because they're nothing- MP2) whilst some indicated an 
understanding of the lack of change (e.g., it's just saying that there are 7 tenths, 8 
hundredths and no thousandths- HSP3; 780 thousandths is the same as 78 hundredths 
because there's nothing there- HP2; because there's no thousandths there so it's not going 
to make any difference - HSP8). 
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Two students (MSP2, LP2) had written 3.780 but changed their minds. In Task 
P4.2, both of these students wrote 3. 780 as a number where the insertion of a zero changes 
the value of the given number. 
MSP2 
I: Why did you decide that this was not the same in value? [S: I didn't think it looked 
right.] So you're not sure- it could be or it couldn't be? [S: I think it would 
probably be bigger.] Why? [S: Because it looks bigger than those (the .78 in 3.78) 
that don't have anything past the 8.] 
LP2 
I: How do you know you haven't changed the value? [S: Because that's only seventy-
eight and that's seven hundred and eighty.] Do these two numbers (3.78 and 3.780) 
have the same value? [S: Oh, no!] How are they different? [S: That's seventy-eight 
and that's seven hundred and eighty.] Are you saying that one is worth more than the 
other? [S: Yes.] Which one is worth more? [S: That one (3.780).] 
The student (LP4) who was incorrect for both numbers had written 0.378 said that 
the value was unchanged "because zero is in the tens place now". She could not think of 
another number whose value would remain unchanged by the insertion of a zero. Because 
ofher lack of understanding of place value, she was not given Task P4.2. 
INTERNAL ZEROS 
Task P4.2 required the recognition that the insertion of internal zeros affects the 
value of a given number. Therefore, for each number they wrote, the students were l;LSked 
whether the number was larger or smaller in value and to explain their responses. (See 
Table 4.16 for the students' correct responses and Table 4.17 for their comparisons.) 
Table 4.16 
Frequency (and Mean) of Correct Responses to Task P4.2 in Tenns of the Peifonnance Categories. 
Performance categories 
HP HSP MP MSP LP 
Responses (n = 12) (n = 12) (n = 8) (n= 8) (n = 5) 
3 correct 10 (83.3%) 10 (90.9%) 6 (75.0%) 0 (00.0%) 1 (50.0%) 
3 correct+ 3.780 1 (08.3%) 1 (09.1%) 1 (12.5%) 0 (00.0%) 0 (00.0%) 
2 correct+ 3.780 1 (12.5%) 7 (100%) 1 (50.0%) 
Not asked 1 1 3 
All of the 39 students who were given this task could write at least two of the three 
possible solutions, namely, 3.078. 3.708, 30.78. When challenged by the number they had 
overlooked, the students could identify it as a number that was changed in value by the 
insertion of a zero. One student (HP7) initially shifted the decimal point and then inserted 
external zeros (e.g., 37.80, 0378.00) but was able to write all three numbers when asked not 
to move the decimal point. 
Of the 12 students who had not written 3.780 in Task P4.1, 9 (1 HSP, 2 MP, 5 MSP, 
1 LP) wrote the number in this task as a number whose value was changed by the insertion 
158 
of a zero. The remaining 3 students (1 HP, 2 MSP) were given the number and asked to 
consider it. Overall, 9 (1 HSP, 1 MP, 6 MSP, 1 LP) of these students said that 3.780 was 
larger in value than 3.78 because it had "more digits" or because "780 is bigger than 78", a 
behaviour which suggested that they had used the whole-number strategy (Resnick et al., 
1989- see Section 2.3.4) for comparing the two numbers. Two students (HP12, MP6) said 
that 3.780 was smaller than 3.78 because it had "gone down to the thousandths", indicating 
that they had a rule about "the larger the denominator, the smaller the fraction", suggesting 
that they had used the fraction strategy (Resnick et al., 1989- see Section 2.3.4). One 
student (MSP4) thought they were "a bit the same" but was unable to explain her response. 
This student may have been in conflict between the whole-number strategy and the fraction 
strategy or she may have been in conflict with the whole-number strategy and the 
knowledge that a zero in the rightmost decimal-fraction place has no effect on the value of 
the fraction. 
Table 4.17 
Frequency (and Mean) of Comparisons in Task P4.2 in Terms of the Peiformance Categories. 
Comparisons 
3.078, 3.78 
-Larger (x) 
- Smaller ( v") 
-Not asked 
3.708, 3.78 
-Larger (X) 
- Smaller ( v") 
-Not asked 
30.78; 3.78 
- Larger ( v") 
-Smaller (X) 
-Not asked 
HP 
(n = 12) 
10 (100%) 
1 
11 (100%) 
11 (100%) 
Performance categories 
HSP 
(n = 12) 
1(11.1%) 
8 (88.9%) 
1 
1 (09.1%) 
10 (90.9%) 
11 (100%) 
MP 
(n = 8) 
8 (100%) 
5 (100%) 
3 
7 (100%) 
PERFORMANCE CATEGORIES 
MSP 
(n = 8) 
4 (80.0%) 
1 (20.0%) 
4 (80.0%) 
1 (20.0%) 
1 
7 (100%) 
LP 
(n=5) 
1 (50.0%) 
1 (50.0%) 
2 (100%) 
1 (100%) 
With respect to external zeros, students in all performance categories generally 
understood that a zero in the leftmost whole-number position does not change the value of 
the original number. However, 8 of the 13 lower-performing students (7 MSP, 1 LP) had no 
available knowledge of the effect of zero in the rightmost decimal-fraction position as 
opposed to 4 ofthe 32 higher-performing students (1 HP, 1 HSP, 2 MP). Therefore, this 
task differentiated between the high-and low performing students in terms of the effect of 
inserting an external zero in the rightmost decimal-fraction position but did not differentiate 
between students in the HP and HSP categories. 
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With respect to the internal zeros, students in the HP category outperformed those 
in the other categories on tasks that assessed the effect on value of inserting an internal zero 
in a given number. 
With respect to comparing decimal numbers, this task did not differentiate between 
students in the high-and low-performing categories nor between those in the HP and HSP 
categories. 
4.3.5 TASK P5 -ORDER OF THE PLACE NAMES 
Task P5 .1 Arrange the cards in the order in which you see them in your mind. In what 
order have you arranged them? [Contingent question: Have you arranged 
them from largest to smallest, smallest to largest or are they jumbled up?] 
Objective: To determine whether the students know the correct order of the places from 
thousands to hundredths and whether they realise that the places are in 
descending order. 
Task P5.2. Sort them into two groups. Why this group? Why this group? 
Objective: To determine whether the students see the place names in terms of the two 
major domains, namely, whole numbers and fractions (as for Task P1). 
Task P5.3 Put in the decimal point. Could you put the decimal point somewhere else? 
Objective: To determine the students' understanding that the decimal point comes after the 
ones and to challenge that understanding. 
ALIGNMENT OF PLACE NAMES 
Thirty-six students (12 HP, 12 HSP, 8 MP, 4 MSP) placed the cards in the correct 
order from left to right: thousands, hundreds, tens, ones, tenths, hundredths. Three of these 
students initially made a reversal error. For example, HP9 had reversed the positions of 
hundreds and hundredths but, when asked to read across his alignment, he realised his error 
and then repositioned the two places correctly. The other two students (HSPl and HSP11) 
had reversed the positions of tenths and hundredths. HSPll self-corrected her error almost 
immediately but HSPl had to be asked to read the names from left to right before he 
realised his error. One student (HP2) began to arrange the places from left to right in 
descending order but then decided to arrange them vertically (top to bottom in descending 
order) saying that "it's shorter this way". Another student (HSP3) arranged the places from 
right to left. The alignments and protocols (if available) ofthe remaining 9 students (4 
MSP, 5 LP) are provided. Unlike those who had been correct, each of these students took a 
long time in making an alignment. 
MSPl - Th, T, t, 0, H, h 
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S: They're probably wrong. [I: Tell me why you put them out like that.] Because I 
know that the ones are like the tens in counting properly, they're the middles after the 
decimals. And the hundredths and the tenths are above that (pointing to each card, in 
turn). 
MSP4- H, T, 0, t, h, Th 
MSP4 initially had this alignment but she moved the thousands above the row of 
cards and then spent quite some time scanning back and forth from the thousands to either 
end of her arrangement. She finally placed it after hundredths again. 
I: Now you were very unsure what to do with that (thousands). What was your problem 
there? 
A: Well, I found that I could put thousands there (before hundreds) and thousands there 
(after hundredths). My teacher said you could put it there (after hundredths). 
MSP5 - Th, H, T, 0 (1st alignment); Th, H, h, T, t, 0 (2nd alignment) 
h, t 
I: Why have you put these (Th, H, T, 0) together? [S: They're just counting numbers.] 
And these (h, t)? [S: They're decimal numbers.] 
I: Could you put all the cards in one row? [He looked for a while and then inserted the 
hundredths and tenths to finish with Th, H, h, T, t, 0.] What about if I put them like 
this (correct order), do they look all right or do you think there's something wrong 
with that order? [No response but he was scanning back and forth along the row.] If 
you think there's something wrong, show me how you 'd fv: it. [He reverted to his 
row: Th, H, h, T, t, 0.] 
MSP7- (See Figure 4.2 for this student's alignments.) 
I: When you write a number, do you put some up there and some down here (referring to 
her 3rd alignment)? [S: No] 
1st alignment 
Th,h,H 
2nd alignment 
H 
Th, h, t, 0 
T 
Figure 4.2. MSP7' s alignments in Task P5 .1. 
3rd alignment 
Th,H,T,O 
h, t 
LP1 - Th, h, H, t, T, 0 (This student asked if she had to use all of the name cards and when 
assured that she did, she aligned the names in the order shown above.) 
LP2- 0, T, H, Th, t, h (1st alignment); h, t, 0, T, H, Th (2nd alignment) 
LP3 - Th, H, h, T, t, 0 
LP4- h, t, Th, H, T, 0 
I: Now you didn't know what to do with these (h, t) for a while there. Are you quite 
happy to put them there? I thought you were thinking of putting this (Th, h, t). What 
were you thinking? [S: I didn't know whether they came before the thousands or 
after the thousands.] 
LP5- Th, h, H, t, T, 0 (no protocol available) 
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Of the 28 students (7 HP, 9 HSP, 6 MP, 2 MSP, 4 LP) who were asked to explain 
the order in which they had aligned the place names, 15 (4 HP, 5 HSP, 3 MP, 2 MSP, 1 LP) 
immediately said "largest (or biggest) to smallest" (although this was an incorrect response 
for LPl) whilst 5 students (2 HSP, 3 LP) did not seem to know what "order" meant in this 
context and had to be asked the contingent question before they were able to provide a 
response. The responses of 5 of the remaining 9 students were deemed to be adequate 
because they implied an understanding of the relative sizes of the places but the other 4 
students either gave inadequate, incorrect or inappropriate responses. The protocols of the 
5 students who mentioned size are provided below. (See Table 4.24 for the results of this 
task in terms of the performance categories.) 
Appropriate responses 
HP5 - incomplete 
S: Because that's (thousands) bigger than all of these (indicating the other names). [I: 
So they go down in size?] Yes. 
HP8 - incomplete 
S: Because I went by the place value. 
HPIO- included partitioning for the decimal-fraction places 
S: Well, I thousand is bigger than I hundred and so on until you get to the ones. And 
with the tenths, ones divided into I 0 is bigger than- there's less than one divided into 
IOO so therefore you've got a bigger thing. [I: So it seems you're telling me that 
they're all getting smaller going that way (-+ )?] Yes [I: And they're all getting 
larger going this way(-+)?] Yes. 
HSP 12 -place-by place explanation 
S: Well, thousands is bigger than a hundred so I put the hundreds after the thousands 
(pointing from thousands to hundreds) and tens is smaller than a hundred so- [I: So 
are you going down from the largest to the?] Smallest. 
MP3 - treated the whole-number and decimal fraction places separately 
S: Well, the decimal point's there so that's (the whole-number places) going down or 
coming up (indicating left to right and then right to left across the whole-number 
places) and that's (the decimal-fraction places) going down or coming up (indicating 
left to right and then right to left across the decimal-fraction places). 
Inappropriate responses 
HSP5- similar to HPlO (appropriate) but does not specify the relative sizes of the places 
S: That's hundredths (explaining her alignment from right to left) because it divides one 
whole into a hundred bits and they're tenths because they divide one whole into I 0 
bits; and that's one, it's just one whole number and that's tens and then tens to 
hundreds and that's hundreds because it's got 3 digits and that's thousands which 
has got 4 digits. [I: So are you saying you've got them from smallest to largest or 
largest to smallest?] Largest to smallest (pointing left to right from thousands to 
hundredths). 
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HSP9- similar to MP3 (appropriate) but incorrect for the decimal-fraction places 
S: Well, that'sfrom biggest to smallest there (whole numbers) and -oh, there should be 
a point here (between the ones and the tenths) and then it (fractions) goes from 
smallest to biggest. 
MP4 -naive 
S: Because that's how I think they go. 
MP5 - repeating the names 
S: Thousands, hundreds, tens, ones - [I: Yes, but are they getting bigger or smaller or 
all jumbled up?] Getting smaller this way (to the right). 
LPl- incorrect arrangement (Th, h, H, t, T, 0) 
I: What order have you arranged them in? [S: Largest to smallest.] So that's (pointing 
to Th) the largest? [Nodded] That's (pointing to h) the next largest? [Nodded] Next 
largest (H), next largest and so on down to the ones? [S: Yep] 
Of the 5 students who did not know what was meant by "order, the 2 HSP students 
and LP2 were able to say that they were arranged from largest to smallest when given the 
contingent question. The remaining students (all LP) said that the order was from smallest 
to largest but they had arranged the place names incorrectly. The protocols of the LP 
students are provided below. 
LP2- his initial alignment was 0, T. H. Th, t, h 
S: Smallest to largest. [I: Which is the smallest?] (He pointed to the ones, then the 
hundredths and then back to the ones.) [I: Are they (ones) smaller than hundredths?] 
No [I: Which are the largest ones?] The thousands. [I: So you don't have them in 
order.] 
LP2- his second arrangement wash, t, 0, T, H, Th (correct from smallest to largest) 
I: Show me the smallest one. (He pointed to the hundredths.) Show me the largest ones. 
(He pointed to the thousands.) [I: Is it all right to put it this way (showing the correct 
alignment with another set of cards, leaving his alignment visible).] They're going 
from largest to smallest. [I: Is that all right?] Could be. [I: Could be?] No (shaking 
his head).] [I: Do you think it should be the other way round?] Oh, I suppose you 
could have smallest to largest that way (right to left). 
I: When you write numbers, do they get bigger or smaller going that way (indicating to 
the left)? [S: They get bigger going up there (left).] So are these (Th, H, T, 0, t, h) 
getting bigger going that way? [S: Yes] Were yours? [S: Yes, but they were getting 
smaller going that way (to the right).] But the way you have them, you've got the 
bigger numbers going that way (to the right). [S: Yep] Is that correct? [S: Yep] It 
doesn't bother you that the numbers get bigger going that way (left)] when we write 
them? [S: No] 
LP3 -his arrangement was Th, H, h, T, t, 0 
S: Smallest to largest. [I: Show me the smallest one.] (He pointed to thousands but 
then very quickly pointed to the ones.) [I: Which is the largest?] (He pointed to the 
thousands.) [I: Which is the smallest?] (He pointed to the ones.) 
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I: Are ones larger than tenths or smaller than tenths? [S: Larger] How can you tell? 
[S: Smaller] Which answer? [S: That's (tenths) bigger than ones (after looking 
intently at the names).] 
LP5 - her arrangement was Th, h, H, t, T, 0 
S: Smallest to largest. [I: Is this (pointing to thousands) the smallest one?] Mm 
(looking doubtfully at the interviewer). [I: Is this (pointing to the ones) the largest 
one?] Mm (again looking doubtfully at the interviewer). 
I: You're sure? [S: Mm.] Now don't tell me what you think I want to hear- tell me 
what you think is right. You've got thousands at one end and ones at the other end. 
Which is larger -thousands or ones? [S: Thousands (very tentative and said after 
scanning backwards and forwards from thousands to ones).] What would you rather 
have -a thousand dollars or one dollar? [S: A thousand dollars.] 
GROUPS 
As a result of Task P5.1, the students (with the exception of9 students) began this 
task with the places correctly aligned in order from largest to smallest. When asked to put 
the names into two groups, most students simply split their alignment into two parts. Only 
one student (HP8) reformed the groups. 
Thirty-six (11 HP, 11 HSP, 7 MP, 6 MSP, 1 LP) of the 45 students formed a group 
of the whole-number places and a group of the decimal-fraction places. Two of these 
students (MSP5, MSP7) had not aligned the place correctly in Task P5.1. When these 36 
students were asked to explain their groups, 1 student (MSP7) could not give an explanation 
whilst 2 students (HSP11 and MP4) gave incorrect explanations with both saying that the 
whole-number places were above zero and the decimal-fraction places were below zero. All 
of the other 33 students used the appropriate language (i.e., whole numbers and 
fractions/parts) although 2 students (HP12 and MSP6) referred to the decimal-fraction 
places as "bits of numbers" and 1 student (HSP7) said that he had formed his groups 
according to whether the names had "ths" on the end or not. However, he was able to give 
the correct language when probed. 
The protocols of the 9 students (1 HP, 1 HSP, 1 MP, 2 MSP, 4 LP) who had made 
inappropriate groups are provided. 
HP8- Correct alignment in Task P5.1; Groups in Task P5.2: 0, t, h (top row) 
Th, H, T (bottom row) 
I: Why did you put these (Th, H, T) together? 
S: Because they're all the big ones and they're (0, t, h) the small ones. 
HSP4- Correct alignment in Task P4.1; Groups in Task P4.2: Th, H, T; 0, t, h (1st attempt) 
Th, H, 0; T, t, h (2nd attempt) 
I: Why did you put this group (Th, H, T- 1st attempt) together? [S: They're greater 
numbers and they go together.] In what way do they go together? [S: They go after 
each other like thousands, hundreds, tens and - (he paused, looking at the other 
group).] What comes after the tens? [S: The ones.] So why did you put these (0, t, 
h) together? [S: Most decimal numbers when they tell you to add up ... there's only 
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just the ones and the point. It's never like the tens and ones (moving the tens to the 
0, t, hand then back to their original position).] 
I: Could you have grouped them in a different way? (He arranged them as shown 
above.) Why are you putting the tens with the tenths? (No response) How do these 
(Th, H, 0) go together? [S: Well, thousands goes after hundreds but since the tens 
are not there, there has to be a thousand with a few zeros and then you just stick the 
ones in going up.] What was that about the few zeros? [S: Well, since there's no 
tens, there couldn't be any tens column in the number so hundreds- there would be 
say, five hundreds then there'd be a zero because there's no tens. 
MP8 - Correct alignment in Task P5 .1; Groups in Task P5 .2: Th, H, T; 0, t, h 
I: Why this group (Th, H, T)? [S: Because they're the bigger numbers and they've all 
got zeros on the end.] And this group (0, t, h)? [S: Because they're smaller and they 
go on the right of the decimal point.] Do the ones go on the right of the decimal 
point? [S: No] 
MSP1- Alignment in Task P5.1: Th, T, t, 0, H, h; Groups in Task P5.2: Th, T, t; 0, H, h 
I: So why have you put these(O, H, h) together? 
S: Because they're the larger ones and they're (Th, T, t) the smaller ones. 
MSP4- Alignment in Task P5.1: H, T, 0, t, h, Th; Groups in Task P5.2: H, T, 0; t, h, Th 
I: Why this group (H, T, 0)? [S: Because the decimal would go in there (indicating 
between the ones and the tenths) so that (H, T, 0) would make, like, one part and two 
parts (indicating the t, h, Th). 
I: What sort of numbers are on this side (indicating left) of the decimal? [S: I'm not 
sure.] What about on this side (right)? [S: Tenths] Tenths and? [S: Tenths, 
hundredths and thousands.] And what sort of numbers are they? [No response] 
LPl - Alignment in Task P5 .1: Th, h, H, t, T, 0; Groups in Task P5 .2: Th, h, H; t, T, 0 
I: Why this group (Th, h, H)? [S: Because they're the highest numbers.] 
I: Why this group (t, T, 0)? [S: They're the lowest numbers.] 
LP3 - Alignment in Task P5.1: Th, H, h, T, t, 0; Groups in Task P5.2: Th, H, h; T, t, 0 
I: Why have you put these (Th, H, h) together? [S: Because they're bigger than those 
(T, t, 0). 
LP4- Alignment in Task P5.1: h, t, Th, H, T, 0; Groups in Task P5.2: H, T, 0; h, t, Th 
I: Why did you put these (H, T, 0) together? [S: Because they're the lowest ones.] 
I: And these (h, t, Th)? [S: They're the highest ones.] 
LP5- Alignment in Task P5.1: Th, h, H, t, T, 0; Groups in Task P5.2: No response 
DECIMAL POINT 
In this task, the students were asked to put their two groups back in the alignment in 
which they had first placed them (in Task P5.1). No student changed his or her original 
alignment which tends to support the robustness of both the correct and incorrect alignments 
made originally. 
All of the 36 students (12 HP, 12 HSP, 8 MP, 4 MSP) who had aligned the places 
correctly and one student (MSP4) who had aligned the places almost correctly (H, T, 0, t, h, 
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Th) inserted the decimal point in the correct position. Of these 37 students, 23 (7 HP, 8 
HSP, 5 MP, 3 MSP) made a space between the ones and tenths and then inserted the decimal 
point in the resulting space. The remaining 14 students (5 HP, 4 HSP, 3 MP, 2 MSP) did 
not create a space between the ones and tenths - they placed the decimal point so that it 
either straddled both place names or, in the case ofHSP1, placed the decimal point on the 
left edge of the tenths card so that it almost joined the ones and tenths. 
Ofthe 9 students (4 MSP, 5 LP) who had not aligned the place names correctly, one 
MSP student placed the decimal point in the correct position. The remaining 8 students 
simply inserted the decimal point between two of their aligned places, a behaviour that did 
not alert them to their incorrect alignment. One of these students (LP3) placed it between 
the tens and tenths and when asked why there, he said he had guessed. However, he decided 
to leave the decimal point where he had place it when given the option to change his mind. 
MSP5 had arranged the places as Th, H, h, T, t, 0 and had placed the decimal point between 
the hundredths and tens. When the interviewer aligned the place names correctly, this 
student then placed the decimal point between the tenths and hundredths, a behaviour which 
suggests that he has no understanding of the role of 1 as the generative number for both 
whole numbers and decimal fractions and has a very limited knowledge of the role of the 
decimal point. All but one (LP2) of these 8 students inserted the decimal point in a place of 
its own. 
PERFORMANCE CATEGORIES 
Table 4.18 reveals that the basic Level 1 knowledge of position and order (assessed 
in Task P5 .1) that underlies the decimal number system was held by the higher-performing 
groups (HP, HSP, MP) but was unavailable to half of the MSP students and all of the LP 
students. Thus this task differentiated between the higher- and lower performing categories 
but, as expected (because of its elementary nature), did not differentiate between the higher-
performing (HP, HSP, MP) students. 
Table 4.18 
Frequency (and Mean) of Correct Responses for Task P5 in Terms of the Peiformance Categories. 
Responses 
Alignment (P5.1) 
Groups (P5.2) 
DP (P5.3) 
HP 
(n = 12) 
12 (100%) 
11 (91.9%) 
12 (100%) 
Note. DP =decimal point. 
Performance categories 
HSP 
(n = 12) 
12 (100%) 
11 (91.9%) 
12 (100%) 
MP 
(n =8) 
8 (100%) 
7 (87.5%) 
8 (100%) 
MSP 
(n = 8) 
4 (50.0%) 
6 (75.0%) 
5 (62.5% 
LP 
(n = 5) 
1 (20.0%) 
As revealed by the table, Tasks P5.2 (forming generic groups) and P5.3 (inserting 
the decimal point) did not elicit any major qualitative differences between the higher-
performing students. 
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4.3.6 TASKP6-MENTALMODELS 
Task P6.1 Could there be another name here (left of thousands)? What would you call it? 
Why? 
Could there be another name here (right of hundredths)? What would you call 
it? Why? 
Objective: (i) To determine whether the students have an understanding of multiplicative 
structure in the whole-number places and/or an understanding of the 
patterns of the periods in the whole-number places; 
(ii) To determine whether the students have an understanding of the 
multiplicative structure of the decimal-fraction places and/or an 
understanding of the symmetry model which relates the whole-number and 
decimal-fraction places. 
Task P6.2 On this side (left of the decimal point) the hundreds are followed by the tens. 
Why aren't the hundredths followed by the tenths on this side (right of the 
decimal point)? 
Objective: To determine whether the students' understanding of the order of the place 
names is dominated by: 
(i) the semantic property of size (i.e., that each place is larger or smaller than 
the place on its immediate right or left); 
(ii) the syntactic property of the place names (i.e., the similarity of the names 
guides the order); or 
(iii) conflict between the semantic and syntactic properties. 
PLACE NAMES 
PREDICTIONS 
Ten-thousands 
Of the 42 students who were asked if there could be a place on the immediate left of 
the thousands place, 39 (12 HP, 11 HSP, 8 MP, 6 MSP, 2 LP) students said that there would 
be. Three students indicated that they had not thought about it, for example: I don 't know 
(HSP2, MSP7); Iwouldn 't have a clue (MSP1). 
When asked to name the place, 29 students (12 HP, 8 HSP, 6 MP, 2 MSP, 1 LP) 
correctly named it the "ten-thousands" or the "tens of thousands" place. One of these 
students (MP1) initially called it "millions" because it came "after all the thousands" and, 
when asked, said that the ten-thousands came after the thousands, and then the hundred-
thousands. The most common incorrect response was "millions" (8 students - 3 HSP, 2 
MP, 2 MSP, 1 LP), then "hundred-thousands" (3 students -1 HSP, 2 MSP). Other incorrect 
responses were "thousandths" (MSPl) and "I don't know" (MSP7). 
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Thousandths 
Of the 41 students who were asked if there could be a place on the immediate right 
ofthe hundredths place, 34 (11 HP, 11 HSP, 6 MP, 5 MSP, 1 LP) students said that there 
would be. The remaining 7 students (1 HP, 1 HSP, 2 MP, 2 MSP, 1 LP) said: Not that I've 
heard of(HP11, HSP4); I don't think so (MSP1, MSP6); no (MP7, LP3); maybe (MP1). 
These students were then asked to suggest a name for the place and two (HP11, MP1) were 
able to name the place correctly. 
When asked to name the place, 34 students (12 HP, 11 HSP, 7 MP, 3 MSP, 1 LP) 
called it "thousandths" whilst 1 student (MSP6) called it "10 hundredths" which was a 
guess, she said, but a guess which implied an understanding of the notion ofbase and 
multiplicative structure. The incorrect responses were: oneths (HSP4); zero hundredths 
(MP7); zero (MSP1); thousands (MSP4); ones (MSP7); nothing smaller than ones (LP3). 
SEQUENCE 
Of the 27 students (9 HP, 9 HSP, 4 MP, 5 MSP) who were given this task, 24 
students (9 HP, 8 HSP, 3 MP, 4 MSP) thought that tenths, hundredths was the correct order 
of the decimal-fraction places even though hundreds, tens was the correct order for the 
whole-number places. Five (HP5, HP12, HSP3, HSP10, MSP2) of these students said that 
they had expected to see hundredths followed by tenths when they were first learning about 
them; 2 students (HSP3, MSP2 said they had expected to see "hundredths, tenths, oneths". 
However, they had reconciled this problem at this stage of their learning. 
One student (MP7) said that hundredths/tenths was the correct order even though 
she had aligned the places correctly in Task P5.1. One student (HSP4) was unsure which 
order was correct although he had aligned the places correctly in Task P5.1 The remaining 
student (MSP8) had aligned the whole-number places in the correct order but not the 
decimal-fraction places and was unable to give a response when asked why she had 
hundredths followed by tenths. 
MENTAL MODELS 
PREDICTING WHOLE-NUMBER PLACES- TEN-THOUSANDS 
Thirty-nine students (12 HP, 12 HSP, 8 MP, 6 MSP, 1 LP) were asked to support 
their predictions for the next whole-number place and their explanations were categorised in 
terms of the mental models (discussed fully in Section 2.5.2) that they seemed to have 
accessed. For example, some students appeared to access multiplicative structure (MS) that 
is best represented by the model shown in Figure 4.3, some students accessed the pattern of 
the periods (PP) in the whole-number places that is represented by the model in Figure 4.4; 
and some students accessed an odometer (OD) model, referring to the change from 9 to 10, 
a counting procedure. There were some explanations that were either non-mathematical or 
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not explicit enough to reveal what mental model was accessed and were categorised as 
naive. 
-E--
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Figure 4.3. Order of the place names and the multiplicative structure embedded in the 
decimal number system. 
Milhons pertod Thousands penod Ones/Umts pertod lJectmal tractJOns 
H T Ones H T Ones H T Ones t h th 
Figure 4.4. Patterns of the periods embedded in the decimal number system. 
Multiplicative structure 
Nine students (5 HP, 3 HSP, 1 MP) appeared to access the linear model of 
multiplicative structure. Examples oftheirresponses are: Because everything's getting IO 
times larger (HP3); Like when it's thousands -I 0 hundreds would be I 0 times bigger and 
I 0 times bigger than thousands would be ten-thousands (HP4 ); Because you're going up by 
tens (HSP8). 
Another student (MSP3) also accessed multiplicative structure but, as her protocol 
reveals, she has not related binary relationships to adjacent places and was therefore unable 
to use her lmowledge of multiplicative structure to predict the next whole-number place. 
MSP3 
I: How do you know that's going to be IOO-thousands? [S: Because it's going up one 
more and it's got to have another thousand.] Another thousand? When you say it's 
going up, do you mean it's getting bigger or smaller? [S: Getting bigger.] So from 
this (0) to this (T) is going up how much? [S: Ten. That (T) would go up 10 times 
more to there (H), then a hundred (to Th), then a thousand times more to there (the 
10-thousands place).] 
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Period patterns 
Twelve students (3 HP, 4 HSP, 4 MP, 1 LP) appeared to access the pattern of the 
place-value periods but 5 of these students (2 HSP, 2 MP, 1 MSP) used the model 
incorrectly. All of these 5 students had said that the next place would be called million 
because "after the thousands come the millions". Protocols which exemplify the correct 
usage of the model are provided. (The place names have been abbreviated.) 
HP2 
S: Because you group it in three. [I: Group what in three?] The whole numbers. You 
put 0, T and H together to make a three, and the Th, TTh, HTh together to make 
another three. Just add these (indicating Th and above) on to the other three (H, T, 
0). 
HP6 
S: Well, that's (Th) sort of like a one and after ones there comes tens. [I: And what 
would come after TTh?] HTh. Next are millions. [I: So you look at them in groups 
of3?] Yes. 
HP8 
S: After the Ths you go to TThjust like the 0 and T. 
HSP5 
S: Because that would be ones of thousands (simultaneously indicating the TH and 0 
with the index finger of her left and right hands respectively) and the next one would 
be tens of thousands (indicating as before to the TTh place and the T). 
MP5 
S: Because it goes in order. [I: Order of what?] Ones, tens, hundreds. 
LP2-
S: Because that's the Th and then it goes TTh, then HTh. [I: Did you work that out for 
yourself or have you been told that?] I worked it out for myself I just sort of got the 
idea from here (the whole-number places). It sort of goes 0, T, Hand then it starts 
all over again. [I: I get you. You see these (Th) as being like the ones again (putting 
the Th below the ones)?] Yes. 
Odometer 
Nine students (4 HP, 4 HSP, 1 MSP) appeared to access the odometer model. Their 
protocols are provided. 
HP5 
S: Well, when the thousands become more than 9 thousand and you can't go straight up 
into the millions because you come to a place for the I 00-thousands and the I 0-
thousands. 
HP8 
S: After 9 thousand comes IO thousand. 
HP9 
S: After your Th (pointing to the Th), you can't really put 10 in the column. 
HP12 
S: Because it's the next one up. It goes all ones (indicating the ones), then all tens 
(indicating), then all hundreds (indicating) then all thousands (indicating the 
thousands and beyond). 
HSP3 
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S: Because that's the next column up when you're doing sums- that's the next column. 
HSP4 
S: Well, 9 thousands -add I more makes 10 thousand. You have to make all them (Th, 
H, T, 0 places) all zeros. 
HSP7 
S: Because it's one more place up than thousands. [I: Why not 5-thousands?] Because 
you're already going up in 5 thousands. [I: You're going up in 5-thousands?] No, 5 
thousands and I 0 thousands and that's why it's called I 0-thousands because we're 
going up into the tens of thousands. 
HSP12 
S: Because it um -if you, say come up to 999 thousands, the next number'd be I million. 
[She had said that the place after thousands would be called millions.] 
MSP2 
S: Because it has to take two things (moving his 1st and 2nd fingers) to fill it up with. [I: 
Do you mean two digits?] Yes 
Mixed models 
Two students (1 HP, 1 HSP) appeared to access more than one mental model as 
their protocols reveal. 
HPlO- multiplicative, odometer, period patterns 
S: Well, a hundred times 10 is thousands, a thousand times 10 is tens of thousands. I 
guess because you've got ones (indicating the card) and that would be one thousand 
(indicating the Th place), and I to 9 ones, the next would be ten so I to 9 thousands, 
the next would be TTh [I: So do you actually see them (H, T, 0) as a group of three 
and the Th would go there (above the 0), then the TTh (above the T) so they (H, T, 
0) just repeat themselves?] Yes 
MPl -period patterns, multiplicative 
S: Because millions is the next house after all the thousands. [I: So there are more Th?] 
Yes, TTh and HTh. [I: So what would be the very next place after the Th?] TTh. 
[Why not 3-thousands?] Because they're (the place names) in lOs. 
Naive 
Nine students (1 HSP, 2 MP, 5 MSP, 1 LP) gave inappropriate responses (apart 
from the odometer model) which were either naive (MP2, MP4, MSP6) or unavailable 
(HSP2, MSPl, MSP4, MSP7, MSP8, LP3). Of the latter 6 students, MSP8 was the only one 
to make the correct prediction. The naive protocols are provided. 
MP2 - TTh: Because I just know it. 
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MP4-TTh 
S: I don't know (shrugging her shoulders). That's the way I was taught. [I: Did you 
ever wonder why it was called 10-thousands and not the 7-thousands place?] Because 
that's what it's called.] 
MSP6 -HTh: Because that's more than thousands. 
Table 4.19 provides an overview of the students' predictions and mental models 
accessed for the ne~t whole-number place (ten-thousands) 
Table 4.19 
Frequency (and Mean) of Predictions and Appropriate Mental Models Accessed for Ten-Thousands 
(Task P6.1) in Terms of the Peiformance Categories. 
Performance categories 
Predictions/ HP HSP MP MSP LP 
Mental models (n = 12) (n = 12) (n= 8) (n= 8) (n = 5) 
Prediction 
-Correct 12 (100%) 8 (66.7%) 6 (75.0%) 2 (25.0%) 1 (50.0%) 
-Incorrect 4 (33.3%) 2 (25.0%) 6 (75.0%) 1 (50.0%) 
-Not asked 3 
Mental models 
Appropriate 8 (66.7%) 5 (41.7%) 4 (50.0%) 0 (00.0%) 1 (50.0%) 
-MS 5 3 1 
-PP 2 2 2 1 
-MS&PP 1 1 
Inappropriate 4 (33.3%) 7 (58.3%) 4 (50.0%) 8 (100%) 1 (50.0%)-
-OD 4 4 1 
-MS 1 
-PP 2 2 1 
-Naive 1 2 5 
Note. MS - multJ.phcatJ.ve structure; PP - penod patterns; OD - odometer. 
Whilst the MS and PP models are appropriate because they show how the place 
name is derived, the OD model is not appropriate because it requires an a priori knowledge 
of the order of the place names. Therefore, when categorising the students' responses, the 
odometer model responses were classified as inappropriate, along with the naive responses 
and the responses that were incorrect but based on appropriate reasoning. 
THOUSANDTHS 
Thirty-eight students (12 HP, 12 HSP, 8 MP, 5 MSP, 1 LP) were asked to support 
their predictions for the next decimal-fraction place and their explanations were categorised 
in terms of the mental model they accessed. (See Table 4.20 for the students' predictions 
and explanations.) 
Of the 38 students, 29 (11 HP, 10 HSP, 5 MP, 3 MSP) accessed the symmetry model 
shown in Figure 4.5. This model was explicated in one of two ways- either by referring to 
the matching whole-number and decimal-fraction places simultaneously or by referring to 
the order of the tens, hundreds, thousands and then to the reverse order of the decimal-
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fraction places. Two students (I HP, 1 MSP) accessed multiplicative structure whilst the 
remaining 7 students (2 HSP, 3 MP, 1 MSP, 1 LP) gave inappropriate responses. 
I 
Thousands Hundreds 
I 
Tens 
-I 
tenths hundredths thousandths 
Figure 4.5. Place name patterns embedded in the decimal number system. 
Table 4.20 
Frequency (and Mean) of Predictions and Appropriate Mental Models Accessed for Thousandths 
(Task P6.1) in Terms of the Peiformance Categories. 
Performance categories 
Predictions/ HP HSP :MP MSP LP 
/' 
Mental models (n = 12) (n = 12) (n= 8) (n = 8) (n=5) 
Prediction 
-Correct 12 (100%) 11 (91.7%) 7 (87.5%) 3 (42.8%) 1 (50.0%) 
-Incorrect 1 (08.3%) 1 (12.5%) 4 (57.1%) 1 (50.0%) 
-Not asked 1 3 
Mental models 
Appropriate 12 (100%) 10 (83.3%) 5 (62.5%) 4 (57.1%) 0 (00.0%) 
-MS 1 1 
-SYM 11 10 5 3 
Inappropriate 2 (16.7%) 3 (37.5%) 3 (42.8%) 2 (100%) 
- SYNN ALIMEM 1 3 1 1 
- Prediction x 2 1 
Not asked 3 
Note. MS =multiplicative structure; PP =period patterns; OD = odometer; SYM = symmetry model; 
SYN = syntactic; VAL= value; MEM =memory. 
Symmetry model 
Of the 29 students who accessed the symmetry model, 16 (5 HP, 7 HSP, 3 MP, 1 
MSP) mirrored the individual places (categorised as SYMII) whilst (6 HP, 3 HSP, 2 MP, 2 
MSP) mirrored the sequence of place names (categorised as SYM/S). The protocols ofHP3 
and HP6 are representative of those responses that showed the mirroring of the individual 
WN and FR names (SYMII) while the protocols of HP2 and HP5 are representative of those 
responses that mirrored the order the sequence of the WN and FR places (SYM/S). 
HP3 
S: Because they just -it separates it (using both hands simultaneously to show the 
movement away from the middle). 
HP6 
S: Well, there's the tenths (using the index finger of both hands to point simultaneously 
to the T/t, the Hlh, then the thousands and the place after the hundredths) ... 
thousandths. [I: So you see a sort ofbalance there, do you?] Yes. 
HP2 
S: Cos they're (indicating Th, H, T) the opposite of this side (indicating right of the 
decimal point). 
HP5 
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S: Well, you've got thousands, hundreds, tens (indicating the WN places) and these just 
go in the opposite direction. 
Multiplicative structure 
Two students only (HPIO, MSP6) appeared to access multiplicative structure. HP10 
had said that the next place would be thousandths "because ones divided into 10 is tenth, 1 
tenth divided into 10 is hundredths and hundredths divided into 10 is thousandths", an 
answer that was quite explicit. On the other hand, MSP6 had said that the next place would 
be called 1 0-hundredths and, although she said she was guessing, her answer implies access 
to multiplicative structure. 
Inappropriate responses 
Seven students gave inappropriate explanations to support their predictions. Two 
students (MP4 and MSP4) made a reference to the "t-h-s" on the ends of the place names (a 
syntactic feature) but this does not provide a means of naming the decimal-places following 
hundredths. However, MP4's protocol revealed that, when probed, she accessed the 
symmetry model. This was not the case for MSP4 whose protocol revealed that she had to 
rely on memory alone for the order of the decimal-fraction places. From her explanation, it 
was inferred that she would not be able to generate the subsequent decimal-fraction place 
names and would therefore need to be provided with these names by some other authority. 
MP4 
S: I just remember the "t-h " on the names there. 
I: Tell me again how you remember that. [S: "T-h" comes below zero.] So anything 
that has "t-h" is less than? [S: Zero.] When you say less than zero do you mean on 
the right hand side of zero? Being apart of something -not a whole? [S: Yeah.] 
You don't mean it's a negative number, do you? [S: I don't know what a negative 
number is.] 
I: But why thousandths, why didn't you call it oneths or twentieths because that's got "t-
h" on it? [S: I don't know.] Your teacher told you, did she? [S: .I think so.] Can 
you see a pattern coming with the names? [S: Yes.] What's the pattern? [No 
response] Is there a similar pattern on this side (left of the decimal point) with the 
names? [S: Yes.] Show me. [S: It goes tenths, hundredths (indicating the cards, in 
tum) and it goes tens, hundreds (indicating the cards, in tum).] 
MSP4 
S: I don't know ... !just . .. Well, kind of like they've got the "t-h-s" on the end and 
kind of ... !just thought. 
Two students (MP6, MP7) referred to the size of the new place in relation to the 
previous place (MP6 said that the next place was thousandths because it's smaller than 
hundredths; MP7 didn't think that there was a place after hundredths but, if there were, she 
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would call it "zero hundredths" because it's less than hundredths). One student (HSP9) 
referred to the order of the decimal-fraction places, saying that the next place was 
thousandths because that's tenths, hundredths, thousandths. LP2 said that the next place 
was thousandths because they're the hundredths and they're the thousandths and, when 
asked, said that he didn't know anything else that could help him work it out. HSP4 thought 
the next place after hundredths would be "oneths" because hundredths there (indicating), 
tenths there (indicating) so I guess that would have to be oneths. 
The two students (HSP4 and MP7) who actually generated the name of the new 
place, used inappropriate strategies which indicated that the symmetry model was either 
unavailable or inaccessible to them at the time of the interview .. The other three students 
seemed to have a priori knowledge of the place name and, from their response, it was 
inferred that they had memorised an order given to them by an authority or they had 
accessed the symmetry model but could not articulate it. These three students should have 
been asked to supply the name of the place on the immediate right of thousandths to 
determine whether they had constructed the symmetry model. 
SEQUENCE OF PLACE NAMES -TENTHS, HUNDREDTHS 
Seven students (2 MSP, 5 LP) weren't given this task because of their inability to 
align the places correctly in Task P5 .1. These students were considered to be incorrect 
when calculating the percentage category mean. One student (MSP7) had aligned the 
whole-number places correctly but not the decimal-fraction places so she was included in 
this task as was the student (MSP4) who had aligned the decimal-fraction places in the 
correct order but not the whole-number places. In Task P5.1, 36 students (12 HP, 12 HSP, 8 
MP, 4 MSP) had aligned the place names correctly but some of these students had shown 
indecision in placing the tenths and hundredths whilst others spontaneously put out 
hundredths followed by tenths but then corrected themselves. 
When challenged in Task P6.2 as to which sequence was correct (tenths, hundredths 
or hundredths, tenths), 27 students (12 HP, 9 HSP, 4 MP, 2 MSP) gave an appropriate 
reason for their choice of tenths, hundredths, 8 students (3 HSP, 2 MP, 3 MSP) revealed 
conflict, 1 student (MP7) preferred hundredths, tenths whilst 2 students (MP4, MSP4) gave 
inappropriate explanations. 
This task was designed to elicit potential conflict that could occur in extending the 
exponential model (see Figure 4.3) of the whole-number places to accommodate the 
decimal-fraction places. For those students who focused on the syntactic feature of the 
similarity of the names, hundredths/tenths would make more sense than tenths/hundredths. 
That is, these students would want to transfer the hundreds/tens sequence of the whole-
number places to the decimal-fraction places. Having semantic knowledge of the sequence, 
tenths/hundredths, would require an understanding of the concept of a fraction in 
conjunction with the exponential model. However, it is possible to use the symmetry model 
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(see Figure 4.5) as a sort of mnemonic device to reconcile the hundred/tens whole-number 
sequence with the tenths/hundredths decimal-fraction sequence. 
Appropriate reasoning 
Twenty-five students (12 HP, 9 HSP, 4 MP, 2 MSP) were able to support their 
responses with 8 students (3 HP, 3 HSP, 2 MSP) mentioning both the symmetry of the 
names and the order of the size (SYM/SIZE), 9 students (5 HP, 2 HSP, 2 MP) mentioning 
the order ofthe size only (SIZE) and 5 students (2 HP, 3 HSP, 2 MP, 1 MSP) mentioning 
the symmetry of the names only (SYM). Protocols which exemplify the three types of 
responses are provided. All of these students had selected the correct tenths, hundredths 
sequence. 
SYM/SIZE 
HP2 
S: Because when you get to the fractions, you go backwards. [I: Why?] Because 10 
tenths is one but 100 hundredths is one [I: So they're getting larger or smaller?] 
Smaller. 
HP5 
S: Well, it'sjust like a mirror image. You just flip them (FR) over like that (showing 
with his arm) and they're (FR) all on top of each other (the WN). [I: Would 
hundredths be larger or smaller than tenths?] Smaller. [I: Would hundreds be larger 
or smaller than tens?] Larger. 
HP12 
S: Because tens are smaller than hundreds here (WN) but tenths are larger than 
hundredths over here (FR). 
SIZE 
HP6: Well, tenths -like if I separated one into 10 parts, the parts would be bigger than if I 
separated them into hundredths. [I: So these (t, h) are in order of getting smaller but 
these (h, t) aren't'?] Yes. 
HP9 
S: Because tenths are closer to a whole number than hundredths. [I: They're closer?] 
Yes, it takes more hundredths to make a whole number than tenths. [I: Which are 
larger in value- tenths or hundredths?] Tenths. 
HP10 
S: Because, as I said before, the tenths ... when you actually cut a one up, you cut them 
into tenths and you cut another one into hundredths, 1 tenth is bigger than 1 
hundredth. 
HSP7 
S: No, because tenths comes before hundredths. [I: Why's that?] Because hundredths 
here (h, t), the value would be more than tenths. 
SYM 
HP8: !just remember them as ones, tens, hundreds, thousands (indicating), and you go 
back ones, tenths, hundredths, thousandths (indicating) backwards. [I: So can you 
see a pattern there in those names?] Yeah, they're the same going that way (left from 
176 
the ones) and that way (right from the ones) except that they've (FR) got the "t-h-s ". 
They're (WN) goingforwards and they're (FR) going backwards. 
Conflict 
Eight students (3 HSP, 3 MP, 2 MSP) had aligned the tenths, hundredths place 
names correctly in Task P5 .1 but, when challenged in this task, as to why it was the correct 
sequence, 4 students (2 HSP, 2 MP) demonstrated a conflict between the symmetry 
(syntactic) of the names and the order value (semantic) of the exponential model. Their 
protocols are provided. 
HSP4 
1: 
S: 
1: 
HSP9 
When you were arranging the cards before (Task P5 .1), you were wondering which 
order to put the tenths and hundredths in [S: Yes]. Switch the order of tenths and 
hundredths for me. [He did so to show h, t.] Is there anything wrong with that or 
does that seem reasonable as well? 
Well (looking puzzled and scanning the line of cards) ... it would go in order like the 
bigger numbers, you'd think that the hundredths were bigger than the tenths because 
(tapping the tens and ones with his pen] ... [1: It seems to make sense in the pattern 
you're saying?] Yes. [1: So oneths would go well on the end now, wouldn't they 
(referring to his response in P5.1)?] (He nodded.) [1: Which pattern seems more 
right?] Probably this one (Th, H, T, 0, h, t). It seems to make sense but sometimes 
maths doesn 't always seem to make sense. 
Which one do you think the teacher would think is right? (The interviewer placed 
yellow cards with t, h above the green cards with h, t.) [S: Urn ... probably the same 
one.] Which one -the yellow or the green one? I'm not sure which one you mean .. 
[S: Neither am 1.] 
S: Well, that's from biggest to smallest there (indicating the whole-number places from 
left to right) and - oh, there should be a point here (between the 0 and the t) and then 
it goes from smallest to biggest (indicating the decimal-fraction places from left to 
right) 
MPl 
S: This way (t, h) you start reading from the lowest (t) and go up (indicating hundredths 
and beyond). 
MP7 
1: On this side, we've got hundreds followed by tens and over here we've got tenths 
followed by hundredths. Is that a problem for you? [S: Yes. cos that- if it was the 
same, that would be like that (reversing T and H).] Which is the right way -tenths 
followed by hundredths (pointing to her alignment) or hundredths followed by tenths 
(reversing the cards to show h, t)? [S: That way (hundredths followed by tenths).] 
1: Are hundreds larger or smaller than tens? [S: Larger] Are hundredths larger or 
smaller than tenths? [S: Smaller] So they're really back to front from those (H, T), 
aren 't they? When you put them in order the first time, from largest to smallest, you 
were right when you put them that way (reversing the cards to her original t, h). But 
you think the names should be the other way around? [She nodded.] 
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Four students (1 HSP, 1 MP, 2 MSP) who lmew the correct sequence appeared to 
have an unresolved conflict in determining the size of a fraction, namely, whether to relate 
size to the size of each part or to the number of such parts required to make the whole. If 
size is related to the size of each part, then tenths is larger in value than hundredths but if 
size is related to the number of parts, then hundredths is larger in value than tenths because 
hundredths have 100 parts whereas tenths have only 10 parts. Their protocols reveal their 
dilemma. 
HSP8 
S: The tenths have to go first because they're the smallest and then the hundredths go 
next because they're the largest. [I: Are hundredths larger because it has a hundred 
parts?] Yes. 
MP8 
S Because that one's (h) smaller than that one (t)- but there's more hundredths -I 
don't know. 
MSP6 - In Task P5 .1, she had aligned h, t and then t, h but did not appear to be unsure. 
I: We've got hundred followed by tens here (indicating the whole-number places)- is 
that why you thought it should be hundredths followed by tenths here (reversing the 
cards)? [S: Yes.] So you were looking at the pattern going the same way when really 
what's happening on this side (right) of the decimal point? 
S: It's going up (indicating 0, T, H) - it's backwards (indicating t, h). [I: Are 
hundredths larger or smaller than tenths?] Um ... I'm not sure. 
MSP8 - In Task P5 .1, he had aligned h, t and then t, h but appeared to be unsure. 
I: Would you prefer to see h, t (reversing his alignment oft, h)?] 
S: Um -I'm not sure. It goes smallest to largest this way (0 to Th) and smallest to 
largest this way (0 to h).] [I: Are hundredths larger than tenths? [He nodded but 
seemed to be unsure.] 
Inappropriate reasoning 
Three students were unable to support their alignment (correct for MP4 and MSP, 
incorrect for MSP7). The two students who had aligned the places correctly appeared to 
have memorised the sequence because it was the what they had been taught; neither student 
had attempted to make sense of the reversal of the similar-sounding place names but 
maintaining the order of value. The remaining student in this group (MSP7) revealed that 
she had an almost non-existent lmowledge of a fraction. 
MP4 
I: There's hundreds here followed by tens. Could you have hundredths followed by 
tenths (reversing the cards to show h, t)? [S: No.] How do you know? [S: Because 
that's how they go.] 
MSP4 
I: There's hundreds here followed by tens. When you were learning about decimals, did 
you expect to see hundredths followed by tenths (reversing the cards she had aligned 
to show h, t)? Does that look better to you? 
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A: No, I'm just used to -like, when I first saw it, I didn't know what to expect -like 
whether they were supposed to go around the other way so whatever the teacher said, 
I just went along with it. [I: Did you try to link them back to these numbers on this 
side (WN)?] No. 
MSP7 
I: You have hundreds followed by tens on this side (WN) and hundredths followed by 
tenths on this side (her FR alignment in Task P5.1). Which of these two (h, t) has the 
larger value? [S: Hundredths.] How can you tell that hundredths is worth more than 
tenths? [No response] If someone said, "I don't believe that", how could you 
convince that person hundredths was worth more than tenths? [No response] (The 
concept of a fraction was then revisited.) 
Summary 
This task revealed that there are two major potential conflicts in extending the linear 
model of the whole-number places to include the decimal-fraction places. One conflict was 
related to determining the larger of two fractions. The problem appeared to be knowing the 
role of the comparative size of each equal part and knowing the role of the comparative 
numbers of the equal parts required to make the whole. 
The other conflict was in trying to reconcile the linear model (order of size) with the 
symmetry model (the reversed positions of similar-sounding places). For some students, the 
symmetry model was too powerful and thus overrode the linear model. One student 
appeared to reconcile the conflict by thinking of the decimal-fraction names as smaller and 
larger in terms of perceptual length. 
HSP3 
I: 
S: 
So there's hundreds here (WN) followed by tens. Did you expect to see hundredths 
followed by tenths here (FR)? 
Yes, I did! I thought it would go thousands, hundred, tens, ones, hundredths, tenths, 
oneths. [I: How do you remember that it should be tenths followed by hundredths?] 
Sort of the higher numbers start at the outside and they come in to the lower numbers. 
(He used his arms and hands to show the converging nature of the places towards the 
ones.) Except these (tens, ones) are the lower numbers but they're worth more. 
PERFORMANCE CATEGORIES 
With respect to predicting the place names in Task P6.1, Table 4.21 reveals that the 
higher-performing students (HP, HSP, MP) outperformed the lower-performing groups for 
both predictions and the HP group outperformed the other groups in predicting the next 
whole-number place. With respect to the mental models accessed in making the predictions, 
Table 4.22 reveals that the students were more able to access the syntactic symmetry model 
(thousandths) than the semantic linear model (ten-thousands). Although performances 
across the categories were mediocre in predicting the next whole-number place, the HP 
students outperformed all other groups. In predicting the next decimal-fraction place, the 
HP and HSP students outperformed the other categories. 
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Table 4.21 
Frequency (and Mean) of Predictions and Appropriate Mental Models Accessed in Task P6 in Terms 
of the Peiformance Categories. 
Performance categories 
Predictions/ HP HSP MP MSP LP 
Mental models (n = 12) (n = 12) (n= 8) (n =8) (n = 5) 
Predicted place 
Ten-thousands 
-Correct 12 (100%) 8 (66.7%) 6 (75.0%) 2 (25.0%) 1 {50.0%) 
-Not asked 3 
Thousandths 
-Correct 12 (100%) 11 (91.7%) 7 (87.5%) 3 (37.5%) 1 (50.0%) 
-Not asked 1 3 
Mental models 
Ten-thousands 8 (66.7%) 5 (41.7%) 4 (50.0%) 0 (00.0%) 1 (50.0%) 
-MS 5 3 1 
-PP 2 2 2 1 
-MS&PP 1 1 
Thousandths 12 (100%) 10 (83.3%) 5 (62.5%) 4 (57.1%) 0 (00.0%) 
-MS 1 1 
-SYM 11 10 5 3 
Note. MS =multiplicative structure; PP =period patterns; SYM = symmetry model; SYN = 
syntactic. 
Table 4.22 provides the students' predictions and the mental model accessed in 
making the decision as to the correct sequence (tenths, hundredths) and reveals that the 
high-performing students (HP, HSP, MP) performed better than the lower-performing 
students (MSP, LP). However, within the high-performing groups the HP students 
performed much better than the HSP students who, in turn, performed much better than the 
MP students. Thus this task, which required the mental coordination of the symmetry and 
exponential models, revealed qualitative differences between the performance categories. 
Table 4.22 
Frequency (and Mean) of Mental models Accessed for Correct Response to Task P6.2 in Terms of the 
Peiformance Categories. 
Performance categories 
HP HSP MP MSP 
Mental models (n = 12) (n = 12) (n = 8) (n = 8) 
Appropriate reasoning 12 {100%) 9 (75.0%) 4 (50.0%) 2 (33.3%) 
- SYM/SIZE 2 4 
-SIZE 6 2 2 1 
-SYM 4 3 2 1 
Conflict 0 (00.0%) 3 (25.0% 3 (37.5% 2 (33.3%) 
- SYM/SIZE 2 2 
- Fraction 1 1 2 
Inappropriate reasoning 0 (00.0%) 0 (00.0%) 1 (12.5%) 2 (33.3%) 
Not asked 2 
LP 
(n = 5) 
0 (00.0%) 
0 (00.0%) 
0 (00.0%) 
5 
Note. SYM = symmetry model; SIZE = linear model and fraction notion; SYM/SIZE - both SYM 
and SIZE notions. 
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Task P6 was an important task in determining qualitative differences between the 
high- and low-performing students and between the HP and HSP students. 
4.3.7 TASKP7 -PROBINGMENTALMODELS 
Task P7.1 What do they (the names) balance arouml? or What do you see as the middle? 
Task P7.2 Write this number (6 tens and 6 tenths on the Worksheet). How come you need 
two digits to show tens and only one digit to show tenths? Does this confuse 
you? 
Task P7.3 Read this number (400.04 on the Worksheet). How come you need three digits 
to show hundreds but only two digits to show hundredths? Does this confuse 
you? 
Objective: (i) To probe the students' understanding of the symmetry model of the place 
names and where they see the balance in this model 
(ii) To probe whether the symmetry model of the place names (syntactic) 
interferes with the linear model of order (semantic) when numbers are 
written in digit form. 
Materials: The place name cards; Tasks P7.2 and 7.3 on the Worksheet (see Attachment 3) 
The three components of this task were designed to assess the students' 
understanding of the symmetry model (see Figure 4.3) that was required for predicting the 
next decimal-fraction place in Task P6.1 but which proved to be a source of conflict for 
some students in Task P6.2. They were to be used on a contingent basis, that it, to probe the 
students' thinking that occurred in the course of doing other tasks. For example, Task P7.1 
was often asked in conjunction with those tasks that should have elicited explicit or implicit 
knowledge of the symmetry model, namely, Task P5.1 (aligning the place names), Task 
P6.1 (predicting thousandths), and Task 6.2 (supporting the tenths/hundredths sequence). 
Those students who had not aligned the places correctly were not given Task P7 .1. These 
restrictions eliminated 11 students (1 HSP, 1 MP, 4 MSP, 5 LP). 
Tasks P7.2 and P7.3 were often given in conjunction with Task P3.2 (confusion 
between tens/tenths and hundreds/hundredths) so that some of the students who had been 
restricted from Task P7 .1 were given one or both of these tasks. Altogether 33 students (12 
HP, 9 HSP, 7 MP, 4 MSP, 1 LP) were given one or more of the components of Task P7. 
APPLYING SYMMETRY TO PLACE NAMES 
Ofthe 22 students (12 HP, 5 HSP, 5 MP, 1 MSP) who were given Task 7.1, 12 (6 
HP, 3 HSP, 3 MP) said that they thought of the ones as being the "middle" (although HP1 
said he "saw it just now"). MP3 explained that "ifthere was a mirror here (ones), they (the 
decimal fractions) would go backwards". Another student (MP4) clearly saw the ones as 
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the middle but was unable to articulate it although this could have been a result of the 
oblique question asked (i.e., Why aren't the ones in anything?). Her protocol is provided 
below. 
MP4 
I: It goes tenths, hundredths (indicating the cards, in turn) and it goes tens, hundreds 
(indicating the cards, in turn). 
I: Put one finger out for the tens and one finger out for the tenths. (She did so.) Now do 
it for the hundreds and hundredths. (She did so.) So, now show me the thousands 
and where would the thousandths be? [S: There (indicating correctly).] 
I: And if they're ten thousands, what will they be (FR side)? [S: Ten thousandths.] Why 
aren't the ones in anything? [S: I don't know.] 
Seven students (4 HP, 1 HSP, 1 MP, 1 MSP) said they thought of the decimal point 
as being the middle. However, this response from HP8 and HP10 was in dissonance with 
the physical gestures they had used when explaining their prediction of "thousandths" in 
Task P6.1 as indicated by their protocols. 
HP8 
S: I just remember them as QJJg£ tens, hundreds, thousands and you go back ones, 
tenths, hundreds, thousandths backwards (indicating ones as the central point). 
I: When you look at those names, do you see the ones as the middle or the decimal point 
as the middle? [S: The decimal point.] 
HP10 
C: Well, there's thousands, then going down one there's hundreds, and there's the tens 
and there's the ones and there's the tenths again, then there's hundredths (pointing to 
each name as she says it) and so it goes out! (She moved both hands simultaneously 
away from the ones and the decimal point.) Once you reach the decimal point, it goes 
out. 
Three students (2 HP, 1 HSP) said they thought of the ones and the decimal point as 
being the middle of the symmetry model. 
APPLYING SYMMETRY TO SYMBOLIC REPRESENTATIONS 
Of the 23 students (9 HP, 6 HSP, 3 MP, 4 MSP, 1 LP) who were asked to write "6 
tens and 6 tenths" in digit form (Task P7 .2) to determine whether the syntactic symbolic 
form would interfere with the symmetry model to produce "6.6" instead of"60.6", 14 (6 
HP, 5 HSP, 3 MP) wrote "60.6" whilst the remaining 9 students (2 HP, 1 HSP, 4 MSP) 
wrote 6.6 although most of these students corrected their error when asked to read the 
number they had written. One of these 9 students (HSP7) had said, in Task P3 .2, that he 
hadn't been confused by tens and tenths when he was first learning about tenths. This lack 
of compatibility between action and belief suggests that either he was not aware of his 
problem with tens and tenths or he was embarrassed to admit he had a problem. 
Of the 14 students who had written 60.6, all but MP8 wrote the number without 
hesitation. Ten of these students (4 HP, 4 HSP, 2 MP) said that they had no problem with 
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the fact that two digits are required on the left of the decimal point to write a number of tens 
whereas only one digit is required on the right of the decimal point to write a number of 
tenths, 2 students (HP7, HSP3) said it used to be a problem for them, 1 student (HP8) said 
that he had never thought about it while the remaining student (MP8) admitted that it was 
still "a bit" of a problem for her. The problem of the unbalanced places when the decimal 
point is written was explicated by HSP3 and MP8 (both of whom were correct) whose 
protocols are provided. 
HSP3 
I: So you need two places to write tens but only one place to write tenths. Was that a 
problem for you? [S: Yes, that was a bit of trouble sometimes. Like what I did at 
the start, I used that (pointing to the ones) as the tenths place.] So you might even get 
tricked into writing that (writing 6.6 on his worksheet)for that number (6 tens and 6 
tenths)? [S: Yes.] 
MP8 
I: Is it a problem for you? (She had taken a long time to write 60.6.) 
S: It is a bit because that's (60) got two and that's (6 tenths) got one. 
Of the 9 students who wrote 6.6 for 6 tens and 6 tenths, 4 (1 HP, 1 HSP, 1 MSP, 1 
LP) said that they had no problem with the fact that tens requires two digits whereas tenths 
requires only 1 digit, a verbal response that was dissonant with their symbolic response. 
The remaining students (1 HP, 1 HSP, 3 MSP) admitted that they still had a problem or a 
"bit" of a problem with the unbalanced number of digits. However, two of these students 
(MSP4, MSP8) revealed that their problem stemmed from their inability to reunitise 6 tens 
as 60 ones rather than a problem associated with the disparate number of digits. 
MSP4 
S: 
I: 
I'm a bit confused here (after a long time) because that's ten (the 6 tens) and then 
there should be units after it. [I: Write what you think you should write for 6 tens.] 
(She wrote 6 .6, leaving a gap between the 6 tens and the 6 tenths.) And if I put a zero 
in there (making 60.6), that will give me 60 -tens. 
Read the number. [S: Six tens and-] No, read it normally. [S: 60 tens-] Show 
me the tens place. (She pointed indeterminately at the digits.) Which one- that 
(tens) or that (tenths)? [S: That one (pointing to the ones).] How do you read that 
number? [S: 6-] No. What have I got here (covering the .6)? [S: Sixty.] Sixty 
and what (uncovering the .6)? [S: 6 tenths.] 
I: So you need two places to write tens but only one place to write tenths. [S: Do you?] 
Well, you did. Does that confuse you? 
S: A bit. Cos sometimes when I read these (indicating the number, 6 tens and 6 tenths), 
it's like that- 6 tens, and then when I look at that (the number in digit form, 60.6), 
it's sixty. 
MSP8 
S: Is that (pointing to the 6 ones he had written in 6.6) meant to be 6 or 60 there? 
Ofthe 21 students (11 HP, 5 HSP, 3 MP, 2 MSP) who were asked to read 400.04 
(fask P7.3), 16 (10 HP, 3 HSP, 2 MP, 1 MSP) read the number correctly and, with the 
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exception ofMSP4, without hesitation. Of these 16 students, 12 (7 HP, 3 HSP, 2 MP) said 
they had no problem with the unbalanced number of digits required to write hundreds and 
hundredths. 
Eight (3 HP, 4 HSP, 1 MP) of these students revealed (explicitly or implicitly) that 
they thought of"oneths" as a means ofbalancing the number of places on either side of the 
decimal-point so that the similar-sounding whole-number and decimal-fraction place names 
would be in balancing positions 
HP3 
S: It looks like there should be another ones just on the other side of the decimal. [I: To 
balance them?] Yes. 
HP8 
S: I don't know really. I never got taught about oneths. [I: Did you expect to get taught 
about oneths?] Yes. [I: Where would you have expected oneths to be?] After the 
decimal point. [I: Before the tenths?] Yes. 
HP12 
S: Is there any oneths? [I: No (both laughing).] I didn't think so. It would make it a lot 
easier! 
HSP1 
S: There's no such thing as a oneth but the dot's like a oneth. 
HSP3 
S: One's the odd one -there's like a oneth in there (indicating between the decimal 
point and the tenths place). 
HSP6 
S: !just think of the decimal point as a zero that you don't need. 
HSP7 
S: You 'd just put a zero in there (indicating between the decimal point and the tenths 
place). 
MPS 
S: I thought that the decimal point meant it just missed out the oneths. [I: Did someone 
tell you "oneths' or did you make it up for yourself?] I made it up. 
The remaining 4 students (3 HP, 1 MSP) who had said that they didn't have a 
problem either said that it was "a problem" (MSP4), it was confusing "if you can't see the 
decimal point clearly" (HP 11 ), it was a problem sometimes but "you've just got to 
remember that that they're the ones there (pointing to the 0 ones) but that (.04) doesn't have 
it" (HPS) or it wasn't a problem, it was just "annoying" (HP3). 
The five students who did not read the number correctly corrected themselves 
almost immediately. Three of these students (HP7, MPS, MSP3) initially read the number 
as "4 hundred and 4 tenths", one student (HSP10) read it as "4 hundred and 4 tenths-
thousandths -hundredths" and, when asked which one, decided on 4 hundred and 4 
hundredths; one student (HSP6) said "forty and - 4 hundred and 4 hundredths". When 
asked if they had a problem with the disparate number of hundreds and hundredths, four of 
these students admitted that they did have a problem but one student (MPS) said that she 
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didn't have a problem because she thought that the decimal point meant "it just missed out 
the oneths" and, when asked if someone had told her that, she said that she had "made it 
up". 
It was expected that those students who had, in Task P7.1, indicated either explicitly 
or implicitly that ones was the point of symmetry would have no problem with the disparity 
of the number of digits required to write tens and tenths (Task P7 .2) or to interpret hundreds 
and hundredths (Task P7.3). Consequently, seven of these students were not given either 
Task P7 .2 or A 7.3. This was an unfortunate assumption to make as three of the four 
students who were given these tasks made an "error" in one (but not both) of the tasks. (The 
word "error" seems to be too strong to describe what was, to most students, a "stumble" on 
their way to the correct response because, in most cases, the students corrected their mistake 
almost immediately, particularly in the case of reading 400.04.) Correct and incorrect 
responses also occurred when the point of symmetry was thought to be the decimal point or 
the ones and the decimal point. 
Table D-7 provides a summary of students' responses to each of the components of 
Task P7. The table shows that 12 students ( 5 HP, 4 HSP, 3 MP) thought of the ones as the 
point of symmetry. However, of the 3 students who were asked to write "6 tens and 6 
tenths" (Task P7.2) all initially wrote the number as 6.6 but all3 students could read 400.04 
correctly. 
Four students (3 HP, 1 HSP) thought of the ones and the decimal point as the point 
of symmetry, a strategy that proved to be successful for them in writing 60.6 and in reading 
400.04. 
Nine students (4 HP, 3 HSP, 2 MP) thought of the decimal point as the point of 
symmetry but their protocols or their physical gestures indicated that they adjusted the 
decimal point in some way to make the number of places on either side of the decimal point 
balance. These students were also generally successful on Tasks P7 .2 and P7 .3. 
Seven students (1 HSP, 1 MP, 4 MSP, 1 LP) thought of the decimal point only as the 
point of symmetry, 5 (4 MSP, 1 LP) ofwhom wrote 6.6 for "6 tens and 6 tenths" although 2 
of these students (2 MSP) appeared to have reunitising problems (i.e., 6 tens= 60 ones) 
rather than positional problems. 
Fewer students made an error when reading 400.04 (Task P7.3) than when they 
were asked to write 6 tens and 6 tenths as a number (Task P7.2). This may have been 
because it was easier to translate from symbol to language than it was to translate from 
language to symbol or it may have been because the whole-number part of"6 tens and 6 
tenths" had to be reunitised as 60 ones before the number could be written. The reunitising 
was a problem for two students (MSP4, MSP8) whose protocols were provided earlier. 
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SYMMETRY MODEL 
When asked in Task P7 .3 whether the disparity in the number of digits required to 
write hundreds and hundredths was a problem for them, some students said that it wasn't 
any more, indicating that they had resolved this disparity in some way. Their explanations 
of how they overcame the problem revealed that they had developed several strategies that 
enabled them to maintain the symmetry of the similar-sounding whole-number and decimal-
fraction places. However, none of these strategies was "foolproof' when put into practice 
(as in Tasks P7.2 and P7.3) although, as stated earlier, the higher-performing students 
quickly amended their error in writing 6.6 instead of 60.6 or in reading 400.04. 
Nevertheless, these slips did indicate the power of the syntactic nature of the decimal point 
in impeding access to the symmetry model. 
Four main strategies that enabled the symmetry model to be constructed and 
maintained emerged from this task. These strategies involved perceiving the point of 
symmetry as: the ones, the decimal point, the decimal point with adjustments, and the ones 
and decimal point. The decimal point with adjustments incorporated two different strategies 
- one was to ignore the ones and focus on the decimal point as the point of symmetry whilst 
the other was to insert mentally a partner for the ones on the other side of the decimal point 
(i.e., oneths). All but the decimal point strategy enabled a balance to be maintained. (See 
Figure 4.6 for the various strategies.) 
I 11 I 
H T 0. t h H T 0. t h 
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Ones - Ignore the DP Ones andDP 
ll I l I l 
H T 'Q. t h H T 0 0 t h H T 0 t h 
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DP - Ignore the ones DP- Insert oneths DP -Decimal point only 
Figure 4. 6. Strategies for maintaining the symmetry model. 
Focusing on the ones and ignoring the decimal point (See Figure 4.6A) and focusing 
on the decimal point but ignoring the ones (see Figure 4.6C) were two strategies in which 
the students appeared not to think of the decimal point as another place in the decimal 
number system. However, the other strategies appeared to be the result of viewing the 
186 
decimal point as another naturally-occurring place in the decimal-number system rather than 
as a human convention designed to be a demarcation point enabling a visual discrimination 
between whole numbers and fractions. 
Table D-7 showed that the notion of symmetry is difficult to maintain when 
numbers are written in symbolic form. However, the various strategies (apart from seeing 
the decimal point only as the point of symmetry) appeared to be effective in maintaining the 
symmetry notion as they appear to amalgamate the symmetry of the place names and the 
symmetry of the place positions (ie., 1st, 2nd, 3rd on the left or right ofthe decimal point) 
when the decimal point is visible 
PERFORMANCECATEGOruES 
This task reinforced the qualitative difference in thinking between the higher-
performing and lower-performing groups. The lower-performing students tended to see the 
decimal point only as the point of symmetry, a strategy that will not promote success in 
making sense of numbers written in symbolic form. The higher-performing groups tended 
to adjust their notion of the decimal point as the point of symmetry in order to maintain the 
symmetry model. These adjustments appeared to be self-constructed and thus were 
idiosyncratic. 
4.4 TASKS ASSESSING LEVEL 3 KNOWLEDGE (MULTIPLICATIVITY) 
Task Ml: Abstract binary relationships 
Task M2: Abstract ternary relationships 
Task M3: Applying multiplicative relationships (predicting the shift) 
Task M4: Applying multiplicative relationships (making the shift) 
Each task incorporated several sub-tasks, the objectives of which will be given with 
the specific sub-task or group of sub-tasks. (See Section 3.5.3 for the full rationale of the 
tasks related to multiplicativity and Attachment 3 for the tasks.) 
4.4.1 TASK Ml -ABSTRACT BINARY RELATIONSHIPS 
This task was designed to elicit whether the students accessed multiplicative 
structure spontaneously for the binary relationships of 10 (i.e., x 10, + 10). If students did 
not access multiplicative structure spontaneously, they were given directed questions to 
determine whether multiplicative structure was available. (See Section 3.5.2 for the 
rationale underlying this task.) 
Task Ml.l: Find another pair of places that are related in the same way as these two places. 
How are your places related in the same way as mine? 
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Objectives: (i) To determine whether the students understand that adjacent places are 
related by 10 (i.e., the binary relationship); 
(ii) To determine whether the students understand the binary grouping (x 10) 
and partitioning ( + 1 0) notions embedded in multiplicative structure; 
(iii) To determine whether the students understand the binary grouping (x 10) 
and partitioning(+ 10) notions embedded in multiplicative structure. 
Contingent questions to elicit the availability of multiplicative structure: 
What do you do the tens to make hundreds? What do you do to the hundreds to make tens? 
(The places named will be contingent on the students' selections.) 
TaskM1.2 What would you put here (ones,-) to keep the pattern? (If not elicited from 
Ml.1). Why did you select that one? 
Objective: To determine whether the students can access binary relationships across the 
whole-number and decimal-fraction domains. 
SELECTED PLACE NAMES 
Six students (2 MSP, 4 LP) were not given this task because their lack of 
understanding of position and order (elicited from the previous tasks) would deny any 
credibility to their responses to this task. Therefore, when calculating the percentage results 
of the performance categories, they were considered as giving inappropriate responses. 
Table 4.23 provides the students' correct and incorrect selections in Tasks Ml.l and Ml.2. 
Table 4.23 
Frequency (and Mean) of Selections in Task Ml in Terms of the Peiformance Categories. 
Performance categories 
HP HSP MP MSP LP 
Selections (n = 12) (n = 12) (n= 8) (n= 8) (n = 5) 
Open pair 
Appropriate 9 (75.0%) 9 (75.0%) 8 (100%) 2 (25.0%) 0 (00.0%) 
-Th,H 2 1 3 
-T,O 3 2 
-O,t 2 1 
-t,h 5 4 3 1 
Inappropriate 3 (25.0%) 3 (25.0%) 0 (00.0%) 6 (75.0%) 5 (100%) 
-h, t 2 2 3 
-H,h 
-No response 1 1 1 
-Not asked 2 4 
Directed pair 
Correct 11 (91.7%) 11 (91.7%) 7 (87.5%) 4 (50.0%) 0 (00.0%) 
Incorrect 1 (08.3%) 1 (08.3%) 1 (12.5%) 4 (50.0%) 5 (100%) 
-O,I 1 1 1 
-O,.h 1 
-O,Th 1 
-T,.J 1 
-Not asked 2 4 
Note. Underlining indicates the student's selection. 
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Of the 39 students who were given Task Ml.l, 28 (9 HP, 9 HSP, 8 MP, 2 MSP) 
selected a pair that had the same order and the same relationship as the given pair. Three 
students only (2 HP, 1 HSP) selected the pair that bridged the whole-number and decimal-
fraction domains (ones, tenths). The remaining 25 correct students selected pairs from 
within the whole-number domain or within the decimal-fraction domain. Of the 11 students 
who did not select an appropriate pair, 7 (2 HP, 2 HSP, 3 MSP) selected "hundredths, 
tenths", 1 (LP2) selected "hundreds, hundredths" whilst 3 (1 HP, 1 HSP, 1 MSP) couldn't 
select a pair. 
Of the 39 students who were given Task Ml.2, 33 (11 HP, 11 HSP, 7 MP, 4 MSP) 
selected the appropriate place name, indicating that they were able to apply their thinking 
across both domains. The LP student (LP2) who was unable cross the domains (e.g., 0, T) 
could apply the appropriate thinking within the domains (e.g., 1, h). For this task, the HP 
and HSP students made fewer incorrect responses and their selection was much quicker than 
it had been for Task M1.1 possibly because: (a) the task was no longer novel; (b) the 
similar-name strategy was no longer applicable, thus forcing students to consider a different 
strategy; (c) the position strategy was easy to apply when the order of the names was known 
to be important; and (d) several students had been probed to reveal the multiplicative 
relationship between the adjacent places and therefore access was not the same problem that 
it seemed to have been for Task M 1.1. The inappropriate responses in this task were 
idiosyncratic. 
REASONING 
In Task Ml.1, 3 students only (HP10, HSPI, MP1) spontaneously accessed the bi-
directional nature of multiplicative structure (i.e., x and+) as exemplified by HSPl 's 
protocol. 
HSP1-t, h 
S: Because if you divide tenths into 10, you get hundredths, and if you times hundredths 
by 10 you get tenths. 
The remaining students who had made a selection gave explanations that were 
categorised as being semantic (in this instance, indicating a relationship of 1 0) or syntactic 
(surface features such as position or name). There were two main types of semantic 
explanations, namely, those that revealed partial multiplicativity (i.e., unidirectional) and 
those that indicated or equivalence (e.g., 10 tenths= 1 one). These were categorised as the 
SEMIPM and SEM!EQ reasoning strategies respectively. Examples of these responses are 
provided. 
HP2 - Th, H (SEMIPM - X 1 0) 
S: You times hundreds by 10 to get thousands. [I: And what do you do to thousands to 
get hundreds?] Divide by 10. 
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HP6 - 0, t (SEMIEQ) 
S: There'd be I 0 tenths in one. [I: And what do you do to ones to get tenths?] Divide it 
into I 0 groups. 
The syntactic explanations referred to the position of the places (i.e., adjacent), to 
the names (e.g., tens/tenths) or to the domains (i.e., both whole numbers or both fractions 
and were labelled as the SYN/P, SYN/N and SYN/D reasoning strategies respectively. 
Examples of these types of syntactic reasoning are provided. (Some students referred to 
more than one surface feature.) Examples of semantic and syntactic reasoning are provided 
in the following protocols. 
MP6 - T, 0 (SYN/P - correct selection) 
S: The ones are following after the tens. 
HP5 - h, t (SYN/N- incorrect selection) 
S: Well when they're written (in words), they look a little bit the same and it's a bit like 
-these (H, T) are -you 've got - they're (H, T) bigger and they're (h, t) like, they're 
miniatures of them (H, T). 
HSP5 - t, h (SYN/N- correct selection) 
S: Well, that's tens and that's hundreds (the given pair) and that's hundredths and 
they're tenths. [I: So what does that mean?] Well, tens and tenths sound the same 
and hundreds and hundredths. 
HSP2- t, h (SYN/P/N- correct selection)) 
S: Well, they're next to each other like them (H, T)- they'rejust kind of swapped 
around. 
HP9- h, t (SYN/D/N- incorrect selection)) 
S: Well, they're (H, T) both wholes and they're (h, t) both fractions and they've got the 
same names. 
HSPlO- t, h (SYN/D/P/N- correct selection) 
S: Because the ones don't match up because you've used the tens (referring to the cards) 
so you go to the next two houses. [I: Was there any other reason why you thought 
they (t, h) went together like these two (H, T)?] Because they're both the same. [I: 
How are they the same?] Both have got "hundred'' (indicating H, h) in them and 
"ten" in them (indicating T, t). [I: So you're looking at the names?} Yes. 
Table 4.24 provides the categorisation of the students' spontaneous explanations 
given to support their selection in Task Ml.l whilst Table 4.25 shows the types of reasoning 
used to support both the correct and incorrect selections in Task Ml.l. Table 4.25 reveals 
that semantic reasoning always produced a correct response but that syntactic reasoning 
could produce either a correct or an incorrect response. However, syntactic responses based 
on position produced correct responses only. In fact, for this task, using position as a basis 
for selection was an expedient strategy because of the limited mental load required to utilise 
it and may have been preferred by those students who also had knowledge of multiplicative 
structure. 
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Table 4.24 
Frequency (and Mean) of Spontaneous Explanations for Selections in Task Ml.J in Tenns of the 
Peifonnance Categories. 
Explanations 
Semantic 
- MS (x, +) 
- Partial MS ( x, +) 
- Equivalence 
Syntactic 
-Names 
-Position 
No response 
Not asked 
HP 
(n = 12) 
8 (66.7%) 
1 
4 
3 
3 (25.0%) 
3 
1 (08.3%) 
~. MS =multiplicative structure. 
HSP 
(n = 12) 
4 (33.3%) 
1 
2 
1 
7 (58.3%) 
3 
4 
1 (08.3%) 
Performance categories 
MP 
(n = 8) 
3 (37.5%) 
1 
1 
1 
5 (62.5%) 
1 
4 
MSP 
(n =8) 
1 (12.5%) 
1 
4 (50.0%) 
4 
1 (12.5%) 
2 
LP 
(n = 5) 
0 (00.0%) 
0 (00.0%) 
1 (20.0%) 
4 
The contingent questions designed to elicit whether multiplicative structure was 
available were given in Task Ml.l except for those students who had selected the places on 
the basis of the similar names. Probing for these latter students was delayed until they had 
attempted Task M1.2 to determine whether they could abstract the relationship without the 
distraction of the similar names. The students whose selections were incorrect (and not h, t) 
or who were unable to make a selection were also given the contingent questions but these 
were directed to the given pair (H, T). All but 8 students (2 HP, 2 HSP, 3 MSP, 1 LP) were 
probed in this task. 
Table 4.25 
Frequency (and Mean) of Reasoning Underlying Task Ml.J Responses in Tenns of the Peifonnance 
Categories. 
HP HSP 
Reasoning (n = 12) (n = 12) 
Correct 9 (75.0%) 9 (75.0%) 
-SEM 8 4 
-SYN/N 1 1 
-SYN/P 4 
Incorrect 3 (25.0%) 3 (25.0%) 
-SEM 
-SYN/N 2 2 
-SYN/P 
Performance categories 
MP 
(n = 8) 
8 (100%) 
3 
1 
4 
0 (00.0%) 
MSP 
(n = 8) 
2 (25.0%) 
1 
1 
6 (75.0%) 
3 
LP 
(n=5) 
0 (00.0%) 
5 (100%) 
-No response 1 1 1 
-Not asked 2 4 
Note. SEM =semantic reasoning; SYN/N =syntactic reasoning based on similar -sounding names; 
SYN/P = syntactic reasoning based on position. 
Of the 16 responses (8 HP, 4 HSP, 3 MP, 1 MSP) that were classed as semantic, 3 (1 
HP, 1, HSP, 1 MP) had spontaneously revealed an understanding of full multiplicativity, 
that is, the bi-directional nature (both multiplication and division) of multiplicative structure 
whilst 7 students ( 4 HP, 2 HSP, 1 MP) spontaneously revealed partial multiplicativity and, 
for all of these students, the direction was towards the left (x). This may have been because 
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the converse ( +) was assumed or it may have been because they were aware of the uni-
directional nature only (in this interview, x) of multiplicative structure. To determine 
whether their understanding was uni- or bi-directional, these students were then asked the 
contingent question designed to elicit division: What would you do to [thousands] to get 
[hundreds]? (The students' selections were used in the contingent question.) 
All but one student (MP4) immediately revealed an understanding of the division 
component ofmultiplicativity, indicating that these students were aware of the bi-directional 
nature ofmultiplicativity. MP4 revealed that she associated the partitioning aspect of 
multiplicativity with subtraction (as shown by her protocol) and was deemed to have uni-
directional understanding of multiplicativity. 
MP4-Th,H 
I: What do you do to thousands to get hundreds? (No response) What do you have to 
do to the hundred to get ten (given pair)? [S: Take away 90.] Anything else? [S: 
That's all I do.] 
The remaining 6 students (HP1, HP6, HP8, HSP11, MP2, MSP2) who had made a 
semantic response had given an indication of equivalence only (i.e., the relationship of 10 -
the base). When given both contingent questions, 3 students (HP1, HP6, MSP2) revealed a 
bi-directional understanding ofmultiplicativity whilst 3 students (HP8, HSP11, MP2) 
revealed that they had a uni-directional understanding. Each of these three students 
associated the relationship from right to left with multiplication but associated the 
relationship from left to right with subtraction, that is, they accessed additive structure. 
HP8's protocol exemplifies this behaviour. 
HP8 -0, t 
I: And what would you do to ones to get tenths? [S: You would take off ones.] 
Anything else? [S: I don't think so.] 
Of the 16 students who gave semantic explanations, all but 2 students (MP2, 
MSP2), whose protocols are provided, gave immediate and succinct responses, that is, they 
used the language of the operations, namely, multiply/times and divide. 
MP2-t,h 
S: Well to start with, they've got kind of the same names and there's I 0 in between. [I: 
What do you mean "1 0 in between"?] Like say if you 've got a hundredth -I 0 tenths 
-you've got to take it down I 0 to get a tenth. To take I 0 tenths up to I hundredth, 
you have to take it up I 0 again. [I: When you say "taking up 1 0" and "taking down 
10", I'm not too sure what you mean. What does "taking up" mean to you?] Making 
the number bigger or smaller. [I: So what would you do to hundredths to get 
tenths?] You'd have to make it IO times bigger. [I: What do you® to make it 10 
times bigger?] Times by I 0. [I: And what would you do to tenths to get 
hundredths?] Make it I 0 times smaller. [I: But what do you .dQ to make it 10 times 
smaller?] Take IO away from it. 
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MSP2-T,O 
I: What would you do the tens to get ones? [S: Break it up into 9little pieces.] Nine? 
[S: Well, if you have 10, it'd move up into the next place.] Anything else? [S: Cut it 
up into smaller pieces.] What's the mathematical word we use for cutting up into 
pieces? [S: Fractions -cutting up into fractions.] Yes, but that's what we say the 
pieces are. What's the operation that you do? [S: Urn, divide it.] Divide it by what? 
[Urn, 10.] 
Of the 19 students (3 HP, 7 HSP, 5 MP, 4 MSP) who had given syntactic responses, 
14 (2 HP, 7 HSP, 4 MP, 2 MSP) were given the contingent questions to determine whether 
they could access multiplicative structure. (If the student's selection was incorrect, the 
contingent questions were directed to the given pair- H, T.) For the remaining 5 students, 
the contingent questions were delayed until the completion ofTask M1.2 which was a more 
directed task. 
Of the 14 students who were probed in this task, 7 (3 HSP, 4 MP) had based their 
reasoning on position and 7 (2 HP, 3 HSP, 2 MSP) had based their reasoning on the names. 
Of the 7 students who had used SYN/P reasoning, the contingent questions revealed that: 
(a) 4 students (HSP2, MP5, MP7, MP8) had the appropriate knowledge available of the bi-
directional nature ofmultiplicativity; (b) 2 students (HSP3, HSP4) accessed full additivity; 
and (c) 1 student (MP6) accessed the rule that associates inserting or deleting zeros with 
multiplicativity involving whole numbers. The protocols of the 3 students who did not 
access multiplicativity are provided. HSP3 's protocol reveals that he was able to access the 
division component ofmultiplicativity but this was not robust. 
HSP3 
I: What would you do to the ones to get tens? [S: You take 10 ones and put them in the 
tens.] What would you do to the tens to get hundreds (referring to the given pair)? [S: 
Urn, you take 10 off ... 10 off a hundred ... yeah, 10 off a hundred and then put it 
there [tens]. 
I: What could you do to hundreds to get tens? [S: Take off 90.] Could you do anything 
else? [S: Divide it by 10.] What could you do to the tens to get ones? [S: Divide it . 
. . just take 1 off from the 10.] Anything else to make tens into ones? [No response.] 
HSP4-T, 0 
I: What would you do to the ones to get tens? {M: Ten ones is like 1 ten so they're just 
adding up.] So what would you dQ to ones to get tens? [M: Add 9 ones.] 
I: What could you do to tens to get ones? [S: Well (shaking his head) ... you'd have 
to take away ones because there's nothing else you can really take away. If you took 
ten, you'd get zilch, zero. Like if you took 6 ones, you'd get 4 ones and if you took 9 
ones you'd get 1 one.] 
MP6-T,O 
I: What would you do to the ones to get tens? [S: You add on a zero at the end] What 
else could you do to it? [No response] What could you do to the tens to get ones? [S: 
Take off the zero.] 
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Of the 7 students (2 HP, 3 HSP, 2 MSP) who had used SYN/N reasoning, the 
contingent questions revealed that the 2 HP students accessed multiplicative structure whilst 
the remaining students accessed full additive structure as exemplified by the following 
protocols. 
HSP5 -t, h 
I: What do you do to hundredths to get tenths? [S: Add 9 more.] What do you do to the 
tenths to get hundredths? [S: Subtract some tenths.] 
HSP6-t,h 
I: What would you do to hundredths to get tenths? [S: Add 10 hundredths.] What do 
you do the tenths to get hundredths? [S: Take away.] 
Of the 3 students (1 HP, 1 HSP, 1 MSP) who had been unable to make a selection, 2 
(HP12, HSP8) were probed for availability of multiplicative structure by directing the 
contingent questions to the given pair (hundreds, tens). The HP student immediately 
revealed knowledge of multiplicative structure whilst the HSP student accessed additive 
structure. (See Table 4.26 for an overview of the availability and accessibility of full 
multiplicativity that was revealed as a result of the probe. The students who were not 
probed were not included in the percentage results.) 
Table4.26 
Frequency (and Mean) of Multiplicativity Availability in Task Ml.l in Terms of the Peiformance 
Categories. 
Multiplicativity 
availability 
Full MS (x, +) 
- Spontaneous 
-Elicited 
Partial MS (x, +) 
Nil 
-Full AS(+,-) 
-Zero rule 
-Not probed 
-Not asked M11 
HP 
(n = 12) 
10 (90.9%) 
1 
9 
1 (09.1%) 
0 (00.0%) 
HSP 
(n = 12) 
4 (36.4%) 
1 
3 
1 (09.1%) 
6 (54.5%) 
6 
Performance categories 
MP 
(n= 8) 
4 (57.1%) 
1 
3 
2 (28.6%) 
1 (14.3%) 
1 
1 
MSP 
(n= 8) 
1 (20.0%%) 
1 
0 (00.0%) 
4 (80.0%) 
2 
3 
2 
Note. MS =multiplicative structure; AS =additive structure. 
LP 
(n = 5) 
4 (100%) 
1 
4 
Generally, the explanations given for Task M1.1 were given for Task M1.2 with two 
exceptions: (a) the students who had revealed access, after probing in Task Ml.l, to the bi-
directional nature of multiplicative structure generally tended to use this as the basis of their 
selection for this task; and (b) those who had used the syntactic-names strategy as a basis of 
their responses in Task Ml.l generally switched to the syntactic-position strategy. 
In this task, a new selection strategy emerged which appeared to be based on 
proportional reasoning. The student who used this strategy (MP8) had selected the correct 
name, tenths, (which supports her original proportional reasoning) but then changed it to 
hundredths, indicating a confusion with knowing when to consider the relationship between 
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the two pairs and when to consider the relationship within each pair. Her protocol reveals 
her thinking. 
MP8-0, t~h 
I: Why did you change your mind? 
S: That one's (h) two places down. The ones are two places away from that one (the H 
in H, T) and they're (h) two places away from that one (the 0 in her pair, 0, h). 
Of the 4 students (HP9, HSP7, MSP6, LP2) who had selected "tens" to complete the 
pair (ones, _), 1 student (LP2) was unable to explain why he chose tens. Two students 
(HSP7, MSP6) appeared to focus on the fact that tens and ones are adjacent places (i.e., 
position) but ignored the order inherent in the given pairs:(because you can't fit any number 
in between the ones and tens - HSP7). Both of these students replaced the "tens" with 
"tenths" when reminded of the order. The remaining student (HP9 appeared to be reluctant 
to cross the domains even though he obviously had the appropriate knowledge of 
multiplicativity available as his protocol reveals. This student's knowledge had been probed 
in Task Ml.1 by discussing the pair, "hundreds, ones". 
HP9 
I: Are these two (putting out H, 0) related in the same way as those two (H, T- the 
given pair in Task Ml.1)? [S: Urn ... yes.] How? [S: Urn, well, they're (H, 0) 
both wholes and they're (H, T) both wholes.] Let's think about their sizes. What do 
you do to tens to get hundreds (pointing to the relevant cards)? [S: Times it by ten.] 
What do you do to the hundreds to make tens? [S: Divide it by ten.] So, in this one 
(H, 0), what do you do to ones to make hundreds? [S: Times it by one hundred.] 
And what do you do to the hundreds to make ones? [S: Divide it by one hundred.] 
So that's (H, 0) not the same pattern or relationship as that (H, T), is it? [No.] 
Because they're (indicating H, T) are related by? [S: Ten.] And these (H, 0) are 
related by? [S: Hundred.] 
I: Are these (his original pair ofh, t) related by ten? [He seemed unsure.] Would you 
like to change them in some way? [He reversed the cards to show tenths, hundredths.] 
How many hundredths make a tenth? [S: 1 0.] What would you do to tenths to make 
hundredths? [S: Divide it by 10.] 
I: So if I put this (0, -), what would you put to make sure it has the same relationship as 
these (H, T)? [He selected T.] Why have you selected this one? [S: Cos, they're all 
whole numbers.] 
In Task Ml.1, 7 students (1 HP, 1 HSP, 1 MP, 3 MSP, 1 LP) had not been given the 
contingent questions designed to reveal the multiplication and division operations inherent 
in multiplicative structure. When probed in this task, 3 (1 HP, 1 HSP, 1 MP) of these 
students accessed bi-directional multiplicativity, 1 (MSP3) accessed full additivity(+,-) 
and 1 (MSPl) was unable to respond to the contingent questions. One student (MSP8) was 
not given the questions because he was unable to make a selection and this task revealed the 
gross errors he had with the notion of a fraction. The remaining student (LP2) was difficult 
to classify because he exhibited fragmented knowledge of the operations as revealed by his 
protocol. He appeared to have an awareness of the relationship of 10 and he associated 
grouping with multiplication and partitioning with division but, as his response to Task 
Ml.2 shows, this knowledge had not been connected to make an integrated schema of 
multiplicative structure. 
LP2 
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I: What could you do to tens to get hundreds (the given pair, H, T)? [S: Double it, sort 
of.] What do you mean "double it"? [S: 10 tens are a hundred and 10 hundreds are a 
thousand] If you had 10 hundredths, would you get a hundred (his pair, H, h)? [S: 
No.] Well, let's leave the hundredths there -what do you have to put here (in place 
of the hundreds he'd had before)? [He put out the tenths.] So 10 hundredths make I 
tenth? [S: Yep.] 
I: What do you do to tenths to get hundredths? [S: Do 10 of them.] What do you mean 
"do IO of them"? [S: You get 10 tenths.] But if you have one little piece and it's 
called a tenth, what would you do to it to get a hundredth? [S: You'd chop it up into 
10 pieces.] What do we call "chopping up into pieces" in mathematics? [No 
response] What do we{/&? [No response] Is it adding, subtracting, multiplying or 
dividing or what? [S: Dividing] 
I: So if I put that place value there (0, _in Task M1.1.2), what would you put there? 
[He thought for a while and then put tens.] Are you sure? [S: No, no (replacing the 
tens with thousands).] How do they go together? [No response] 
The student (MP8) who had used proportional reasoning in this tasks had accessed 
multiplicative structure in Task Ml.l. However, her protocol for Task Ml.2 reveals that 
she has not extended her understanding of multiplicative structure to decimal fractions. She 
does not understand the relevance of the base in relating adjacent places. 
MP8-0,h 
I: What do you do to tens to make hundreds (referring to the relationships within the 
given pair, H, T). [S: Times by 10.] And what do you do to the hundreds to get tens? 
[S: Divide by 10.] That's the pattern. 
I: What do you do to hundredths to get ones? [S: Times by ... 10.] Why would you 
multiply by I 0? [S: Because then you get a higher number that would equal 1.] 
PERFORMANCE CATEGORIES 
Six students (2 MSP, 4 LP) were not given this task because their lack of 
understanding of position and order (elicited from the previous tasks) would deny any 
credibility to their responses to this task. Therefore, when calculating the percentage results 
of the performance categories, they have been considered as giving inappropriate responses. 
Table 4.27 provides an overview of the availability and accessibility of full 
multiplicativity that was revealed in Task M1.2 and shows that, for both components of the 
task, the higher-performing students (HP, HSP, MP) outperformed the lower-performing 
groups (MSP, LP) in selecting appropriate place names but, when the quality of reasoning 
underlying the selection was probed, the HP students outperformed all other groups. As 
revealed by Table 4.27, 66.7% of the HP students spontaneously focused on the semantic 
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relationship between the places as opposed to 33.3% of the HSP students and 37.5% of the 
MP students. 
Table 4.27 
Frequency (and Mean) of Multiplicativity Availability in Task Ml.2 in Tenns of the Peifonnance 
Categories. 
Performance categories 
Availability of HP HSP MP MSP LP 
multiplicativity (n = I2) (n = I2) (n = 8) (n = 8) (n = 5) 
Full MS (x, +) 11 (91.7%) 7 (58.3%) 5 (62.5%) 1 (12.5%%) I (20.0%) 
- Spontaneous IO 4 3 
-Elicited 1 3 2 1 I 
PartialMS I (08.3%) I (08.3%) 2 (25.0%) 0 (00.0%) 0 (00.0%) 
-x,+ I I I 
- x, + (base Jc) I 
Nil 0 (00.0%) 4 (33.3%) I (I2.5%) 7 (87.5%) 4 (80.0%) 
-Full AS(+,-) 4 I 3 
-Zero rule 
- No response 2 
-Not asked Ml.l 2 4 
Note. MS =multiplicative structure; AS =additive structure. 
Table 4.28 provides the accessibility (and therefore availability) of multiplicative 
structure (either accessed spontaneously or as a result of probing) in terms of the 
performance categories for both components of the task. 
Table 4.28 
Frequency (and Mean) ofMultiplicativity Availability in TaskMJ in Tenns of the Peifonnance 
Categories. 
Performance categories 
Multiplicativity HP HSP MP MSP LP 
availability (n = I2) (n = I2) (n = 8) (n= 8) (n = 5) 
Full MS (x, +) 
-TaskMI.l IO (90.9%) 4 (36.4%) 4 (57.I%) I (20.0%) NP 
-TaskM1.2 II (91.7%) 7 (58.3%) 5 (62.5%) I (12.5%) I (20.0%) 
Partial MS 
-TaskMI.l I (09.I%) I (09.1%) 2 (28.6%) 0 (00.0%) NP 
-TaskMI.2 I (08.3%) I (08.3%) 2 (25.0%) 3 (50.0%) 0 (00.0%) 
Full AS(+,-) 
-TaskMI.l 0 (00.0%) 6 (54.5%) 0 (00.0%) 2 (66.6%) 0 (00.0%) 
-TaskMI.2 0 (00.0%) 4 (33.3%) I (I2.5%) 2 (33.3%) 0 (00.0%) 
Other 
-Zero rule I (I4.3) 
Note. MS = multiplicative structure; AS = additive structure. 
Table 4.28 shows that, in terms of availability and access of the bi-directional and 
continuous nature of multiplicative structure, there is a substantial difference between the 
HP category and all other categories. Although more HSP and MP students accessed full 
multiplicativity in Task M1.2 than in Task Ml.l, their overall performances were 
significantly lower than that of the HP students. Whilst the HSP and MP categories may 
have had knowledge of multiplicativity that was not activated in Task Ml.l because of the 
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novelty and abstraction of the task, this cannot explain the lower performances in Task 
M1.2 when the task was no longer novel. Therefore, apart from differences in available 
knowledge, the differences in performance between the HP and other higher-performing 
groups (HSP, MP) could also be attributed to metacognition (i.e., knowing when to access 
multiplicativity). 
With respect to the HP and HSP categories, almost all of the HP students had the 
appropriate knowledge available and could access it as opposed to just over half (58.3%) of 
the HSP students. Moreover, no HP student accessed additive structure as opposed to one-
third of the HSP students. The ability to access the appropriate structure was a major factor 
in differentiating between the HP and HSP students. 
Generally, the students did not "baulk" at having to bridge the whole-number and 
decimal-fraction domains in Task M1.2, indicating that the continuous nature of 
multiplicativity was not a major factor in differentiating the knowledge held by the 
performance categories. 
In summary, Task M1 appeared to illuminate the qualitative difference between the 
HP and all other performance categories in terms of multiplicative knowledge and 
metacognition. It appears that having an abstract schema that integrates all the components 
of equivalence/base, continuous multiplication/grouping/increase in value to the left and 
continuous division/partitioning/decrease in value to the right and knowing when it is 
appropriate to access this knowledge may be essential differences between proficiency and 
semiproficiency in coming to understand hundredths. 
4.4.2 TASK M2 -ABSTRACT TERNARY RELATIONSHIPS 
Task M2.1 Find another pair of places that are related in the same way as these two 
places. How are your places related in the same way as mine? 
1~1 I OHe4 
Task M2.2: What would you put here(-, tenths) to keep the patterns? (If not elicited from 
M2.1.) 
Objectives: (i) To determine whether the students understand that adjacent-but-one places 
are related by 100 (i.e., the ternary relationship, 10 x 1 0); 
(ii) To determine whether the students understand the ternary grouping (x 10 x 
10) and partitioning(+ 10 + 10) notions embedded in multiplicative 
structure; 
iii) To determine whether the students can access ternary relationships across 
the whole-number and decimal-fraction domains. 
Materials: Two sets of cards with the place names written on them. (See Attachment 3.) 
The interviewer used the set of yellow cards and the students used the set of 
green cards. 
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SELECTED PLACE NAMES 
Table 4.29 provides an overview of the students' selected pairs. The six students (2 
MSP, 4 LP) who had not been given Task M1 were not given Task M2 for the same reasons 
(i.e., lack ofknowledge of position and order). In calculating the percentage results for the 
performance categories, they were categorised as giving inappropriate responses. 
Of the 39 students who were given Task M2.1, 30 (9 HP, 10 HSP, 7 MP, 4 MSP) 
selected a pair that had the same order and the same relationship as the given pair. Table 
4.29 shows that the inappropriate responses were idiosyncratic. 
As a result of their poor performance (inappropriate pairs and an inability to support 
their selection) in Task M2.1, 6 students (HSP6, MP6, MSPI, MSP3, MSP4, 1 LP) were not 
given Task M2.2. Of the 33 students who were given Task M2.2, 31 students (12 HP, 10 
HSP, 7 MP, 2 MSP) were able to select the missing place. As for Task M2.1, the 
inappropriate responses were idiosyncratic. 
Table 4.29 
Frequency (and Mean) of Selections in TaskM2 in Tenns of the Peifonnance Categories. 
Performance categories 
HP HSP MP MSP LP 
Selections (n = 12) (n = 12) (n = 8) (n = 8) (n=5) 
Open pair 
Appropriate 9 (75.0%) 10 (83.3%) 7 (87.5%) 4 (50.0%) 0 (00.0%) 
-Th, T 4 3 3 3 
-T, t 1 2 2 
-O,h 4 4 2 
-t, th 1 
Inappropriate 3 (25.0%) 2 (16.7%) 1 (12.5%) 4 (50.0%) 5 (100%) 
-Th, t 1 
-T,O 1 
-T,h 
-t,H 1 1 
-t, TH 1 
-h,O 
-h, t 
-h,H 
- No response 
-Not asked 2 4 
Directed pair 
Correct 12 (91.7%) 10 (91.7%) 7 (87.5%) 2 (37.5%) 0 (00.0%) 
Incorrect 0 (08.3%) 2 (08.3%) 1 (12.5%) 6 (62.5%) 5 (100%) 
-O,I 1 1 1 
-O,H 1 
-Not asked 5 5 
Note. Underlining indicates the student's selection in M2.2. 
REASONING 
The thinking strategies that were used in Task M 1.1 were also used in this task. 
(See Table 4.30 for the students' reasons for their selections.) However, the similar-name 
syntactic strategy (SYN/N) was used by only 3 students (1 HSP, 2 MSP), each of whom had 
used this strategy unsuccessfully in task Ml.l. The syntactic strategy related to position 
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was used by more students this time and was denoted by comments such as: The middle 
one's (between H, 0) missing- HPl; There's a gap of one thing in there (between H, 0)-
HSP3; there's a column missing from hundreds and ones- HSPll; you go 2 places down-
HP2. 
Table 4.30 
Frequency of Spontaneous Explanations Given to Support Selections in Task M2.1 in Tenns of the 
Peifonnance Categories. 
Performance categories 
HP HSP MP MSP LP 
Explanations (n = 12) (n = 12) (n = 8) (n = 8) (n = 5) 
M2.1 M2.2 M2.1 M2.2 M2.1 M2.2 M2.1 M2.2 M2.1 M2.2 
Semantic 9 6 8 3 4 1 3 1 0 0 
-MS (x, +) 5 4 1 1 
-Partial MS (x or+) 1 3 1 1 2 1 1 
- Equivalence 3 2 3 1 1 1 
-PR 1 2 
Syntactic 3 6 4 8 4 6 2 2 0 0 
-Names 1 2 1 
-Position 2 5 3 8 4 6 1 
-PR/IPR 1 1 
No response 1 1 1 
Not asked 1 1 2 5 4 4 
Note. MS =multiplicative structure; PR =proportional reasoning; IPR = inverted proportional 
reasoning. 
Proportional reasoning (PR), which is also related to position, was used by one 
student only in Task M1.2, but was used by 5 students (3 HP, 2 MSP) in this task. Like the 
SYN/P strategy, the PR strategy also produced correct selections. However, inverse 
proportional reasoning (IPR), used by 1 HP student (HPll) did not produce a correct 
selection. Apart from MSP6, these students did not use the PR or IPR strategy for both of 
the task components. The following protocols reveal the students' use of proportional 
reasoning. (The given pair in Task M2.1 wasH, 0. The underlined place in the directed 
pair indicates the place supplied by the student to complete the pair.) 
HP3 - Directed pair: I, t (PR) 
S: You move the hundredths (referring to her open pair, 0, h)- um, you times it -you 
make it I 0 times larger to the tenths (referring toT, t) so that (T, the missing place) 
would have to be 10 times larger than the ones (referring to her open pair, 0, h). 
HP4 - Open pair: Th, T (PR) 
R: Cos, like I could put tens because they're one [place] bigger than them (the 0 in the 
given pair), and hundreds -I could put one bigger than them. 
HPlO- Directed pair: I, t (PR) 
S: Well, I saw the hundredths (from the 0, h of her open pair)- the tenths are one up 
from the hundredths; therefore, the tens must be one up from there (the one in 0, h). 
MSP6 - Open pair: Th, T (PR) 
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S: Because I thought that's I 0 more (indicating H, then Th) and that's I 0 more 
(indicating 0, then T). 
MSP8 - Open pair: Th, T (PR) 
S: Because one higher than that (H) is thousands and one higher than that (0) is tens. 
HPll- Open pair: Th, t (IPR) 
S: Because you go down one there (referring to ones in the given pair, H, 0) to tenths 
and this (the Thin her pair), you just go down one -up one from there (indicating the 
HinH, 0). 
These examples of proportional reasoning revealed two sub-strategies One was 
semantic, that is, it indicated a relationship of 10 (e.g., IO times larger to the tenths- HP3; 
that's I 0 more - MSP6); the other was syntactic, that is, it indicated a consideration of the 
positions of the places and not the relative values between the places (e.g., the tenths are 
one up from the hundredths - HPl 0; you go down one here - MSP6). 
With respect to multiplicativity, those students who had selected the appropriate 
place names but who had not spontaneously accessed multiplicative structure in their 
responses to either task were given the contingent questions: What do you do to ones to get 
hundreds? What do you do to hundreds to get ones? Students who were asked in both tasks 
maintained their responses across the two tasks. Table 4.31 shows the robustness of the 
student's responses across Tasks M2.1 and M2.2. 
Table 4.31 
Frequency (and Mean) of Multiplicativity Availability in Task M2 in Tenns of the Peifonnance 
Categories. 
Multiplicativity 
availability 
Full MS (x, +) 
Partial MS 
Full AS(+,-) 
Other 
- MSv", base x 
- No response 
-Not asked 
HP 
(n = 12) 
10 (83.3%) 
I (08.3%) 
1 (08.3%) 
1 
HSP 
(n = 12) 
7 (58.3%) 
1 (08.3%) 
3 (25.0%) 
1 (08.3%) 
1 
Performance categories 
MP 
(n = 8) 
4 (50.0%) 
1 (12.5%) 
2 (25.0%) 
1 (12.5%) 
1 
Note. MS =multiplicative structure; AS = additive structure. 
MSP 
(n = 8) 
1 (12.5%) 
0 (00.0%) 
1 (12.5%) 
6 (75.0%) 
4 
2 
LP 
(n = 5) 
0 (00.0%) 
0 (00.0%) 
0 (00.0%) 
5 (1'00%) 
I 
4 
Three students only (HP6, HP12, HSP12) recognised the relationship between the 
given places as x 10 x 10 rather than as x 100. However, HP6 associated the exponential 
relationship as an additive relationship, that is, she thought of"+ 10 + 10' as"+ 20". HSP12 
had a problem with reconciling the relationships of 10 x 10 and x 100 as shown by her 
protocol. 
HSP12-T, t 
S: Because a hun -a hun -a hundred ... IO times that, no ... a hun ... a hun ... 
I: Well, let's take it the way you were going to do it -I 0 times that (t) would get you to 
where? [S: Ones] And IO times ones gets you to? [S: Tens.] So how many of those 
201 
(t) do you need to get to there (T)? [No response] Ten times ten? [No response] 
How many of these (0) do you need to make one of those (H)? [S: 100] Well, you've 
got the same relationship here, haven't you? [Nodded] You're not sure about this 
even though you selected it? [S: Mm.] 
Two other students (MP8, MSP6) had difficulty in determining the base. MSP6 
accessed additive structure (as she had in Task M1.1) and thought of the relationship as "+ 
20" that is"+ 10 +10". MP8 (who also had a problem in determining the base in Task M1) 
determined the multiplicative relationship by dividing the place on the left by the place on 
the right. 
MP8- T,- (after a very long time) ~T, h; 0, I 
I: What are you thinking about? [S: I'm dividing hundreds by that number to equal 
ones.] [She finally put out tens on the left.] If you put ten here (T,-), what would you 
put there? 
S: That's divided by 100 (referring to the given pair, H, 0). So tens would be divided by 
10, wouldn't it? [I: Well, to have the same pattern, you'd have to divide it by 100.] 
[She put out hundredths.] 
I: Why hundredths? [S: I divided tens by 100 and 100 has two zeros so I went back two 
spaces to the hundredths.] If I put this (0, -),what's the missing place name? [S: A 
hundred divided by a hundred ... a hundred (thinking aloud).] [She eventually put 
outO,I.] 
Five students weren't probed either because of oversight (as for MP6) or because of 
the problems they had in selecting an appropriate pair (as for HSP6, MSP1, MSP8, LP2). 
The protocols of the latter students are provided and reveal that, even after the full 
discussion that took place in Task M1, these students had not made sense of the principles 
embedded in the task. 
HSP6--,t 
I: Put out another pair that has the same patterns. [She put out tenths below the ones 
but then seemed to get stuck.] I'm going to see if! can help you. These two (showing 
Th, H) don't go together in the same way as these two (indicating H, 0) do. They're 
close but they don't quite go together in the same way. I wonder why not? [S: I 
think it's because the ones are just smaller than the hundreds and the hundreds are 
smaller than the thousands and ... ] That's one way they're alike. Now how are they 
different? [S: They're different ... urn ... ] 
MSP1-h, H 
S: Which of these (H, 0) is worth more- the hundreds or the ones? [S: Hundreds.] 
Which of these (her pair- h, H) is worth more- the hundreds or the hundredths? [S: 
Hundredths.] They're worth more than hundreds, are they? [S: Yes.] How many of 
these (0) make one of those (H)? [S: 10.] How many ones do you need to make a 
hundred? [S: 100.] 
MSP8-0,H 
I: Why did you select hundreds? [S: I keep looking at the things (indicating H, 0).] Do 
you mean the names? [S: Yes.] 
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LP2 - h, O~H, O~t, Th 
1: Put out another pair that are related in the same way. [He put out h, 0 then changed 
it to H, 0.] Yes, but that's what I've got. Can you find another pair? [He put out t, 
Th.] How do they go together like the other two (H, 0)? [No response] 
PERFORMANCE CATEGORIES 
Task M2, with its focus on ternary relationships, produced very similar results to 
Task M1 which focused on binary relationships. For both the open and the directed tasks, 
the higher-performing students (HP, HSP, MP) outperformed the lower-performing students 
(MSP, LP). (See Table 4.29.) However, the explanations given to support their selections 
differentiated the higher-performing students. For example, twice as many HP and HSP as 
MP students spontaneously provided semantic reasons for their selections with 41.7% of the 
HP students and 33.3% of the HSP students spontaneously accessing full multiplicativity as 
opposed to 12.5% of the MP students. (See Table 4.30.) 
Probing for availability of multiplicativity involving ternary relationships 
differentiated the HP and HSP students (and the HP students and all other performance 
categories). Table 4.31 revealed that all of the HP students accessed either full or partial 
multiplicativity (including the student who accessed full multiplicativity but determined the 
base as 20 (1 0 + 1 0). That is, unlike the other performance categories, no HP student was 
seduced by the apparent syntactic nature of the task into accessing full additive structure. 
This task supported the findings of Task Ml and illuminates a major qualitative 
difference between the HP and HSP students (and all other categories). 
4.4.3 TASK M3 -APPLYING MULTIPLICATIVE RELATIONSHIPS (PREDICTING THE SHIFT) 
This task required the students to explain how they predicted a shift, that is how 
they determined the finishing number when given the starting number (i.e., the multiplier or 
dividend) and an operation. The task (Test Item A4) consisted of the 12 items shown in 
Figure 4.7. 
A4.1 A4.2 A4.3 A4.4 A4.5 A4.6 
0.3 X 10= 0.04 X 100 = 6.23 X 10 = 0.7 X 100 = 2.16 X 100 = 0.2 X 10 X 10 = 
A4.7 A4.8 A4.9 A4.10 A4.11 A4.12 
4+ 10= 72.5 + 10= 0.9 + 10= 37+100= 8 + 100 = 14 + 10 + 10 = 
Figure 4. 7. Task M3 items. 
The 12 items (6 multiplication, 6 division) were constructed to examine the 
students' understanding ofthe bi-directional nature ofbinary (x/+ 10) and ternary 
relationships (x 10 x 10/+ 10 + 10 or x/+ 100). It was anticipated that the students would 
shift the digits in the given multiplicand to the left or right according to whether the 
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operation was multiplication or division and the number of places the digits were shifted 
would be determined by the multiplier or divisor. That is, x 10 would produce a shift of one 
place to the left whilst + 10 would produce a shift of one place to the left, and x 100 (or x 10 
x 10) would produce a shift of two places to the left and two places to the right for the 
corresponding divisors. It was anticipated that the students would associate the number of 
zeros in the multipliers/divisors with the number of places the digits had to be shifted. 
The multiplicands and dividends were selected to examine a variety of shifts that 
would occur with tenths and hundredths (i.e., tenths to ones, ones to tenths; hundredths to 
ones, ones to hundredths; hundredths to tenths, tenths to hundredths; tenths to tens). 
Therefore multiplicands and dividends included decimal fractions and decimal numbers or 
whole numbers only. Figure 4.8 analyses each item in terms of whether the shift was binary 
or ternary. 
BINARY 
0 B t 0.3 x 10 (A4.1) 
4 + 10 (A4.4) 
t B h 6.23 X 10 (A4.3) 
0.9 + 10 (A4.9) 
72.5 + 10 (A4.7) 
TERNARY 
0 B h 0.04 x 100 (A4.2) 
2.16 X 100 (A4.6) 
8 + 100 (A4.11) 
37 + 100 (A4.10) 
T ~ t 0.7 X 100 (A4.5) 
OBtBh 0.02x10x10 
14+10+10 
Figure 4.8. Task analysis ofltem A4 in Task M3. 
RESULTS 
Table E-ll provides the students' responses for each item whilst Table 4.32 
provides a summary of the results for the multiplication and division items in terms of the 
performance categories. 
Table 4.32 
Frequency (and Mean) of Responses to the Operation Components and Items of Task M3 in Terms of 
the Peiformance Categories. 
Performance categories 
Operation/ HP HSP MP MSP LP 
Item (n = 12) (n = 12) (n= 8) (n= 8) (n=5) 
Multiplication 97.2% 79.2% 43.8% 31.3% 25.0% 
-0.3 X 10 12 (100%) 12 (100%) 3 (37.5%) 3 (37.5%) 2 (40.0%) 
-0.04 X 100 12 (100%) 12 (100%) 4 (50.0%) 3 (37.5%) 1 (20.0%) 
-6.23 X 10 12 (100%) 9 (75.0%) 5 (62.5%) 2 (25.0%) 2 (40.0%) 
-0.7 X 100 12 (100%) 8 (66.7%) 3 (37.5%) 2 (25.0%) 1 (20.0%) 
-2.16 X 100 10 (83.3%) 8 (66.7%) 2 (25.0%) 2 (25.0%) 1 (20.0%) 
-0.02 X 10 X 10 12 (100%) 8 (66.7%) 4 (50.0%) 3 (37.5%) 2 (40.0%) 
Division 83.3% 44.4% 10.4% 06.3% 06.7% 
-4+ 10 10 (83.3%) 6 (50.0%) 2 (25.0%) 0 (00.0%) 1 (20.0%) 
-72.5+10 11 (91.7%) 7 (58.3%) 2 (25.0%) 0 (00.0%) 0 (00.0%) 
-0.9+ 10 10 (83.3%) 6 (50.0%) 1 (12.5%) 0 (00.0%) 0 (00.0%) 
-37+100 10 (83.3%) 4 (33.3%) 0 (00.0%) 1 (12.5%) 1 (20.0%) 
-8 + 100 10 (83.3%) 5 (41.7%) 0 (00.0%) 1 (12.5%) 0 (00.0%) 
-14 + 10 + 10 9 (75.0%) 4 (33.3%) 0 (00.0%) 1 (12.5%) 0 (00.0%) 
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The tables show that, for each performance category, the results are better for 
multiplication than for division. For the multiplication items, a variety of responses was 
considered to be appropriate. (See Table E-12.) For example, the following answers were 
acceptable for Item A4.1: 3, 3.0, 3.00, 03.0. Students who inserted one or more zeros either 
after the decimal point or in the leftmost whole-number place in A4.1 usually maintained 
this, when appropriate, across the multiplication items. For the division items, students 
either inserted the zero to show there was no whole number or they omitted the zero (e.g., 
0.4, .4). Both responses were considered to be appropriate. 
REASONING 
All students (except LP5, who had not attempted any of the sub-items ofltem A4) 
were asked to explain their responses for Items A4.1, A4.2, A4.8 (multiplication) and for 
Items A4.4, A4.1 0 or A4.11, A4.12 (division). The students' explanations of their solution 
strategies for the multiplication items will be reported first. 
MULTIPLICATION 
0.3 x 10 (Item A4.1) 
Thirty-two (12 HP, 12 HSP, 3 MP, 3 MSP, 2 LP) of the 45 students were correct for 
this item. Five students (3 HP, 2 HSP) wrote "3", 22 students (8 HP, 8 HSP, 3 MP, 2 MSP, 
1 LP) wrote "3.0", 4 students (2 HSP, 1 MSP, 1 LP) wrote "3.00" whilst one student (HP) 
wrote "03.0". 
Samples of the explanations given to support each type of response are provided and 
reveal that different strategies were used to produce similar responses. For example, from 
the explanations for the answer "3", two different strategies (SHand RE) were identified, 
namely, shifting either the decimal point or the digit/s (SH) and multiplying then renaming 
the tenths as ones (RE). 
HP2- 3 (SH) 
S: You times ... since it's tenths, you just add one more place value. [I: And when you 
add one more place value, what do you do actually?] Move the number up one. [I: 
Go to the left?] Yes. [I: So you thought of shifting the 3 ?] Yes. 
I: And how did you know how many places to shift it? [S: Because there's one zero 
there (10).] And how did you know it had to go the left and not to the right? [S: 
Because I'm timesing- I'm getting bigger.] 
HP4- 3 (SH) 
S: Um, !just put the decimal point behind the 3. [I: So you actually shift the decimal 
point?] Mm. [I: How do you know which way to shift it?] If it's got times, I have to 
make the number bigger so I have to move the 3 in front of the decimal point. [I: Oh, 
so you actually move the digits or the decimal point?] Oh, I got mixed up. You move 
the number. [I: Which way do you like to do it? I mean you can do it either way.] 
Yeah, I like to move usually the number. 
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HP12- 3 (RE) 
S: Well, !just .. . I don't know how to explain this. I know what it is but I don't know 
how to explain it. Well, I thought of 3 as 3 times 10 and I just minused the zero 
HSP1- 3 (RE) 
S: Oh, it'sjust like those (the tasks in M1). Instead oftaking the zero and the dot away 
- the decimal, sorry- you've got 3 times 10 equals 30 but then you have to put the 
zero and the decimal back somewhere so you put the decimal there and the zero there. 
[I: So did you say 3 tens are 30 but you're really calling it 30 tenths, aren't you?] 
Yes, 30 tenths. 
HSP7- 3 (RE) 
S: Because 3 times 10 equals 30; 30 tenths is 3 wholes. 
HP1 (who wrote "03.0") appeared to mentally move the decimal point back one 
place (the SH strategy) but did not delete the subsequent unnecessary zero from his 
response. He used this strategy for all of the multiplication items that involved a decimal 
fraction. 
HP1- 03.0 
S: I learnt it last year - um, it's 3 tenths and you times by (indicating the 1 0) so that 
moves it back one. [I: What moves back one?] The number moves -the decimal's 
going that way (indicating to the right). See, I put the decimal point there (writing 
0.3. ), pretended that dot (the given decimal point between the 0 and 3) wasn 't there 
so the 3 then a zero. 
I: So that's why you left the zero there (the first zero in his answer of03.0)? It seems to 
me that you like to move the decimal point? [S: Yep] But you could move the digits, 
you were saying? [S: Yeah] 
The following protocols represent the range of strategies that was used to produce 
the answer, 3.0. The SH strategy (as shown by HP7's protocol) was used by 6 students (3 
HP, 1 HSP, 2 MSP) whilst the RE strategy (as shown by HP3 's protocol) was used by 2 
students (1 HP, 1 MP). These students included ".0" because the original number contained 
tenths (see MSP4's protocol). 
However, two other strategies that produced 3.0 emerged from the students' 
explanations. For example, 7 students (4 HP, 3 HSP) applied the whole-number rule (i.e., 
insert a zero in the rightmost place when you multiply by 10) in conjunction with the SH 
strategy (see the protocols ofHP3 and HP5). This strategy will be denoted by WN/SH. The 
other strategy involved treating the decimal-fraction as a whole number, applying the 
whole-number rule (WN) and then inserting the decimal point to show tenths (see the 
protocols ofHSP2 and HSP4). This strategy was used by 5 students (2 HSP, 2 MP, 1 LP) 
and will be denoted by WNIIDP. 
HP7- 3.0 (SH) 
S: Well, 10 (pointing to the 10), !just count the zero which is like one zero so !just move 
the 3 up one place. [I: Why did you put the decimal point and the zero? It's not 
wrong - I'm just curious.] I don't know. I just did. 
HPlO- 3.0 (RE) 
S: Well, they're actually called tenths and you've got 3 tenths. I tenth times I 0 so 3 
tenths must equal 3. 
MSP4- 3.0 (SH) 
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S: Well, there's kind of like a zero there (0.3) and !just thought I might just put a zero 
there (her answer, 3.0). 
HP3- 3.0 (WN/SH) 
S: Um, if it's I 0 times, you 've got to put on a zero at the end so they all move up one so 
if the 3 was before the decimal point there then it would have to come after 
(indicating from right to left). [I: Is the number getting larger or smaller?] Larger. 
HP5- 3.0 (WN/SH) 
C: I know you 've got to add a zero there (pointing after the 3 tenths) if you're timesing. 
Like with I 0, you 've got to move the number up one place. 
HSP2- 3.0 (WNIIDP) 
S: Well. it's kind of -if you pretended that that decimal point and that zero weren't 
there and you just multiply 3 by IO, you'd get 30 and you just put in the decimal point 
there. [I: Why do you have to put the decimal point in there?] Because just took 
away those at the start but actually ... [I: You're actually multiplying by tenths so 
you have to end it with tenths is that what you were thinking?] Yes 
HSP4- 3.0 (WNIIDP) 
S: Just take the decimal out so it would be 3 times I 0 which is 30 and then go back and 
put the decimal point in. 
Thirteen students (5 MP, 5 MSP, 3 LP) were incorrect for this item. Seven students 
(3 MP, 3 MSP, 1 LP) wrote 0.30, 3 (1 MP, 1 MSP, 1 LP) wrote 30, 1 (MSP) wrote 30.0, 1 
(MP) wrote 10.03 and 1 student (LP) did not attempt an answer (for this and all the other 
items). 
The students who had written 0.30 seemed to have transferred the whole-number 
rule to decimal fractions and thus had merely inserted a zero in the rightmost place. This 
strategy will be denoted as WN. However, in the interview, one student (MP4) immediately 
recognised her error and amended her response to a correct response as shown by her 
protocol. 
MP4- 0.30 (WN)~3 (RE) 
S: That should be 3 (writing in the ones place above her original answer). [I: How do 
you lmow it should be 3?] Because !just realised where I made my mistake. !just 
added zeros. [I: And how do you Imow that that 3 is the right answer?] Because 3 
times IO equals 30 and 30 is- 30 tenths is 3. 
MP8' s protocol exemplifies the explanations given by the remaining 6 students who 
used the WN strategy. 
S: I timesed point 3 by I 0 ... actually point I 0 ... no, just I 0 -and I ended up with 30 
so I put zero point thirty. 
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The 4 students who had written 30 or 30.0 appeared to treat the 3 tenths as a whole-
number. This was categorised as the DF/WN strategy. 
MP1 - 30 (DF/WN) 
S: Cos you're just adding a zero -they just move up a place. 
MSPS - 30.0 (DF/WN) 
S: I timesed the 3 by 10. [I: And that's where you got the 30?] Yes. [I: Why did you 
put the decimal point zero (indicating the .0 in his answer)?] Because there's a 
decimal there (in 0.3). 
MSP7- 30 (DFIWN) 
S: !just added a zero. [I: Why?] Because it's timesing. 
MP1 used the SH strategy effectively for the remaining multiplication items so her 
response of "30" may have been a careless error. For example, she may have intended to 
use the WNIIDP strategy but forgot to insert the decimal point. However, she did not 
spontaneously correct her error as she had in Item A4.2. MSP 5 was correct for 3 
multiplication items and incorrect for 3 items, indicating that his responses were 
idiosyncratic and dominated by the syntactic features of the given item. MSP7 continued to 
apply her incorrect strategy of treating the decimal fraction as a whole number and "adding" 
one zero to the rightmost place to accommodate the multiplication operation, irrespective of 
whether the multiplier was 10 or 100. 
The student (MP6) who had written "10.03" had an error pattern as she had written 
"100.04, 100.07, 100.02" for "0.04 x 100, 0.7 x 100, 0.02 x 10 x 10" respectively. Her 
protocol reveals that she thinks of"0.3 x 10" as "10 + 0.3" which she writes as "10.03". 
This behaviour, which was consistent, suggest that she confuses the decimal point with the 
symbol for division ( +) as revealed by her protocol. 
MP6-10.03 
S: I wasn't quite sure at that particular time. [I: But do you remember what you were 
thinking at the time?] (No response) 
I: Did you guess it? (She nodded, looking at the interviewer and smiling as though she 
were embarrassed.) I don 't think you did because you seem to have some patterns in 
your answers. That one (A4.2), that one (A4.5) and that one (A4.8) all have the same 
sort of pattern. [No response] What would you do now to fzx it because it isn't right? 
[S: Divide by ... divide 10 by (indicating 0.3).] Is that what you tried to do here 
before -divide 10 by 3? [S: Yes] 
0.04 x 100 (ItemA4.2) 
This item assessed the students' ability to predict the result of a ternary relationship 
(x 100). Thirty-two students (12 HP, 12 HSP, 4 MP, 3 MSP, 1 LP) were correct for this 
item and their answers were similar to those ofltem A4.1, namely, 4, 4.0, 4.00, 004.0. In 
general, the students maintained the strategy they had used for Item A4.1. However, 3 
(1 HP, 1 MP, 1 MSP) ofthe 6 students who had used theRE strategy in Item A4.1 changed 
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their strategy to the SH strategy (HP12, MP2) or guessed the answer (MSP6) as shown by 
the following protocol. 
MSP6 
S: Four hundreds is 4 thousands so you'd make that 4 thousands. But I got that wrong. 
[I: No, you didn't.] Just make it 400. [I: Was that a bit of a guess for you?] Yes 
(laughing). 
One student (LP2) was correct for this item but incorrect for Item A4.1. For A4.1, 
he had used aWN strategy but for this item, he used a WNIIDP strategy. His protocol for 
each item is provided. 
LP2 
A4.1: All I did was, urn, said 3 groups of 10. [I: So you said 3 tens are thirty; put them in 
there like that (0.30).] Yes. 
A4.2: That said 100 so that's 4 by 100 so I got that (4.00).] [I: And you then went back and 
put the decimal point in there to show they were hundredths. Is that what you did?] 
Yes 
The protocols of the students who had been incorrect revealed that some errors were 
caused by carelessness (see the protocols ofMP1, MSP8, LP1, LP3). 
MP1- 0.4~4 
S: You times it by 100 so you move them up two places. [I: So that 4 goes up two 
places?] Yes. 
I: Show me how you thought of it going up two places. [S: Oh, it should be (writing 4).] 
And how do you know how many places to move them? [S: Depends on how many 
zeros there are (indicating the 100).] 
MSP8 - 4.04~4.04 
S: I think I must have left the 4 in by mistake (crossing out the 4 hundredths). 
LP1- 0.4 
S: I went forty times a hundred and put that (0.4)- I don't know what happened there 
(sounding puzzled). [I: Could you fix it?] (She wrote 4.0.) 
I: I thought I heard you say before 'forty times a hundred"? [S: Yes] Where 's the 40? 
[S: I just went four, zero backwards (indicating .04).] And read that as forty? [S: 
Yes.] 
LP3 - 0.40 ~ 4.00 
S: I should have moved up two (writing 4.00). [I: Why?] Because it's a hundred 
MP8 had also written 0.40 but, unlike LP3, her protocol reveals erroneous (and 
tortuous) thinking. 
MP8 -0.40 
S: I said 4 hundredths times a hundred would be . .. (looking up and thinking) 40 
because if it was tenths, it would be 400 but because it was a hundredth, it would 
minus a zero because there was a zero there [the 0 tenths] instead. 
The remaining incorrect responses (400, 40, 0.400, 100.04, 1.04, 2) were 
idiosyncratic, that is, they were made by one student only. Two of these incorrect 
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responses, 40 (MP8) and 100.04 (MP6), were the result of an error pattern that was revealed 
in Item A4.1 The protocols of these students were provided earlier. The protocols of the 
remaining students are provided. 
LP4-400 
S: Four times 100 is four hundred. 
MP5- 0.400 
S: Four hundredths times one hundred is 400 hundredths. 
MSP1-1.04 
S: Just add one hundred to four. 
MSP4-2 
I: How did you get this answer (2)? [No response] You moved that one (Item A4.1) up 
that way (indicating to the left) once, so what did you do here? [S: Urn ... (a very 
long pause)]. What could you have done? [S: I could have halved it.] Why would 
you want to halve it? [No response] What tells you there to make it half? [A: I don't 
know.] 
0.02 x 10 x 10 (ItemA4.8) 
This item also assessed the students' ability to apply ternary relationships. 
However, whereas Item A4.2 presented the relationship as x 100, this item presented the 
relationship in the factorised form (x 10 x 10). 
Twenty-nine students (12 HP, 8 HSP, 4 MP, 3 MSP, 2 LP) were correct and their 
responses were similar to Items A4.1 and A4.2 (i.e., 2, 2.0, 2.00, 002.0). Of these 29 
students, 21 (10 HP, 5 HSP, 3 MP, 2 MSP, 1 LP) were asked to explain their solution 
strategies. Seventeen of these students (9 HP, 3 HSP, 3 MP, 2 MSP) indicated that they did 
each operation in tum (i.e., x 10 x 10) whilst the remaining students (1 HP, 2 HSP, 1 LP) 
indicated that they thought of x 10 x 10 as x 100 and then applied their preferred strategy. 
These two types of thinking are exemplified by the following protocols. 
MSP2 - X 10 X 10 
S: Just the same as those (Items A4.1 and A4.2). I just put it up by one and then another 
one. [I: Did you see that [10 x 10] as being a hundred?] No. 
LP3- X 100 
S: Ten times 10 is a hundred so I moved it up two places. 
However, irrespective of how they interpreted x 10 x 10, the students employed the 
same strategies that had been used in Items A4.1 and A4.2, that is, the SH, RE, WN/SH or 
WNIIDP strategies. 
Of the 16 students (4 HSP, 4 MP, 5 MSP, 3 LP) who gave incorrect answers, 8 (2 
HSP, 1 MP, 3 MSP, 2 LP) had not attempted an answer. Three of these students were 
asked, in the interview, to attempt it. One student (HSP4) provided a spontaneous and 
correct answer; one student (HSP 11) gave an incorrect answer; one students(MSP6) 
couldn't do it. Their protocols are provided. 
HSP4 
S: Well, 2 hundredths times I 0 would be 2 tenths, then 2 tenths times I 0 would be 2 
ones. [I: I wonder why you didn't do that before?] I don't know. 
HSP11 
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S: 4 hundredths ... 4 tenths (writing 0.4). Yes, I think that's right. [I: Tell me how you 
got that.] Two times IO is . .. that's 2 tenths (writing 0.2) so 2 times IO is 40 but 
that's hundredths so I'll just move the 4 there (tenths). 
MSP6 
I: You could do that one (A4.1) and that one (A4.2) so what happened here? [S: It was 
the way it looked.] Do you think you might know how to do it? [S: No.] 
One other student (MP4) made the same error as HSP11, that is, she interpreted x 10 
x 10 as 2 x 10. 
Another student (MP3) had written "1.0" but his protocol revealed that he was able 
to provide the correct answer in the interview. It also showed the effect of external factors 
(in this case, tiredness) on students' thinking. 
MP3 -1.0 
N: I don't know, I just . .. I wasn't really thinking clearly on the day we had this test. I 
was really tired -I had a really late night. [I: Ah, that explains why I was thinking 
how come this boy has such good understanding but didn't do so well on his test. So 
what would you do now? Talk me through it step-by-step.] 
N: Well, I'd multiply the 2 by IO so it'd become tenths and then I'd multiply it again and 
it would become 2 whole [writing 2.0]. 
One student (LP1) revealed that she had the correct thinking but was unable to make 
the shifts correctly because of her primitive counting strategy. For example, she counted the 
original position, hundredths, as the first "shift" and the tenths place as the second shift. 
She had made a similar error in Item A4.2 but not in Items A4.5 or A4.6 which also 
involved multiplying by 100 or in the items involving multiplying by 10. 
LP1-0.2 
L: Up 2. [I: Show me.] One (indicating the hundredths place), two (indicating the 
tenths place). 
Two students (HSP2, HSP9) had written 20.0 as the answer and, when asked to 
explain, revealed that they had used appropriate thinking. HSP9 realised his error 
immediately and wrote the correct answer but HSP2 didn't. 
HSP2 
S: Well, I thought if I'm going to move them, !just looked at the first ten so I thought I'd 
multiply that by ten so I'd get 2 tenths and so I did that one (the second x 10). [I: 
Could you have done it differently?] Um, well you could have multiplied that (x 10) 
by that (x 10) and then multiplied that number by IOO. [I: Like this one (A4.2)?] 
Yes. 
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HSP9 
S: Times I 0 moves it one place; times I 0 again moves it another place. (He 
immediately realised his error and changed his answer to 2.0.). [I: Could you have 
done it differently? I mean here you went one at a time (indicating each 1 0).] Yes; I 0 
times I 0 is a hundred and move it up two places. 
Remaining multiplication items (Items A4.3, A4.5, A4.6) 
For the remaining multiplication items, the students who were correct tended to use 
the strategies that were identified in the other multiplication items. However, no student 
used theRE strategy (renaming), possibly because of the cognitive load required to rename 
three places. The students who were incorrect tended to devise idiosyncratic solution 
strategies or to apply the WN strategy. However, for Item A4.3, the WN strategy was used 
by 4 students (HSP7, HSP 11, MP6, MP8) on the whole-number part only to produce 60.23. 
When asked, these students could not remember what they had done (see, for example, the 
protocols ofHSP7 and MP8). 
HSP7 -60.70 
S: I might have . . . it could be . .. I don't know how I did that (sounding quite bemused). 
MP8- 60.230 
S: I don't know. [I: It looks as though you might have multiplied the whole-number 
part by 10 and then the decimal part by 10. Is that what you did?] Yes. 
The students' inability to recall their solution strategies for their incorrect responses 
was common and this behaviour was inferred as being the result of not having a systematic 
solution strategy that would apply to all examples, thus reinforcing the belief that these 
students reacted to the syntactic features of given conceptually-isomorphic tasks. Their 
behaviour on these items provided further evidence of unavailable knowledge of 
multiplicative structure. 
DIVISION 
4 +I 0 (Item A4.4) 
This was the inverse ofltem A4.1 (0.3 x 10) for which 32 students (12 HP, 12 HSP, 
3 MP, 3 MSP, 2 LP) gave appropriate answe~s. However, for Item A4.4, 19 students only 
(10 HP, 6 HSP, 2 MP, 1 LP) gave the correct answer (0.4 or .4) with 16 (9 HP, 5 HSP, 1 
MP, 1 LP) of these students using the SH strategy. The protocols of the remaining 3 
students are provided. 
HP3 
S: I had to take off a zero and the 4, you can put as many zeros after it as you need to so 
long as you've got a decimal place, a decimal point, straight after it. [1: So did you 
think of that (the 4) as four decimal point zero?] Yes, or -.yes. [1: And what did you 
do then?] Urn, I just took off the zero that was at the end so that I moved it down one 
place. [1: Are you saying that you saw that (the 4) as four point zero divided by 10 
(writing 4.0 + 10)?] Yes. [I: And then what?] Urn, dividing by IO is taking off a zero 
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so I took off . .. Well, moving the four down. Dividing makes it go to the right and 
timesing makes it go to the left. [I: So you really didn't take the zero off as much as 
move the digit down?] Yes. 
HSP7 
S: I don't know (sounding bemused). 
MP8 
S: I urn ... it's kind of like the degree thing. Like Celsius and stuff when it's really cold 
-sometimes it goes down to negative 4 or something. And so I just put down -I 
divided 4 by 10 and that would be like zero point ... 4 tenths. Because that's sort of 
like .. . [I Are you saying that it's got to be less than zero?] Yes, because you can't 
have 4 divided by 10. 
Unlike the multiplication examples where zeros can be inserted in the rightmost 
place (the WN rule) and then adjusted for decimal fractions, the division examples had no 
rightmost zeros that could be deleted. Therefore, the students were forced to use the SH 
strategy if they were to be correct. This appeared to be the case with the students who were 
interviewed. Only one student (HP3) tried to use the WN/SH strategy. 
The major factor affecting performance seemed to be caused by the way the 
operation looked (i.e., syntactic) and the fact that there was no written decimal point in the 
dividend (4) may have promoted the influence of syntactic over semantic. For example, had 
the example been written as "4.0 + 10", the SH strategy may have been employed by more 
students. 
Thirteen students (1 HP, 4 HSP, 1 MP, 6 MSP, 1 LP) revealed that they had 
reversed the given numbers whilst 6 students (1 HP, 2 HSP, 1 MP, 1 MSP) revealed that 
they thought of it as "4 x? = 10". Of the 13 students who thought of the operation as 10 + 
4, 3 only (2 HSP, 1 MP) could produce the "correct" answer, 2.5. The remaining 10 
students revealed that they did not know what to do with the 2 ones left after dividing and 
either wrote the 2 as a remainder (e.g., 2 r 2 or 2 rem 2) or as 2 tenths (i.e., 2.2). Two of 
these students (1 MSP, 1 LP) had a further problem with the division in that they appeared 
to think "4 into 10 goes 2; 2 fours are 8 and 2 left over" and consequently wrote "8.20 
(MSP2) or "8.2" (LP4). Some students who had reversed the given numbers indicated that 
they were operating on the basis of the rule (either implicit or explicit; either self-
constructed or other-given) "divide the big number by the smaller number". The following 
protocols exemplify these inappropriate solution strategies. 
HSP4- 2.2 
S: Well, 4 into 10 goes 2 and 2 over. 
HSP12 -2.5 
S: Well I know half of 10 equals 5 and then half of 5 equals 2 point 5. And if you've got 
it in hundredths, halfofthe 100 is 50 and halfofthefifty is 25 so 2 point 25. Show 
me how you do half of 10 on the calculator [writing 1/ 2 of 10 on her test sheet]. 
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MP2-2 
I: How did you get 2 for your answer? [No response] When you were multiplying by 
IO, you said those digits had to move up. Now you're dividing by IO- [S: You have 
to go down (writing 0.4).] Very good. I was wondering if you got mixed up with your 
number facts when you've got to say 4 times something equals I 0. Because you wrote 
a 2 there. [S: Yes.] 
MSP2-8.20 
I: Where did you get the 8 from? [S: Ten divided by 4 -I got the highest you can get 
out of 10 without going over the 8 and there's 2left over.] 
The following protocol reveals the problem that some students had in recognising "4 
+ 1 0" as legitimate operation. 
HP10 -40 
S: First, I was pretty confused but then I just figured it out. [I: How were you 
confused?] Well, I just thought .... thinking back to when I first learnt about 
division, well 4 can 't be divided by I 0 so I got a bit confused then. But then I just 
figured it out. [I: How?] Well, that could be 4 divided by tenths and there's ... I'm 
sorry, I can 't really remember. 
Some students who had appeared to think of the task as "10 + 4" were asked what 
answer they would give for 10 + 4. Their protocols are provided. 
MSP2- 8.20 
I: What would you do for this (writing 10 + 4 =)? [He seemed to be "stuck".] It's a bit 
harder, is it? [S: Yes] Why is it a bit harder? [S: It's going to take a bit more 
thinking. (He eventually wrote 8.20.)] That's the answer you had before. So tell me 
how you were thinking about this one. [S: That there (10 + 4)- I was thinking about 
the sum there (4 + 10) and might have been thinking it was the other way around so 
that's why I put that (8.20).] 
MSP6-2.2 
S: Because 2 fours are 8 and there's 2 left. [I: What answer would you get for this one 
(writing 10 + 4)?] Ten divided by four; you can't do that because there's more in that 
bit (pointing to the 1 0). 
Remaining division items (Items A4.7, A4.9, A4.IO, A4.11, A4.I2) 
The students who were incorrect for these items had used a variety of solution 
strategies to accommodate the various items. For example, several students multiplied 
instead of dividing in one or more of these items, some reversed the operation (particularly 
in Item A4.11 - 100 + 8 instead of 8 + 1 00), some inserted one or two zeros after the 
decimal point depending on whether the divisor had one or two zeros. The following 
protocol exemplifies this latter strategy and reveals that, in Item A4.9, the inappropriate 
strategy produced the correct answer, a phenomenon that would support the student's 
perception of the legitimacy of the strategy. 
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HSP1-9. 
S: Um, 9 divided by -that's -I timesed that actually! [1: What would you like to put 
there now?] Um, zero, point -zero nine - 9 hundredths. [How did you work it out?} 
Because you're adding the zero just in here (tenths). Because there's one zero there 
(10), you put it in there (tenths place) when you divide. 
However, no student applied the same inappropriate strategy across all of the 
division items. This phenomenon was inferred as indicating the dominance of the syntactic 
features over the semantic notion embedded in the items. 
SOLUTION STRATEGIES FOR APPLYING MULTIPLICATIVE STRUCTURE 
Appropriate strategies 
Table E-13 provides an overview of the strategies used by the students in this task 
and reveals that, for multiplication, four appropriate solution strategies were identified: (a) 
the SH strategy that focused on shifting either the digit/s or the decimal point; (b) the 
WN/SH strategy which incorporated the whole-number strategy of inserting one or more 
zeros (depending on the number of zeros in the multiplier) in the rightmost place and the SH 
strategy; (c) the WNIIDP strategy which incorporated the whole-number rule and the 
insertion of the decimal point the insertion of the decimal point to show the appropriate 
decimal-fraction (dependent on the fraction given in the multiplicand); and (d) theRE 
strategy in which the given fraction of the multiplicand was renamed (e.g., "3 tenths times 
10 is 30 tenths; 30 tenths equals 3 ones"). 
With respect to those strategies that incorporated the WN rule, two different 
interpretations of the rule were discerned. For example, the students who employed the 
WNIIDP strategy treated the given decimal number as a whole number, inserted the 
required number of zeros in the rightmost place and then inserted the decimal point to show 
the fraction in the given multiplicand (see Figure 4.9). The students who used the WN/SH 
strategy employed the WN rule (inappropriately) by inserting the zero in the rightmost 
decimal-fraction place and then shifting either the decimal point one place to the right or the 
digits one place to the left (as shown in Figure 4.9). 
WN/IDP strategy WN/SH strategy 
0.3 X 10--4 0.30 --4 3.0 
~ 
Figure 4.9. Appropriate solution strategies for the multiplication items in Task M3. 
215 
All but one of the 12 incorrect answers for Item A4.1 appeared to emerge from the 
WN strategy. For example, 4 students (1 MP, 2 MSP, 1 LP) wrote "30" which indicated 
that they treated the decimal fraction as a whole number whilst 7 students (3 MP, 3 MSP, 1 
LP) wrote "0.30" which indicated that they simply inserted the zero in the rightmost 
decimal-fraction place (as for the WN/SH strategy in Figure 4.9). Both types of errors 
revealed that these students had not understood that, in many tasks, rules for whole numbers 
need to be modified to accommodate decimal numbers. 
The RE strategy was used successfully by 3 students (HP 10, HSP 1, HSP7) for both 
Items A4.1 and A4.2 and by 5 students (HP12, MP2, MP3, MP8, MSP6) for either A4.1, 
A4.2 or A4.8. However, none of these students maintained this strategy for the remaining 
multiplication items. The change of strategy was thought to be a result of the cognitive load 
required to rename three different places (e.g., renaming the 6 ones, 2 tenths, 3 hundredths 
in Item A4.2). Once a student changed from theRE strategy, he or she did not use it again. 
However, of the 8 students who had used theRE strategy for at least one multiplication 
item, 4 students only (HP10, HP12, HSP1, MP2) were able to apply a successful alternate 
strategy for the remaining multiplication items. 
In solving the multiplication items, some students employed a variety of strategies 
to produce correct answers. For example, HP10 used theRE, WN/SH and SH strategies and 
was successful for all items whilst MP3 used the RE, SH, WNIIDP strategies and was 
successful for all but one multiplication item (A4.6). Fourteen (9 HP, 4 HSP, 1 MSP) used 
one predominant strategy (i.e., for at least 5 of the 6 items) for the multiplication items, with 
10 students ( 6 HP, 3 HSP, 1 MSP) using the SH strategy and the remaining 4 students (3 
HP, 1 HSP) using the WN/SH strategy. 
For the division items, the SH strategy was the only strategy that would consistently 
produce correct answers. The most common incorrect strategy was to reverse (RV) the 
multiplicand and the multiplier (i.e., 10 + 4 instead of 4 + 10). This strategy was employed 
by 42.5% of all students (5 HSP, 5 MP, 7 LP) students for Item A4. 4 (4 +10), by 22.2% of 
the students (1 HP, 4 HSP, 2 MP, 3 MSP) for Item A4.10 (37 +100), and by 8.9% ofthe 
students (3 HSP, 1 MP) for Item A4.11 (8 + 1 00). 
Using the wrong operation (i.e., multiplying instead of dividing) was another 
strategy used by 20% of the students (1 HP, 3 HSP, 2 MP, 2 MSP, 1 LP) for Item A4.4, 
8.9% of the students (1 HP, 1 HSP, 1 MP, 1 MSP) for Item A4.11 and 11.1% of the students 
(2 HP, 1 HSP, 1 MP, 1 MSP) for Item A4.10. 
Inserting zeros inappropriately (e.g., 0.037 or 0.0037 for 37 + 100) was used by 2 
students only (1 HSP, 1 MP). Unlike the other inappropriate division strategies, this 
strategy sometimes produced the correct answer (e.g., Item A4.9). 
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PERFORMANCE CATEGORIES 
Table 4.33 provides the categorisation of the students' answers in terms of their 
application ofmultiplicativity. To be considered as having applied full (bi-directional) 
multiplicativity, students had to have at least 5 of the 6 multiplication items correct and at 
least 5 of the 6 division items correct. To be considered as having applied partial (uni-
directional) multiplicativity, students had to have at least 5 of the 6 multiplication items 
correct or at least 5 of the 6 division items correct. Students who did not meet these 
requirements were categorised as having unavailable applied knowledge. 
Table 4.33 
Frequency (and Mean) ofMultiplicativity Application in TaskM3 in Tenns of the Peifonnance 
Categories. 
Multiplicativity 
application 
MS 
-~-Hx,+) 
-~(x) 
--+ (+) 
HP 
(n = 12) 
10 (83.3%) 
2 (16.7%) 
HSP 
(n = 12) 
5 (41.7%) 
4 (33.3%) 
Performance categories 
MP 
(n = 8) 
0 (00.0%) 
1 (12.5%) 
MSP 
(n = 8) 
0 (00.0%) 
1 (12.5%) 
LP 
(n = 5) 
0 (00.0%) 
0 (00.0%) 
-Unavailable 3 (25.0%) 7 (87.5%) 7 (87.5%) 5 (100%) 
Note. MS =multiplicative structure;~= bi-directional;~= uni-directional (multiplication);-+= 
uni-directional (division). 
Table 4.33 shows that only 15 of the 45 students (33.3%) could apply full 
multiplicativity, 17.8% of the students applied partial multiplicativity (multiplication 
component only) whilst nearly half (48.9%) of the students did not have the appropriate 
knowledge available. Furthermore, the HP students were the only ones to apply either full 
or partial multiplicativity; each of the other groups had students who were unable to apply 
multiplicativity in either direction. 
The table reveals that Task M3 differentiated between the HP and HSP groups and 
all other categories and differentiated between the HP and HSP groups. Being able to apply 
multiplicativity appears to be knowledge that differentiates between the HP and all other 
categories. 
4.4.4 TASK M4- DETERMINING MULTIPLICATIVE RELATIONSHIPS (MAKING THE SHIFT) 
Task M4.1: Change 7 tenths to 7 ones. 
Task M4.2: Change 8 ones to 8 hundredths 
Objective: To determine the students' ability to select the operation that effects the given 
change. 
Materials: Calculator 
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In this task, the students were provided with the starting and finishing numbers and 
were required to use their knowledge of the bi-directional nature of the multiplicative 
structure to provide the operation that would make the change. For those students who were 
unable to do this, teaching intervention was undertaken using a place value chart and a set of 
digit cards to show the direction and size of the change. 
Because of the openness of this task, students could access either additive structures 
or multiplicative structures with equal legitimacy. Therefore, if students accessed additive 
structure spontaneously (e.g, for Task M4.1, adding 6.3 instead of multiplying by 1 0), they 
would then be asked if they could make the change by doing something different. Students 
who could then immediately access the appropriate multiplicative structure would be 
considered to have the appropriate knowledge available. 
CALCULATOR PROFICIENCY 
Nine students (2 HP, 3 HSP, 2 MSP, 2 LP), all of whom were from the lower 
socioeconomic school, appeared to be unfamiliar with the use of a calculator. Six of these 
students (2 HP, 2 MSP, 2 LP) did not know how to key in 7 tenths on the calculator. They 
all entered a 7 followed by the decimal point. However, the HP students immediately 
corrected their error, suggesting that, for them, their initial error could be attributed to 
carelessness. The remaining 3 students (all HSP) could enter 7 tenths correctly but seemed 
to be unaware of the function of the = key and thus did not press this key to show the result 
of the operation they had entered. Whilst two of these students had entered an addition 
operation, HSP11 had actually entered the correct operation (x 10) but, because she did not 
press the= key, she was unable to tell whether her thinking was correct. 
RESULTS 
Table E-4 shows that, of the 42 students who were given Task M4.1, 22 (8 HP, 7 
HSP, 6 MP, 1 MSP) spontaneously accessed multiplicative structure whilst 5 students (3 
HP, 1 HSP, 1 MP) initially entered"+ 6.3"(3 HP), "+ 0.3 + 6" (1 HSP), or "0.3" (1 MP) 
which indicated that they had accessed additivity and were trying to add the difference. 
When those 5 students (3 HP, 1 HSP, 1 MP) who had spontaneously accessed 
additive structure were asked if they could do something else to change 7 tenths to 7 ones, 
the HP and MP students spontaneously entered "x 10". However. the HP students could 
explain that if you want to shift the number up one place, you have to multiply by 10 
whereas the MP student said: I don't know. Furthermore, unlike the MP student, none of 
the 3 HP students applied additive structure to Task M4.2, a behaviour which suggested that 
they understood the "rightness" of multiplicative over additive structure in this task and thus 
were considered to have knowledge ofthe bi-directional nature ofmultiplicativity. On the 
other hand, the MP student tried to subtract in Task M4.2 so he was considered to have 
unavailable knowledge of the application of multiplicative structure in this task. 
218 
The HSP student who had entered"+ 0.3 + 6" merely combined the two operations 
to enter "6.3" and was unable to think of anything else. Moreover, he tried subtraction as a 
means of changing 8 ones to 8 hundredths (Task M4.2), indicating the dominance of 
additive structure in his understanding of place value relationships. 
Ten other students (1 HP, 3 HSP, 1 MP, 2 MSP, 3 LP) also tried to effect the change 
from 7 tenths to 7 ones by adding. Two students (MSP3, MSP6) entered"+ 10", indicating 
that they appeared to understand the relevance of the base (10) in making the shift but did 
not associate the shift to the left with multiplication. The HP student entered "+" and said 
that she couldn't do it but when asked if she could do something else to effect the change, 
she immediately entered "x 1 0", indicating that she had access to multiplicative structure. 
This student also accessed multiplicative structure in Task M4.2. Of the remaining 7 
students, all but LP2 maintained addition when asked if they could do something else to 
effect the change; LP2 accessed multiplication but was unaware of the relevance of the base. 
With respect to the other incorrect responses in Task M4.1, one student (HSP10) 
had entered "+ 1 0" but realised he had made the number smaller instead of larger and 
subsequently entered "x 10". He spontaneously entered"+ 100" for Task M4.2. Two 
students (HSP7, MP6) did not associate the change with having to do an operation and 
merely inserted "0" to show 0.70. On their second attempt, they entered"+ 6.93" and"+ 5" 
respectively. 
Altogether, then, 27 students (12 HP, 8 HSP, 6 MP, 1 MSP) were considered to have 
the appropriate knowledge of multiplicative relationships available in Task M4.1 and could 
access this knowledge. (See Table E-4.) 
With respect to Task M4.2 (change 8 ones to 8 hundredths), all but one (HSPll) of 
the students who had accessed multiplicativity in Task M4.1 also accessed multiplicativity 
in Task M4.2 with 25 of the students selecting"+ 100" and one student (MP3) selecting"+ 
10 + 1 0". HSP 11 's initial attempt was "- 1 00" but her next attempt was correct. (See Table 
E-4.) This student appeared to have the appropriate bi-directional knowledge of 
multiplicativity but the partitioning direction is dominated by additive structure. 
Seven students ( 4 MSP, 3 LP) who had been incorrect on Task M4.1 were not given 
this task. Of the remaining 8 students, 6 (3 HSP, 2 MP, 1 MSP) associated the change with 
subtraction, 1 student (HSP5) could not do the task whilst 1 student (MSP4) associated the 
change with division. This latter student had partial multiplicativity in that she associated 
the shift to the left with multiplication and the shift to the right with division. However, she 
did not appear to understand the relevance of the base in making shifts to the left but she did 
for making shifts to the right but this knowledge was contaminated by her lack of 
understanding of the exponential nature of 10 x 10. This student associated+ 10 + 10 with 
+ 2 tens (i.e., + 20). 
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PERFORMANCE CATEGORIES 
Table 4.34 provides a summary of the results of Task M4 in terms of the 
performance categories and shows that accessibility of multiplicativity was maintained 
across the tasks. The 7 students who were not asked because of their poor performance in 
Task M4.1 were considered to be incorrect on Task M4.2 
Table 4.34 
Frequency (and Mean) of Multiplicativity Application in Task M4 in Terms of the Peiformance 
Categories. 
Multiplicativity 
application 
TaskM4.1 
MS (opv", base v") 
Partial MS 
- op. v", base x 
- op.x, base v" 
TaskM4.2 
MS (opv", base v") 
Partial MS 
- op.v", base x 
- op.x, base v" 
Note. Op. = operation. 
HP 
(n = 12) 
12 (100%) 
12 (100%) 
HSP 
(n = 12) 
8 (66.7%) 
7 (58.3%) 
2 (16.7%) 
2 
Performance categories 
MP 
(n= 8) 
6 (75.0%) 
6 (75.0%) 
MSP 
(n= 8) 
1 (12.5%) 
2 (25.0%) 
1 (12.5%) 
1 (12.5%) 
1 
LP 
(n = 5) 
0 (00.0%) 
1 (20.0%) 
0 (00.0%) 
The higher-performing groups (HP, HSP, MP) were more able than the lower-
performing groups (MSP, LP) to determine the multiplicative relationship that effects a 
given shift. However, within the higher-performing groups, the HP and HSP students 
outperformed the HSP students. and the HP group outperformed the HSP and MP groups. 
4.5 TASKS ASSESSING LEVEL 3 KNOWLEDGE (REUNITISATION) 
These tasks were undertaken in a second interview with the HP, HSP and MP 
groups only. However, three ofthese students (HSP11, MP6, MP7) were unavailable 
because of illness so that there were 29 students interviewed (12 HP, 11 HSP, 6 MP). The 
MSP and LP groups were eliminated because of their generally poor performance on the 
earlier tasks which focused on position and order and multiplicativity. 
The main purpose of these tasks was to probe the students' understanding of the 
cognitions implicit in decimal fractions, namely, unitisation and reunitisation (see Section 
3.5.4 for the rationale underlying the tasks and Attachment 3 for the tasks). 
Task U1: Tasks related to unitisation 
Task U2: Tasks related to Type A reunitisation (partitioning parts into subparts) 
Task U3: Tasks related to Type B reunitisation (recomposing subparts into parts) 
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4.5.1 TASK Ul -UNITISATION 
Task U1.1: Tick the number that shows how many chocolate bars Sally ate. Sally ate ... 
How did you decide which number matched the picture? 
Objectives: (i) To determine the students' ability to unitise tenths when represented by a 
Type B area model; 
(ii) To determine whether students focus on the part/whole (fraction) or the 
part/part (ratio) relationship when identifying the fraction. 
Material: Item B 1. 
Task Ul.2 Does this diagram show 2.4? Task Ul.3: Does this diagram show 2.4? 
How can you tell? How can you tell? 
Objective: (i) To determine whether the students consider the equality of the parts when 
unitising tenths (U1.2); 
(ii) To determine whether the students consider the number of equal parts 
when identifying the fraction (U1.3). 
Material: Task 1.1 and 1.2, Worksheet, Attachment 3. 
Task U1.4 This is 0.1: ._I __ ___,1. Draw the whole. 
Objective: To determine whether the students can iterate a part to make a whole. 
Materials: B6.3 
UNITISATION 
Twenty-six (12 HP, 10 HSP, 4 MP) of the 29 students selected the correct number 
(2.4) indicating that they were able to unitise the semiprototypic model of tenths. The 
remaining 3 students (1 HSP, 1 MP) selected 2.04 indicating that they were unable to unitise 
the semiprototypic model of tenths. 
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remaining 3 students (1 HSP, 1 MP) selected 2.04 indicating that they were unable to unitise 
the semiprototypic model of tenths. 
When asked to explain the reasoning that led to their selections, 21 students (10 HP, 
8 HSP, 3 MP) of the 26 students who had unitised the diagram as tenths referred 
spontaneously to the association of the 10 parts with "tenths". Because these responses 
explicated the part/whole relationship of fractions (as distinct from the part/part ratio notion 
of24/ 6) and the relationship of the number of equal parts with the fraction name (i.e., 10 
parts with "tenths"), they were classified as representing semantic knowledge. HP3 's 
protocol exemplifies this type of response: Because there were 2 wholes (indicating the 2 
full "chocolate bars") and that (the 3rd bar) was divided into I 0 and 4 parts were shaded. 
However, none of these students stated that the 10 parts were equal. 
One student (MP3) had selected 2.04 but, as his protocol reveals, he had the 
appropriate unitisation and part/whole knowledge available but his tendency to closure 
(noted throughout the interview) often resulted in his making careless errors. This student 
was classified as having semantic knowledge. 
S: Because there's 2 wholes and 4 .. sixths. Oh! That makes them hundredths-
tenths. [I: We've had them all now so which one do you think is the right one?] 
That one (2.4). [I: Why's that?] Because that's (indicating the diagram) 4 tenths, not 
4 hundredths. [I: How do you know they're tenths and not hundredths?] Because 
there's 10 there. 
Another student (MP1) had also selected 2.04 but, as her protocol reveals, she could 
unitise the diagram but she could not access the connection between the number of equal 
parts and the fraction name even though the probe revealed that she had the appropriate 
knowledge available. This student was classified as incomplete semantic knowledge. 
S: There are IO here (diagram) [I: So what fraction of the whole shape is each of 
these?] (No response) 
I: This whole thing (indicating the whole "bar") has been divided into I 0 equal parts, so 
if I colour just one of the parts, what fraction have I coloured? [S: 1 out of 10.] 
Which is called I what? [S: 1 tenth] So which number would you tick now? [She 
ticked 2.4.] I wonder what happened there? [No response] 
Of the remaining 5 students (2 HP, 2 HSP, 1 MP) who had correctly selected 2.4, all 
but the MP student referred to the "2" and/or the "4" without specifying the relationship 
between the part and the whole. Because these students had each unitised the diagram 
correctly and had consequently chosen the correct number, the part/whole notion may have 
been implied but probing their explanations revealed that these students had focused on the 
shaded parts only and were therefore considered to have applied syntactic knowledge. Their 
protocols are provided. 
HP8 
S: Well, there's two wholes (referring to the two bars) and 4 parts. [I: I can see more 
than 4 parts here.] Yes, but there's 4 parts shaded in. 
HPll 
S: 
HSP2 
S: 
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Well, it had the 2 there (in 2.4) and there's two coloured in (indicating the fully-
shaded bars) and that's a whole one there (indicating the partially shaded bar).and 
that's four coloured in. [1: Four out ofwhat?] Out ofl [1: Because this one's (24/ 6) 
also got four and that one (2.04) also says four parts. So how did you know it was 
that one (2.4)?] Because that one shows that its got two digits there. [1: But where 
do you find the two digits here (diagram)? How does that help you know it wasn't 
that (indicating 2.04)?] Because its got the zero. !fit didn't have the zero well then it 
would be the same (as 2.4). [1: And what about this one (24/ 6)?] Well, there's not six 
there is there (indicating appropriate unitisation)? [I: So there's got to be how many 
equal parts there?] Ten. [1: So that's (2.4) the only one that talks about two and four 
tenths. It needs four out of?] Four out of six ... um, ten. [1: And four hundredths 
would be four out of how many?] Well, it would be just a tiny little speck. 
Because there's 2 full ones (diagram) and there's only 4 of a full one -4 of a whole 
so that is only 4 tenths. [1: How come it wasn't 4 sixths?] Because ... I don't know 
(laughing). 
HSP12 
S: Well, there's the 2 wholes there (indicating the diagram) and there (indicating the 
partitioned whole) is 4 shaded in. 
The remaining correct student (MP4) had often been reluctant to articulate her 
thinking and her preferred response seemed to be "I don't know" (as it was for this task). 
Therefore, it was difficult to assess whether she lacked an awareness of her knowledge or 
whether she lacked the knowledge but made "intelligent guesses" or used syntactic 
reasoning. She was classified as having syntactic knowledge to differentiate her from those 
students who could articulate their thinking. 
MP4 
S: I don't know really. !just somehow knew it. [1: Read the number you ticked.] Two 
and four tenths. [1: Show me the four tenths part in the diagram]. (She did so.) [1: 
And how did you know that was four tenths and not four hundredths?] Because it 
was ... I don't know. 
One student (HSP8) had selected "2.04" and, as her protocol reveals, her unitisation 
knowledge was based on how the parts were presented ("strips") instead of on how many 
equal parts there were. For this reason, her response was categorised as representing 
prototypic knowledge. Whilst this student may have an understanding of the part/whole 
relationship, the perceptual characteristics of the model appeared to prohibit access to this 
knowledge. 
HSP8 
S: They're the 2 wholes (diagram) and they're the 4 hundredths. [1: How do you know 
they're hundredths?] Because they're in strips. 
Table 4.35 provides a summary of the students' selections and reasoning. 
Table 4.35 
Frequency (and Mean) of Selections and Reasoning for Task UJ.l in Terms of the Peiformance 
Categories. 
Selections/ 
Reasoning 
Selections 
-2.4 (v') 
-2.04 
-24/6 
Appropriate reasoning 
- Semantic (complete) 
Inappropriate reasoning 
-Semantic (incomplete) 
-Syntactic 
- Prototypic 
HP 
(n = 12) 
12 (100%) 
10 (83.3%) 
2 (16.7%) 
PART/WHOLE RELATIONSHIPS 
EQUALITY OF PARTS/FRACTION NAME 
Performance categories 
HSP 
(n = 11) 
10 (90.9%) 
1 
8 (72.7%) 
2 (18.2%) 
1 (09.1%) 
MP 
(n = 6) 
4 (66.7%) 
2 
4 (66.7%) 
1 (16.7%) 
1 (16.7%) 
223 
Task Ul.2 assessed the students' awareness of the need to have equal parts in order 
to name a fraction. Twenty-four students (11 HP, 8 HSP, 5 MP) said that the diagram didn't 
represent 2.4, 4 students (1 HP, 2 HSP, 1 MP) said that it did, and 1 student (HSP2) wasn't 
sure. 
When asked to explain their response, 14 students (3 HP, 7 HSP, 4 MP) who had 
said that the diagram didn't represent 2.4 spontaneously mentioned the inequality of the 
parts as exemplified by MP2's response: No, because they're not equal parts. 
Three students (2 HP, 1 MP) said that the diagram represented not 2.4 but 2 and 4-
eighths and their explanations revealed that they had mentally transformed the 10 unequal 
parts into 8 equal parts as exemplified by HP7's response: No, because there's 8 squares 
there because if you added these two (indicating the 3rd and 5th parts), you'd get this 
(indicating the 1st part). 
Six students (5 HP, 1 HSP) said that the diagram represented not 2.4 but 2.5 as 
exemplified by HP3 's response: No, it looks more like a half. Thus these students 
appeared to have used a perceptual benchmarking (estimation) strategy to establish the 
value of the fraction, a strategy which considered how the fraction looked in relation to the 
whole and then compared mentally with 4 tenths (i.e., 1 half equals 5 tenths and 5 tenths is 
larger than 4 tenths). When these latter students were asked if they could tell for sure 
whether the diagram represented 2.4, the 5 HP students said that the parts weren't equal 
whilst the HSP student said that there were only 8 equal parts. 
The remaining student (HPlO) who had said that the diagram did not represent 2.4 
gave an explanation that was unclear. Probing revealed that she did not understand the 
relationship between equal parts and the fraction name. Her protocol is provided. 
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HP10 
S: No, because it hasn't gone the full way to tenths down here (indicating the size of the 
parts in the 3rd column.). [I: Show me 1 tenth.] There (pointing to the first part).] 
[I: Well, what's this (3rd column) and that (5th column)?] That (3rd column) goes 
with that (5th column)]. [I: But if you put these two together, you'd only have 8 
parts, wouldn't you?] Mm [What do you need for tenths?] (No response) [I: What 
do you need for thirds?] Three. 
At this stage, HP10's understanding of the connection between equal parts and 
fraction names was probed by drawing, partitioning and shading, one at a time, the three 
shapes shown in Figure 4.10. 
I: Now, this (Figure 4.1 OA) has been divided into 3 parts, hasn't it? [S: Yes.] If I 
shade this (see Figure 4.10A) is that 1 third of the whole thing? [S: Yes.] Why? [S: 
Because you've divided that into 3 parts and you've coloured one of them.] Is this 
one third of the whole thing (drawing, partitioning and shading Figure 4.10B)? [S: 
Yes.] Why? [S: Because you've divided that into 3 parts and you've coloured one 
of them.] Is this one third of the whole thing (drawing, partitioning and shading 
Figure 4.10C)? [S: No.] Why not? [S: You never divided it equally.] 
I: So when! say tenths, what do I mean? [S: 10 parts.] Ten ~parts. They're not 
equal, are they (pointing to U1.2)? [S: No] So can we call them tenths? [S: No, 
because there isn't 10- they're eighths.] 
·. 
A B c 
Figure 4.10. Partitions drawn to probe HPlO's understanding ofthirds. 
The explanations given by 23 (10 HP, 8 HSP, 5 MP) of the 24 student to support 
their claim that the diagram did not represent 2.4 were considered to represent available 
semantic knowledge of the relationship between equal parts and fraction name. The 
remaining student (HP10) was considered to have unavailable knowledge ofthe 
relationship. The strategies used by the 23 students who gave appropriate explanations were 
categorised as expert, equalisation and estimation. 
The expert (EX) strategy was evident in responses that spontaneously mentioned the 
inequality of the parts and was used by 14 students (4 HP, 6 HSP, 4 MP). These students, 
then, said that the diagram did not represent 2.4 because the inequality of the parts 
prohibited the naming of the fraction. 
The equalisation (EQ) strategy involved a mental transformation of the 10 unequal 
parts into 8 equal parts and was articulated spontaneously by 3 students (2 HP, 1 HSP). 
Thus these students said that the diagram did not represent 2.4 but 2 and 4-eighths. 
225 
The estimation strategy involved spontaneous perceptual benchmarking and was 
used by 6 students (5 HP, 1 HSP). However, this strategy was supported by either the 
expert strategy or the equalisation strategy. To differentiate between these two types of 
semantic reasoning, the strategies were categorised as EST/EX (estimation based on the 
expert strategy) and EST/EQ (estimation based on the equalisation strategy). The EST/EX 
was used by the 5 HP students whilst the EST/EQ strategy was used by the HSP student. 
Of the remaining 6 students (1 HP, 3 HSP, 2 MP) who said that the diagram did 
represent 2.4 or who were unsure, 3 students (3 HSP) revealed that they had used the EQ 
strategy but had not associated the change from unequal parts to equal parts with a change 
in the name of the fraction, indicating that they were unaware of (or did not access) the role 
of the number of equal parts in identifying a fraction. This type of equalisation strategy was 
classified as the EQ/SYN (i.e., equalisation based on syntactic knowledge). Their protocols 
are provided. 
HSP1 · 
S: No, because you've shaded in not quite a half- no, I think it is. [I: How can you be 
sure?] Just the shape -it's a bit hard. These two (the shaded parts in the top row) 
are the same. I think if you added these two (3rd & 5th parts, top row), you'd get that 
(the shaded part). 
HSP2 
S: Yes (after deliberating). [I: How can you tell?] Because these (the columns) are 
divided up into 4 except those (smaller parts) are in different places. [1: Does that 
make a difference?] No. [I: Does it matter if the parts aren't equal?] Um ... yes, I 
think it does (sounding unsure). [I: Ifl draw this (see Figure 4.11), do they both 
show 1 third?] No. This one (2nd shape) does. Yes it definitely makes a difference if 
they're not equal. 
HSP4 
S: 
I: 
m 
Figure 4.11. Partitioning to probe HP12's understanding of equal parts. 
Um, yes. There's 2 (indicating the 2 whole shapes). There's 4 (indicating the shaded 
parts) and these (the column ofunshaded large parts) are the same as that (the shaded 
parts) and if you put these together (the 3rd and 5th columns), they'd be the same. 
So when we have tenths, what are you looking for? [S: When we're looking for 
tenths?] Yes. Here it says 2 and 4 tenths, so when you're looking for tenths, what 
are you looking for? [S: Four.] Four? [S: Yes, 4 tenths.] Say I cut something up 
into tenths, how many parts would I have? [I: Depends on how you cut them.] 
One student (HP12) seemed to connect the notion of equal parts with the shaded 
part only but probing revealed that he had the appropriate knowledge concerning equal parts 
and names available so he was also classified as using the EQ strategy. 
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HP12 
S: No cos . .. well, hang on. It looks like it . .. yes. These 2 (the shaded columns) look 
exactly the same. If they were any more, it'd be bigger. [I: Have a look at this (see 
Figure 4.11.). I've divided each of these into 3 parts and I've shaded one of those 
parts. Do they both show 1 third?] No. Just this one (2nd shape). [I: Why?] 
Because they're all equal. [I: Were they (the diagram in Ul.2) all equal parts?] No, 
so they're not tenths. 
Of the remaining 2 students (MP4, MP8), MP8 equated the 2 of the 2.4 with the 2 
wholes shaded and the 4 of the 2.4 with the 4 parts shaded and her strategy was categorised 
as a syntactic strategy (SYN). In this regard, it was similar to the syntactic part of the 
EQ/SYN strategy. However, the EQ/SYN strategy involved an understanding that, to name 
a fraction, the whole had to be partitioned into equal parts; the syntactic strategy did not 
involve this understanding. For this reason, MP4 who had thought there were 8 parts but 
was unconcerned about the equality of the parts, was also categorised as using the SYN 
strategy. 
MP8 
S: Yes. [I: How can you tell?] Because it's shaded in 4 there (parts) and 2 there 
(wholes). 
MP4 
S: Because these two (in the 3rd column) aren't coloured in. [I: Are there 10 parts?] 
No. [I: Count them.] 1, 2, 3, 4, 5, 6, 7, 8 (omitting the parts in the 3rd column). [I: 
Nine, ten (counting on the parts in the 3rd column).] I didn't think there were. 
Table 4.36 summarises the strategy usage in this task. The two types of equalisation 
strategies (semantic and syntactic) were categorised as EQ/SEM and EQ/SYN respectively. 
Table 4.36 
Frequency (and Mean) of Strategies Revealed in Task UJ.2 in Terms of the Performance Categories. 
HP 
Strategies (n = 12) 
Appropriate 11 (91.7%) 
-Expert (EX) 4 
-EQ/SEM 2 
-EST/EX 5 
-EST/EQ 
Inappropriate 0 (00.0%) 
-EQ/SYN 
-SYN 
-Unavailable 1 (08.3%) 
Performance categories 
HSP 
(n = 11) 
8 (72.7%) 
6 
1 
1 
3 (27.3%) 
3 
MP 
(n = 6) 
4 (66.7%) 
4 
2 (33.3%) 
2 
Note. EQ/SEM = equalisation strategy based on semantic knowledge; EQ/SYN - equalisation based 
on syntactic knowledge; EST/EX= estimation based on the expert strategy; EST/EQ =estimation 
based on the EQ/SEM strategy. 
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NUMBER OF EQUAL PARTS/FRACTION NAME 
Task U1.3 assessed the student's awareness of the relationship between the number 
of equal parts and the fraction name. Twenty-three students (1 0 HP, 7 HSP, 6 MP) said that 
the diagram did not represent 2.4, 5 students (1 HP, 4 HSP) said the diagram did represent 
2.4 whilst 1 student (HPll) said the diagram "sort of' represented 2.4. 
The students' explanations were categorised as being either expert (i.e., connecting 
the number of equal parts with the fraction name), prototypic (i.e., based on expectations 
generated from seeing equal parts but not considering the number of equal parts) or 
syntactic (i.e., connecting the fraction name to the number of shaded parts irrespective of 
whether the whole had been partitioned into 10 equal parts or not). The expert strategy 
reflected semantic knowledge whereas the prototypic and syntactic strategies were 
considered to reflect syntactic knowledge. 
The students who used the expert strategy did one of3 things: (a) they mentioned 
that there weren't 10 parts, (b) they mentioned that there were 8 parts, or (c) they named the 
fraction as eighths. These behaviours are exemplified by the following protocols. 
HP2: No, because you haven't got 10 pieces. [I: So it's actually 2 and 4 what?] 4 eighths. 
HP3: No, because it's divided into 8 parts and there are 4 parts shaded so it's 4 eighths. 
HP4: No, it's eighths. 
Of the 23 students who used the expert strategy spontaneously, 12 (3 HP, 4 HSP, 5 
MP) focused on the 8 parts, 8 (5 HP, 2 HSP, 1 MP) focused on the name "eighths" whilst 3 
students (2 HP, 1 HSP) focused on the 10. However, one student only (HSP1), whose 
protocol is provided, mentioned the equality of the 8 parts. Thus the relationship between 
equal parts and fraction name was generally not explicated by the students who 
spontaneously said that the diagram did not represent 2.4. 
HSPl 
S: Yes, because these (parts) are all the same and you shaded 4 of them. Just a sec. No. 
It's 2 and 8 tenths -no, it's 2 and 4 eighths. 
Two students (HP12, HSP2) focused on the equality of the parts but neglected to 
consider the number of equal parts. It was assumed that, because Task U1 focused on 
tenths, these students expected that the whole would be partitioned into 10 equal parts. 
Because of this expectation, this was categorised as the prototypic strategy. 
HP12 
S: 
HSP2 
S: 
Yes. [I: Prove it to me.] They're all equal. [I: Very good. How many are there?] 
There's - oh! [I: So you only told me half the story. What are they called?] 
Eighths. 
Yes. Well, there's 1 fourth -2 -1 fourth shaded there. 
I: What does a fourth mean? How many parts has it been divided into? [S: Four.] Has 
that (whole) been divided into 4 equal parts? [S: No, there's 8 (counting them).] So 
can you say that's showing 4 tenths? [S: I'm not sure.] 
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Four students (1 HP, 3 HSP) appeared to be focused on the syntactic feature of the 
"2" and the "4" so that, if they could see 2 wholes shaded and 4 parts shaded, the number 
was 2.4. This was categorised as the syntactic strategy. 
HP11 
S: Sort of Well, there's the 2 (pointing to the whole shapes shaded) and there's the 4. 
HSP7 
S: Yes. Because it's exactly the same as that diagram back there (Task U1.1 ). It's got 
the 2 wholes and it's got the little squares. [I: But how many of them are there?] 
Eight. 
HSP8 
S: Yes. Because they're equal (the parts) and there's 4 shaded. 
HSP12 
S: Yes. Because there's 2 wholes and there's 4 shaded in. [I: If its tenths, how many 
equal parts must there be?] Four. 
Table 4.37 provides a summary of the strategy usage in Task Ul.3. 
Table 4.37 
Frequency (and Mean) of Strategies Revealed in Task Ul.3 in Terms of the Peiformance Categories. 
Performance categories 
HP HSP MP 
Strategies (n = 12) (n = 11) (n = 6) 
Expert 10 (83.3%) 7 (63.6%) 6 (100%) 
Prototypic 1 (08.3%) 1 (09.1%) 
Syntactic 1 (08.3%) 3 (27.3%) 
CONSTRUCTING THE WHOLE 
Task U1.4 assessed the students' ability to construct the whole from a given part. 
Of the 29 students, 10 only (7 HP, 2 HSP, 1 MP) were able to construct a whole that was 
equivalent to ten of the given parts, 3 students (3 HSP) did not attempt the task whilst 16 
students drew inappropriate representations. 
With respect to the correct constructions, 8 students ( 6 HP, 1 HSP, 1 MP) drew a 5 x 
2 array, 1 student (HP2) drew a 1 x 10 array whilst the remaining student (HSPI) drew a 10 
x1 array. Two students (HP1, HP3) showed internal partitions; the remaining 8 students had 
mentally iterated the part. 
The most common inappropriate behaviour (8 students - 2 HP, 3 HSP, 3 MP) was 
to draw the same diagram as that given to represent the part. When asked their reasoning, 
they revealed that they had mentally partitioned the given representation of 0.1 into 10 equal 
parts and then had constructed the whole from the resulting part (0.01). Thus these 8 
students were aware of the part~whole relationship. It was assumed that this behaviour 
resulted from classroom practices which focused almost exclusively on partitioning tasks 
(whole~part) and included little, if any, construction tasks (part~whole). When asked if 
the resulting whole shape could be the same size as the part, 2 students (1 HP, 1 MP) said 
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that they should have drawn 10 of the parts. The remaining 6 students were bewildered but 
were unable to change their thinking. 
Three of the incorrect students (1 HP, 2 HSP) drew a prototypic square without any 
relation to the part whilst 1 student (HSP2) drew a prototypic 2 x 5 array without any 
relation to the part. It seems as though these students have a knowledge of the relationship 
between tenths and the whole that is dominated by the prototypic model whose overuse has 
prohibited them from abstracting the relationship between any given part and the whole. 
When asked to explain how their representation of the whole related to the given part, 2 (1 
HP, 1 HSP) of these students were able to draw the appropriate whole. 
Two students (MP4, MP5) drew a 5 x 1 array using the rectangle representing 0.1 as 
the part and seemed to think that any large rectangle would suffice to represent the whole 
thus neglecting the relationship of 10. 
The remaining 2 incorrect students (HP8, HP10) drew shapes that were unrelated to 
the given part. However, when probed, they indicated that they knew that the whole had to 
be comprised of 10 parts. 
Table 4.38 provides a summary of the representations drawn in Task Ul.4. 
Table 4.38 
Frequency (and Mean) of Responses to Task UJ.4 in Terms of the Peiformance Categories. 
Performance categories. 
HP HSP MP 
Responses (n = 12) (n = 11) (n = 6) 
Correct responses 7 (58.3%) 2 (18.2%) 1 (16.7%) 
-5 x 2 array 6 1 1 
-10 x 1 array 
-1 x 10 array 1 
Incorrect responses 5 (41.7%) 9 (81.8% 5 (83.3%) 
- prototypic 1 2 
- insufficient parts 1 2 
- unrelated parts 2 1 
- whole =part 2 3 3 
- No response 3 
PERFORMANCE CATEGORIES 
Table 4.39 summarises the correct responses and reasoning strategies used in the 
tasks designed to probe the notions embedded in the unitising process. With respect to 
unitisation, Table 4.39 shows that the ability to unitise, with understanding, the given shape 
as tenths (Task U1.1) was relatively stable across the performance categories. However, it 
also shows that some students appeared to rely on syntactic features for unitising, a 
behaviour which has implications for teaching. 
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Table4.39 
Frequency (and Mean) of Semantic Knowledge in Task Ul in Terms of the Peiformance Categories. 
Performance categories 
HP HSP MP 
Semantic knowledge (n = 12) (n = 11) (n = 6) 
Unitisation (Ul.l) 
- Correct responses 12 (100%) 10 (90.0%) 4 (66.7%) 
- Semantic reasoning 10 (83.3%) 8 (72.7%) 4 (66.7%) 
Fraction concept 
- Equality of parts (U1.2) 10 (83.3%) 7 (63.6%) 4 (66.7%) 
-No. of equal parts (U1.3) 9 (75.0%) 7 (63.6%) 6 (100%) 
- Part~whole (Ul.4) 7 (58.3%) 2 (18.2%) 1 (16.7%) 
With respect to the fraction concepts, Table 4.39 also shows that Task Ul.2 (equal 
parts and fraction name) did not differentiate between the performance categories. 
However, the MP group outperformed the other two groups in Task Ul.3 (number of equal 
parts and fraction name), a deviant behaviour that cannot be explained. However, these 
tasks revealed that students generally tend to equate the number of parts with the fraction 
name irrespective of the equality of the parts. This finding also has implications for 
instruction. 
Table 4.39 also shows that Task Ul.4, in which the students were given the part and 
expected to construct the whole, revealed the students' limited knowledge of the 
relationship between the part and the whole. The students were more able to unitise from 
whole to part (Task Ul.l) than from part to whole and the generally poor performance 
across the categories in Task Ul.4 was attributed to task novelty and overuse of prototypic 
models of tenths in classroom practices. Nevertheless, Task U1.4 differentiated between the 
HP and the other categories. 
4.5.2 TASK U2 - REUNITISATION (TYPE A) 
Type A reunitisation refers to those instances when a given part needs to be thought 
of as an equivalent number of subparts (e.g., when tenths need to be renamed as 
hundredths). According to Lamon (1996), partitioning is the process that "generates 
quantity" so reunitisation Type A tasks require understanding of partitioning. When the 
given unit or fraction to be partitioned is presented in symbolic form, partitioning is 
synonymous with dividing, an operation that is used to generate equal shares or groups. For 
example, 1 + 10 = 1 tenth (0.1 or 1/ 10) and 0.1 + 10 = 1 hundredth (0.01 or 1/ 100). Therefore, 
to understand the abstract symbolism that transforms a whole into parts or parts into smaller 
parts, the partitioning process associated with models needs to be well-established. 
Moreover, the notion of equivalence that links certain fractions (e.g., 1/ 2 = 2/ 4; 1 tenth= 10 
hundredths) is derived from the partitioning process. 
Consequently, when partitioning model of a unit to produce a particular fraction (or 
a model of a fraction to produce a smaller fraction), students need to be aware that the 
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resulting parts must be equal and that the number of parts is important. If the parts are not 
equal, then the fraction cannot be named. The Type A reunitisation tasks in this section 
involved a prototypic model, a semiprototypic model and a nonprototypic model. 
U2.1: Colour 0.17 ofthe shape below. U2.2: What fraction of the shape is shaded? 
U2.3: Colour 0.23 ofthis shape. 
Materials: Test Item B3.3 (U2.1); Task U6, Worksheet (U2.2); Task U3, Worksheet 
(U2.3) 
Objectives: (i) To determine whether the students could reunitise tenths as hundredths 
(Type A) from a prototypic model of tenths and whether they used 
partitioning strategies in the reunitising process (U2.1 ); 
(ii) To determine whether the students could reunitise tenths as hundredths 
(Type A) from a semiprototypic model of tenths and whether they used 
partitioning strategies in the reunitising process (U2.2); 
(iii) To determine whether the students could reunitise tenths as hundredths 
(Type A) from a nonprototypic model and whether they used partitioning 
strategies in the reunitising process (U2.3). 
UNITISATION 
PROTOTYPIC REPRESENTATION 
All but one student (MP3) spontaneously shaded 0.17 in Task U2.1. MP3 had 
initially shaded the first two columns (i.e., 2 tenths) but, when asked where the 7 hundredths 
part of the number was, he was quick to show the correct amount. (This was the student 
who had made the careless error in Task Ul.) When asked what each column represented, 
all students said that it was 1 tenth, indicating that they had unitised the shape as 1 x 10-
units. (See Table E-16 for individual solutions.) 
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An interesting phenomenon occurred in this task with respect to the students' 
interpretation of 0.17. When asked to read the directions before doing the task, each student 
read the "0 .17" as 17 hundredths yet all but 4 students (2 HP, 1 HSP, 1 MP) interpreted this 
number as 1 tenth 7 hundredths to accommodate the pictorial representation. The HP and 
HSP students seemed to interpret 0.17 as 10 hundredths plus 7 hundredths whilst the MP 
student seemed to interpret it as 17 hundredths. The protocols of these 4 students are 
provided. 
HP4 
S: Well, that whole thing (indicating the first column) makes 10 hundredths and I 
thought that (his shading in the 2nd column) would be about 7. [1: So you thought of 
that (the 1st column) as 10 hundredths and not 1 tenth this time?] Yes. 
HP7 
S: Well, I coloured in one whole row (1st tenth). [1: What was that part of the number?] 
The 10 hundredths (indicating the 1 in 0.17). 
HSP4 
S: Well, !just knew that 10 hundredths was 1 tenth so !just had to shade one of them 
(the columns showing the tenths). The 7 hundredths isn't totally 1 tenth. [1: Only 
part of it?] Yes, so I'd have to shade in somewhere here (indicating more than half 
the column but less than the whole) .. 
MP5 
S: Because it wasn't 20 yet. [1: 20 what?] 20 hundredths. 
SEMIPROTOTYPIC REPRESENTATION 
Table 4.40 provides the variety of answers given for this task (U2.2) and reveals that 
25 students (10 HP, 9 HSP, 6 MP) unitised the shape as 1 x 10-unit, thus writing the number 
with 4 tenths (generally 0.41, 0.42 or 0.43). Three students (2 HP, 1 HSP) unitised the 
shape as 1 x 5-unit but associated the rows/strips with tenths (prototypic thinking) and thus 
wrote the number with 2 tenths. HSP2's explanation exemplifies the prototypic thinking 
used by these 4 students: I saw there was 5 [rows] down to the bottom which made tenths. 
One student (HSP) couldn't unitise the shape. 
Table 4.40 
Frequency (and Mean) of Numeric Representation in Task U2.2 in Terms of the Peiformance 
Categories. 
Numeric 
representation 
0.43/.43* 
0.42/.42 
0.41/.41 
0.411 
0.401 
HP 
(n = 12) 
6 (50.0%) 
3 (25.0%) 
1 (08.3%) 
Performance categories 
HSP 
(n = 11) 
2 (18.2%) 
3 (27.3%0 
2 (18.2%) 
1 (09.1%) 
0.4andaquarter 1(09.1%) 
0.22/.22 2 (16.7%) 1 (09.1%) 
Couldn't unitise 1 (09.1 %) 
MP 
(n = 6) 
2 (33.3%) 
2 (33.3%) 
1 (16.7%0 
1 (16.7%) 
Note. * = all of these students could verify their answer through appropriate partitioning techniques. 
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The 4 students who had used prototypic thinking (i.e., had written 0.22) when 
unitising the shape were asked how many tenths were needed to make a whole. Each of 
these students knew that there had to be 10 tenths. As a consequence ofbeing reminded of 
the number of equal parts, 3 students (HP5, HP11, HSP2) were then able to unitise the shape 
correctly and adjusted their written numbers to show 4 tenths so that the new number was 
0.42. 
The student who couldn't unitise the shape (HSP8) wanted to know if the parts were 
tenths or hundredths. After being directed to count the parts, she said that there were 10 and 
that they represented tenths but admitted that she wasn't sure. To verify how much of the 
shape was shaded, this student had to partition the whole shape to show 100 parts. She was 
then able to show that the 4 full parts were 40 hundredths. (See Table E-16 for individual 
solutions.) 
NONPROTOTYPIC REPRESENTATION 
Twenty-three students (12 HP, 7 HSP, 4 :MP) coloured the appropriate amount, 2 
students (1 HSP, 1 :MP) shaded 1 full part and 3 hundredths, 1 student (HSP) shaded 2 half-
parts and 3 hundredths whilst 3 students (2 HSP, 1 :MP) were unable to colour the 
appropriate amount. 
Of the 23 students (12 HP, 7 HSP, 4 :MP) who coloured the correct amount, all but 3 
students (2 HP, 1 :MP) overtly counted the number of parts before colouring. This 
behaviour, combined with the quickness of colouring the parts, indicated that they had 
unitised the shape as 1 x 1 0-unit. However, to accommodate the mismatch between the 
diagram parts (tenths) and the number parts (hundredths), one of these students (HP7) said 
that he "changed the 23 hundredths (mentally) to 2 and 3 tenths, coloured 2 parts and then 
estimated the 3 tenths", indicating that he had chosen not to unitise the shape but to view the 
shape as 10 x 1-units. 
Of the 6 students (4 HSP, 2 :MP) who had not immediately unitised the shape as 1 x 
1 0-unit, three (2 HSP, 1 :MP) had unitised the shape as 1 x 20-unit, making two equal parts 
out of each chevron and consequently had shaded 1 whole part only. The remaining three 
students could not interpret the diagram: HSP4 -Are the peaks joined? Are they ones or 
something? HSPlO- There's only 10 things (and he had to shade hundredths); :MP5 -1 
don't know what to colour (after counting the 10 equal parts three times). (See Table E-16 
for individual solutions.) 
REUNITISATION- TYPE A 
PROTOTYPIC REPRESENTATION 
Eight students (3 HP, 3 HSP, 2 :MP) overtly partitioned the shape in Task U2.1. One 
student only (:MP5) partitioned the whole tenth into 10 equal parts (see Figure 4.12A) but 
she erased the partitions as though she thought that drawing partitions was not a legitimate 
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behaviour. Five students (1 HP, 3 HSP, 1 MP) partitioned only the part they had shaded 
(see Figure 4.12B) whilst 1 student (HP8) partitioned the part he hadn't shaded (see Figure 
4.12C). The remaining student (HP7) partitioned across the shape as shown in Figure 
4.12D. His form of partitioning thus suggested prototypic thinking ofthe shape as a 10 x 10 
array. 
A B c D 
Figure 4.12. Overt partitioning techniques used in Task U2 .1. 
The remaining 21 students seemed to estimate where 7 hundredths would be and, 
when asked to explain how they determined how much to shade for the 7 hundredths part of 
0.17, 16 students (8 HP, 5 HSP, 3 MP) disclosed that they had used mental partitioning 
strategies similar to the overt strategies whilst 5 students (1 HP, 3 HSP, 1 MP) used a 
benchmarking strategy (i.e., they mentally partitioned one tenth into halves and then shaded 
a bit more than half). When probed further, all but the MP student indicated that their 
estimation was based on partitioning a tenth into 10 equal parts to generate hundredths. 
Three different types of mental partitioning could be identified from the students' 
responses, namely, partitioning the whole into hundredths (PW strategy), partitioning a 
tenth into 10 equal parts (PT strategy), and imagining a prototypic representation of a 
hundredth as the unit and then iterating that unit (PI). The following protocols exemplify 
the different types of partitioning strategies. They also show that some students used earlier 
prototypic examples of hundredths to guide their partitions. 
Partitioning the whole (PW) 
BPI- no partitions drawn 
S: I shaded in one whole tenth and then about 7 hundredths. [I: So this shaded part is 
meant to represent what?] 7 hundredths. [I: Prove that they're hundredths.] [He 
partitioned across the entire shape.] 
HSPI- no partitions drawn 
I: I estimated this one and I knew that I whole had to be one whole and I estimated that. 
[I: How did you estimate? Did you think of that (a column) as one tenth so you 
shaded 1 tenth and 7 tenths of a tenth or did you think of that (whole) as being divided 
into 100 equal parts?] I thought of it in my mind as being divided there (the partially-
shaded column) and all the lines across like there (Item B3 .4) and then I thought 
about where it (7 hundredths) should go. 
Partitioning the tenth (PT) 
The protocols in this section also provide an example of the students (HP3, HP4, 
HSP3) who utilised the adjacent diagram showing hundredths although HP4 used this an 
illustration of the effect of the renaming strategy he had used. They also provide an 
example of the thinking that underpinned the partial partitioning of the tenth (see HP3, 
HSP6, HSP9). 
HP2 - no partitions drawn 
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I: What's that part (the shaded tenth) represent? [S: 1 tenth.] And what does this part 
(the partially-shaded tenths) represent? [S: The 7 hundredths.] Tell me how you 
worked that out to be 7 hundredths. [S: I tried, in my mind, to divide it (indicating 
the tenth) into 10.] So you knew you that that (indicating the full tenth shaded) was a 
tenth and you had to have a tenth of that? [S: Yes.] 
HP3 - no partitions drawn 
S: I divided it into 10. I tried to think where would the 3 be and compared it with these 
(the prototypic hundredths in an earlier item). 
HP4 - no partitions drawn 
S: Well, that whole thing (indicating the first tenth) makes 10 hundredths and I thought 
that this (his partially-shaded tenth) would be about 7. [I: How can you show me for 
sure that you've got 7 hundredths there?] If! had a ruler I could draw lines like those 
(the prototypic hundredths in an earlier item). [I: Why don't you draw them?] [He 
partitioned the partially-shaded tenth into 10 equal parts.] 
HP5 - no partitions drawn 
S: Well, these are divided into 1 Oths so there's one of them (her shaded tenth) and then I 
just estimated where the 7 hundredths would be. [I: So what were you trying to think 
of to work out what to do here to get hundredths?] I had to divide it into little pieces. 
[I: How many?] 10. 
HSP3 - no partitions drawn 
S: I shaded all this one tenth -that's (indicating the whole) divided into tenths. And the 
7 hundredths -7 out of 10 it's like, more than half but it's, urn, less than, urn- [I: 
Now, when you said "7 out of 10", where's the 10 here? Did you imagine it?] I 
imagined like these strips (indicating the columns in Item B3.4). [I: The little 
squares?] Yes. [I: So you can change a tenth into hundredths without any trouble?] 
Yes. 
HSP6 - partitioned the shaded part only 
S: Just divided this (indicating her partitions). [I: But you haven't divided the whole 
thing here (indicating the full tenth). How many would you have to have altogether?] 
10. 
HSP9 - partitioned the shaded part only 
S: I can't really remember. [I: Did you think this 1 part here (in 0.17) is this 1 tenth 
here (diagram).] Yes. [I: And what's this 7 part (in 0.17)?] Seven hundredths. [I: 
What did you do to get that 7 hundredths part?] Looks like I sort of chopped it up into 
equal parts. [I: How many?] 10. 
Partitioning through iteration (PI) 
HP6 - partitioned the shaded part only 
S: I sort of imagined the cubes there and I tried to leave 3 because 7 and 3 is 10. 
HSP5 - no partitions drawn 
236 
S: Couldn't really work out that one (the 7 hundredths) cos there weren't any of those 
boxes so I just guessed. [I: So you imagined them in there, did you?] Yes. Like that 
(indicating the halfway mark of the partially-shaded tenth) could be- that was about 5 
-that's about halfway so another 2. [So you were imagining dividing that 1 tenth 
into how many little parts?] 10. 
HSP7 - no partitions drawn 
S: Well, I saw the diagram (indicating prototypic hundredths in an earlier item) and I 
equalled out what that (the partially-shaded tenth) would be. Like a little square 
there, there and then I coloured in to where I knew it would be. 
HSP10- no partitions drawn 
S: Just imagined the squares. [How many of them?] 10. 
HSP12- no partitions drawn 
I: What do you have to do to that tenth to get hundredths? [S: You'd have to make 
boxes.] How many? [S: 10.] 
The following protocols exemplify the benchmarking strategies used by 5 students. 
HPll 
S: Well, made it (the 1 in 0.17) one whole tenth (indicating her shading) and I took a 
guess here (the partially-shaded tenth) because I knew it wouldn't be whole 
(indicating the bottom of the tenth) and I knew it wouldn't be half(indicating where 
halfway would be)- it'd be in between. 
HSP12 
I: Well, there's one full one. [I: One what?] 1 tenth. And then 7 -the 7 hundredths 
would be 7 in here (the next tenth). [I: Show how you could prove to me that that 
really is 7 hundredths.] I'd divide it in half -round about there (drawing a partition). 
And I'd divided those in half which would be 2 point 5 if they were whole and, um, 
and between the 5 and 10, the middle is 7. 
MP4 
S: !just coloured one there (the shaded tenth) and a bit more than half in there (the next 
tenth). 
Table 4.41 shows the categorisation of student's partitioning strategies in terms of 
the performance categories. (See Table E-16 for individual solutions.) 
Table 4.41 
Frequency (and Mean) of Partitioning Strategies in Task U2 in Tenns of the Perfonnance Categories. 
Partitioning strategies 
Partitioned the whole (PW) 
Partitioned a tenth (PT) 
Partitioned through iteration (PI) 
Benchmarking unrelated to 10 equal parts (BE)) 
HP 
(n = 12) 
2 (16.7%) 
9 (75.0%) 
1 (08.3%) 
Performance categories 
HSP 
(n = 11) 
1 (09.1%) 
7 (63.6%0 
3 (27.3%) 
MP 
(n = 6) 
5 (83.3%) 
1 (16.7%) 
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SEMIPROTOTYPIC REPRESENTATION 
Nine students (3 HP, 5 HSP, 1 MP) used overt partitioning techniques to determine 
the size of the partially-shaded tenth whilst the remaining 20 students estimated the number 
of hundredths. These students were then asked to verify their estimates. 
Of the 29 students, 11 only (6 HP, 2 HSP, 3 MP) could justify their hundredths 
answer through appropriate partitioning techniques. Of these 11 students, 8 (6 HP, 1 HSP, 2 
MP) had written "0.43" to represent the shaded part whilst 2 students (1 HSP, 1 MP) had 
written "0.42". 
The 10 students who could verify their answer did so by using one of three methods, 
namely, throughfol/ partitioning of the tenth which contained the shaded part, that is, 10 
equal parts arranged in either a 1 x 10 array (2 HP, 2 MP) or a 2 x 5 array (2 HP), through 
partial partitioning, that is, 5 equal parts (half of the tenth) arranged in a 1 x 5 array (1 
HSP), or through benchmarking (Yz, then Y.!) and then adjusting up to 0.43 (2 HP) or 
adjusting down to 0.42 (1 MP). As for Task Ul.1, the students who used a benchmarking 
technique were probed to determine whether they were aware of the need to partition into 10 
equal parts to show hundredths. (HSP 10 had used the benchmarking strategy but was 
unable to partition the tenths to show hundredths so his answer was considered to be 
inappropriate.) 
In this task, partitioning the tenth as a 1 x 10 array enabled the number of 
hundredths to be discerned immediately whereas partitioning the tenth as a 2 x 5 array 
showed 2 hundredths shaded and a "bit left over" which needed to be determined. (See 
Figure 4.13 for the effect ofthe two types ofpartitioning.) The students who partitioned as 
a 1 x 10 array appeared to do so from serendipity rather than design. 
A. 1 x 10 array B. 2 x 5 array 
Figure 4.13. Arrays resulting from partitioning a tenth into hundredths. 
The spontaneous and directed partitioning of the remaining 18 students was related 
more to the size of the part than the size of the whole (see Figures 4.16 and 4.17). For 
example, there were three types of partitioning errors, each of which consisted of iterating 
an inappropriate part instead of partitioning the whole to get the part: (a) partitioning the 
tenth by iterating the shaded part (see Figure 4.14, Type A); (b) partitioning the whole row 
(i.e. 2 tenths) by iterating the shaded part (see Figure 4.14, Type B); or (c) partitioning 
either the tenths or the full row by iterating a part that resulted from the bisection of the 
partially-shaded part (see Figure 4.15). Whilst these students knew that they had to divide 
the tenths into 10 parts to have hundredths, they were unconcerned with the equality of the 
parts. 
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Type A: Partitioning the tenth 
Type B: Partitioning the whole row (i.e., 2 tenths) 
Figure 4.14. Partitioning by iterating the partially-shaded tenth. 
Figure 4.15. Partitioning by iterating half the partially-shaded tenth. 
The students who had written "0.41" to represent the number used Type B 
partitioning (see Figure 4.14). The students who wrote "0.42" or "0.22" used either Type A 
partitioning (see Figure 4.14) to determine the hundredths or the partitioning shown in 
Figure 4.15. However, the latter partitioning in which the shaded part was bisected was 
used by 7 students (4 HP, 2 HSP, 1 MP) whereas the partitioning in which the shaded part 
was used as the part to be iterated was used by 3 students (2 HP, 1 HSP). Table 4.42 shows 
the categorisation of student's partitioning strategies in terms ofthe performance categories. 
(See Table E-16 for individual solutions.) 
Table 4.42 
Frequency (and Mean) of Partitioning Strategies in Task U2.2 in Terms of the Peiformance 
Categories. 
Performance categories 
Partitioning HP HSP MP 
strategies (n = 12) (n = 11) (n = 6) 
Appropriate 6 (50.0%) 2 (18.2%) 3 (50.0%) 
-PT 4 1 2 
-P YzT 
-BE/PT 2 1 
Inappropriate 6 (50.0%) 9 (82.8%) 3 (50.0%) 
-IT (sh) 1 3 1 
-IT (Yz sh) 4 2 2 
- IR (sh) 1 2 
-IR(Yz sh) 
- IW (Yz sh) 1 
-NR 1 
Note. P =partitioning a whole into parts; I = iterating parts into a whole; W = whole; T = tenth; R = 
row; NR = no response; sh = given shaded part used as the iterated part; Yz sh = half the given shaded 
part used as the iterated part; BE/PT =benchmarking then verified through partitioning into tenths. 
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NONPROTOTYPIC REPRESENTATION 
All of the 29 students were able to shade the appropriate amount to show 3 
hundredths. Twelve students only (4 HP, 4 HSP, 4 MP) overtly partitioned one of the tenths 
to show 3 hundredths whilst the remaining 17 students appeared to estimate. Of the 12 
students who overtly partitioned the shape, 7 students (1 HP, 2 HSP, 4 MP) fully partitioned 
(i.e., 10 parts) the tenth whilst 5 students (3 HP, 2 HSP) drew a partition at the midway point 
and then partitioned half the tenth. 
When the 17 students who had estimated were asked to prove that there were 
actually 3 hundredths, 15 students (7 HP, 7 HSP, 1 MP) partitioned the whole tenth into 10 
equal parts and 2 students (1 HP, 1 MP) partitioned half of the tenth. (See Table E-16 for 
individual solutions.) 
PERFORMANCE CATEGORIES 
Table 4.43 provides a summary of the students' unitisations and partitions in Task 
U2 of the three types of representation. It shows that all students could unitise a prototypic 
shape as tenths and partition the prototypic tenth to show hundredths. 
With respect to unitisation, the HP students appeared to find the semiprototypic 
shape the most difficult to unitise whereas the HSP and MP students appeared to fmd the 
nonprototypic shape the most difficult to unitise. 
Table 4.43 
Frequency (and Mean) of Appropriate Unitisation and Reunitisation of Prototypic, Semiprototypic 
and Nonprototypic Representations in Task U2 in Terms of the Peiformance Categories. 
Performance categories 
HP HSP MP 
(n = 12) (n= 11) (n = 6) 
Prototypic (U2.1) 
- unitisation 12 (100%) 11 (100%) 6 (100%) 
- reunitisation 12 (100%) 11 (100%) 6 (100%) 
Semiprototypic (U2.2) 
- unitisation 10 (83.3%) 9 (81.8)%) 6 (100%) 
- reunitisation 6 (50.0%) 2 (18.2%) 3 (50.0%) 
Nonprototypic (U2.3) 
- unitisation 12 (100%) 7 (63.6%) 4 (66.7%) 
- reunitisation 12 (100%) 11 (100%) 6 (100%) 
With respect to reunitising, all categories appeared to fmd the semiprototypic shape 
the most difficult to partition. 
Two factors appeared to differentiate between the HP and HSP groups, namely, 
unitising the nonprototypic shape and reunitising the semiprototypic shape. 
4.5.3 TASK U3- REUNITISATION (TYPE B) 
See Section 4.2.3 for the rationale underlying these tasks. 
U3 .1: Shade 0. 6 of the shape below. U3.2: Shade 0.2 of the shape below. 
Objectives: (i) To determine whether the students could reunitise hundredths as tenths 
(Type B) from a prototypic model of hundredths and to determine the 
strategies they used in the reunitising process (U3 .1 ); 
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(ii) To determine whether the students could reunitise hundredths as tenths 
(Type B) from a semiprototypic model of hundredths and to determine the 
strategies they used in the reunitising process (U3.2). 
Materials: Test Item B3.4 (U3.1); Test Item B5 (U3.2). 
PROTOTYPIC REPRESENTATION 
As shown by Table 4.44, 21 students (10 HP, 8 HSP, 3 MP) correctly shaded either 
6 rows or 6 columns. The remaining 8 students (2 HP, 3 HSP, 3 MP) all coloured 6 
hundredths. (See Table E-17 for individual solutions.) However, no student mentioned that 
they counted the number of parts in order to unitise the shape as 1 x 1 00-units. They 
seemed to have the expectation that there were 100 equal parts, an expectation that could be 
attributed to the overuse of the prototypic model. 
Table 4.44 
Frequency (and Mean) of Responses to Task U3.1 in Terms of the Performance Categories. 
Performance categories 
HP HSP MP 
Responses (n = 12) (n = 11) (n = 6) 
Correct 10 (87.3%) 8 (72.7%) 3 (50.0%) 
-6 rows 8 4 3 
-6 columns 2 4 
Incorrect 
- 6 hundredths 2 (16.7%) 3 (27.3%) 3 (50.0%) 
When asked to read how much had to be shaded, 4 of the 8 incorrect students (1 HP, 
1 HSP, 2 MP) immediately realised their error (e.g., I should have shaded 6 strips- HSP8) 
and shaded the correct amount. Three of the remaining 4 students (1 HP, 2 HSP) were able 
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to identify and rectify their incorrect response only after they had been focused on unitising 
the shape. The remaining student (MP4), whose protocol is provided, appeared to be so 
bewildered by her original answer that she seemed to lose all ability to unitise. 
MP4 
I: How much did you have to shade here? [S: A six- I don't know really (looking at 
her shading).] What's this number (0.6)? [S: Six (after a pause).] Six what? [S: Is it 
one sixth?] 11zat's one sixth (writing 1/ 6). What's this number (the 0.2 in B2.1 which 
she had correctly read)? [S: One- second or something.] What's this number here 
(writing 8.9)? [S: Eight and nine tenths.] So what's this number here (0.6)?] [S: Six 
tenths.]. Do you think you've shaded 6 tenths there? [S: No} Colour 6 tenths now. 
(She quickly coloured the last 6 rows.) Good. Now how did you know so quickly to 
colour that many? [S: !just realised that (her original shading) was 6 hundredths.] 
Two different strategies could be identified from the students' correct responses to 
the question: How did you work out how much to shade? These were classified as 
reunitising (RU) in which the 1 x 100-unit of the given diagram was reunitised as 1 x 10 x 
10-units (either rows or columns) or as equivalence (EQ) in which the number, 0.6, was 
reunitised as 0.60, and 60 hundredths were shaded. (See Table E-17 for individual 
solutions.) 
Both strategies required an understanding of equivalence between tenths and 
hundredths (i.e., 10 hundredths= 1 tenth) in order to be applied successfully and this notion 
was often explicated by students. A third category, prototypic was suspected because some 
students referred to tenths as "strips" or "lines" which may have been the result of 
prototypic thinking and not as a consequence of having equivalence. That is, the 10 x 10 
prototypic model always has tenths arranged in rows or columns and therefore they can be 
perceived without requiring the cognition of equivalence (10 hundredths= 1 tenth) or 
reunitisation (1 x 100-unit can be reunitised as 1 x 10 x 10-units). However, this strategy 
was too subtle to distinguish from the reunitisation strategy so students who were suspected 
of employing a prototypic strategy were given the benefit of the doubt and classified as 
using the reunitisation strategy. 
The EQ strategy appeared to be used by 10 students ( 4 HP, 5 HSP, 1 MP) and was 
identified in protocols such as the following. 
HP3 
S: Because 6 tenths is the same as 60 hundredths and it (indicating the diagram) was 
divided into hundredths so !just shaded 60. [I: Show me the 6 tenths parts.] 11ze 
whole rows (indicating). 
HP10 
S: !just see these (hundredths) as ones and so I colour 60. 
HSP2 
S: It (diagram) was divided up into hundredths so you had to colour 60. [I: Did you 
change that (0.6) in your mind to 60 hundredths?] Yes. 
MP2 
S: Six tenths is the same as 60 hundredths so I thought of zero on the end (of 0.6) and 
just coloured 60. 
Nineteen students (8 HP, 6 HSP, 5 MP) appeared to use the RU strategy as they 
made reference to restructuring the hundredths in the diagram. The following protocols 
show the variety of thinking that was used in reunitising hundredths as tenths. 
HP4 
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S: Cos 60 hundredths also makes 6 tenths, what I did I thought that these (his shaded 
columns) could also be these (indicating the adjacent diagram for B3.3 in which the 
prototypic model had been partitioned into 10 equal columns) and shaded 6. 
HP6 
S: There were 100 pieces and if 10 were 1 tenth then I'd need to colour in 6 (indicating 
her shaded columns). [I: So can you see that (the whole shape) as 100 little parts and 
as 10 of something else?] Yes. [I: When you divide it in your mind in 10 parts, what 
does that 10 part look like?] Like that (indicating a tenth in B3.3). Or if! had a 100 
of those little cube things (possibly referring to MAB ones), I could divide them into 
10 groups evenly (indicating separate groups with her hands). [I: So it doesn't matter 
to you whether those little lines (horizontal partitions) are in there or not, you can see 
that (column) as 10 hundredths or 1 tenth?] Yes. 
HSPl 
S: I just shaded just one I guess I took them -the vertical ones (partitions) -out of my 
mind and just shaded it in (his shaded 6 rows). [I: You blocked the little bits from 
your mind so you could see these rows going across?] Yes [I: So you saw them as 
10 rows of 10 then?] Yes. 
HSP5 
S: I just did 6 (indicating the shaded columns) because there's 6 there (indicating 0.6) 
and forgot about the boxes. 
HSP7 
S: Well, I saw the little squares and there (0.6) it says to show 6 tenths in hundredths so 
I coloured 6 of these (indicating the rows). 
The following protocols provide examples of what was suspected ofbeing 
prototypic reasoning. 
HP11 
S: Well you just -you know, that six take away ten is four so you miss four columns and 
you just colour in the rest. [I: So how did you see the tenths? Do the tenths just go 
across?] Well, you just know that that's tenths (pointing to the rows). 
HSP8- had shaded 6 hundredths 
I: How much did you have to shade here? [S: Six tenths.] You've shaded 6 but how 
many of these are there altogether? [S: A hundred .. I should have coloured strips.] 
SEMIPROTOTYPIC REPRESENTATION 
Table 4.45 shows that 19 students (8 HP, 7 HSP, 4 MP) correctly shaded 1 row, 2 
half-rows or 4 columns of the nonprototypic shape. Of the 10 incorrect students, 1 (MP8) 
had not attempted the task, 1 (HSP12) had shaded half the shape whilst the remaining 8 
students had shaded 2 hundredths, 2 rows or 2 columns. (See Table E-17 for individual 
solutions.) 
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In Task U3 .1, no student mentioned counting the parts in order to unitise the model 
as 1 x 100-unit. This had been attributed to the expectation of 100 equal parts that is 
generated by the overuse ofthe prototypic pictorial representation of hundredths. However, 
in this task, 8 students (6 HP, 1 HSP, 1 MP), all of whom shaded the correct amount, 
mentioned counting the parts to establish how may there were in order to unitise the shape 
as 1 x 1 00-unit. 
Of the 10 students who had not shaded the correct amount, all but one (HSP7) of the 
students immediately recognised their error and made the appropriate changes when asked 
to read the number and then say whether the shape represented tenths. HSP7 revealed that 
he had a problem in unitising the shape as hundredths as shown by his protocol. 
HSP7 -had shaded 2 columns of 5 
I: Now how do we know whether that's (his shading) right or wrong? 
S: Count up here (top row) and see how many altogether. Well, there's 20 in each row 
(after counting) so 20, 40 60, 80, I 00 (pointing to the end of each row as he counted). 
[I: So what would 1 tenth of that be?] It would be just one of these (indicating a 
small square). [I: No, that's 1 hundredth. What about 1 tenth?] (No response) [I: 
You said before that that (indicating the first column he had shaded) was 1 tenth. Do 
you still think that's 1 tenth of the whole thing?] Yes. 
Table 4.45 
Frequency (and Mean) of Responses to Task U3.2 in Terms of the Peifonnance Categories. 
Performance categories 
HP HSP MP 
Responses (n = 12) (n = 11) (n = 6) 
Correct 8 (66.7%) 7 (63.67%) 4 (66.7%) 
-1 row 2 1 1 
-2 x Yz rows 1 
-4 columns 6 5 3 
Incorrect 4 (33.3%) 4 (36.7%) 2 (33.3%) 
- 2 hundredths 2 3 1 
-2 rows 
-2 columns 
-other 1 1 
When asked to explain their response, the same types of strategies that were 
revealed in Task U3.1 were revealed in this task, namely, the RU strategy (used by 21 
students- 9 HP, 7 MP, 5 LP) and the EQ strategy (used by 7 students- 3 HP, 3 HSP, 1 
MP). (See Table E-17 for the individual results.) 
However, Table E-17 shows that 9 students (3 HP, 4 HSP, 2 MP) did not maintain 
their strategy across the two tasks (U3.1 and U3.2). Six students (2 HP, 3 HSP, 1 MP) 
changed from the EQ to the RU strategy whilst 3 students (1 HP, 1 HSP, 1 MP) changed 
from the RU to the EQ strategy. 
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Of the incorrect solutions (i.e., shading 2 parts (hundredths), 2 rows or 2 columns), 
shading 2 parts was thought to be the most naive because no attempt had been made to ratify 
the numerical amount with the pictorial representation. Shading 2 rows or columns was 
thought to be less naive because an attempt to ratify the symbolic and pictorial 
representations had been made but prototypic reasoning (strips, rows, columns) had been 
used to reunitise the hundredths as tenths. 
Of the 8 students (2 HP, 3 HSP, 3 MP) who were incorrect in Task U3 .1, 5 (2 HP, 2 
HSP, 1 MP) were also incorrect for Task U3 .2 and, with the exception of the MP student 
who was unable to provide a solution, made the same error, namely, coloured the numbers 
given (i.e., 6 and 2) irrespective of the pictorial representation. On the other hand, 5 
students (2 HP, 2 HSP, 1 MP) who had shaded the correct amount in Task U3 .1 did not 
shade the correct amount in Task U3 .2. 
The behaviour (i.e., incorrect in the first task but correct in the second task) of the 
remaining 3 students (1 HSP, 2 MP) could probably be attributed to the semiprototypic 
model. For example, the model was different from the model usually given to represent 
hundredths and therefore this oddity acted as a metacognitive "trigger", alerting the students 
to examine the task more closely. 
PERFORMANCE CATEGORIES 
In Task U3.1 (the prototypic representation of hundredths), the HP students were 
more able to recompose the subparts into appropriate parts than the HSP and MP students 
whilst the HSP students were more able to recompose the subparts into appropriate parts 
than the MP students. This outcome indicated that the HP students were less likely than the 
HSP and MP students to be seduced into erroneous processing by the syntactic features of 
the task. 
Tasks U3.2 (the semiprototypic representation of hundredths) did not differentiate 
between the performance categories and the lowered performance of the HP students 
indicated that the ability of some HP students to recompose subparts as base-l 0 parts could 
be driven by prototypic reasoning (hence they coloured rows or columns) The improved 
performance of the MP students on the semiprototypic representation was thought to be 
generated by the novelty of the representation's acting as a metacognitive trigger, alerting 
them to examine the task more closely. 
4.6 SUMMARY OF RESPONSES 
In this section, the results of each major component of the interview tasks (i.e., 
position and order, multiplicativity, reunitisation) are collated and tabulated in order to 
examine the knowledge strengths and weaknesses in terms of overall performance, 
performance within each performance category and performance within and between the 
performance categories. The tables collating the results will show only those correct 
responses that were supported by semantic reasoning. 
This section will conclude with a brief summary of performance across the three 
major domains oflmowledge required for processing decimal numbers. A more detailed 
analysis of the lmowledge structure of the three mathematical domains and the structural 
lmowledge held by each performance category is provided in Chapter 5. 
4.6.1 TASKS RELATED TO POSITION AND ORDER 
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Table 4.47 provides a summary of the correct responses that were supported by 
semantic reasoning for the interview tasks related to position and order. Correct responses 
unsupported by semantic reasoning were not considered to reveal the appropriate 
lmowledge. (See Attachment 3 for the tasks and Section 4.3 for the detailed results of each 
task.) 
Table 4.47 reveals that only those tasks related to reading whole numbers (Tasks 
P2.2 and P2.4) elicited a correct response from all students. Some components of Task P2, 
namely reading whole numbers and comparing numbers, elicited a high rate of correctness 
from all of the categories except the LP students. With respect to comparing numbers, all 
students were more able to determine differences than similarities. The tasks related to the 
effect of zero (P4), order (P5) and the mental models (P6 and P7) differentiated between the 
high-and low-performing groups. 
Overall, the high-performing students (HP, HSP, MP) were highly successful for 
most of the tasks (see Tables 4.48 and G-18) whereas the low-performing groups (MSP, LP) 
were not (see Table 4.48). With respect to these latter groups, the MSP students were 
moderately successful on those tasks that assessed the basic lmowledge related to position 
and order (see Tasks P2.1, 2.2, 2.3 and Task 5) but the LP students were generally 
unsuccessful on all tasks involving decimal numbers. 
Because of their poor performance on this Level 1 lmowledge, many of the low-
performing students were eliminated from some of the tasks that probed the mental models 
underlying the students' lmowledge because their responses, if any, to these probes would 
lack credibility. Furthermore, some of the low-performing students (e.g., MSP7, LP4, LP5) 
appeared to be aware of their lack oflmowledge and exhibited signs of anxiety as evidenced 
by a reluctance to give a response in case it was "wrong". One student (LP1) tended to 
become belligerent when her responses (usually inappropriate) were probed. Therefore, for 
both cognitive and affective reasons, all of the low-performing students were omitted from 
the second interview which focused on fraction lmowledge. 
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Table 4.46 
Means of Response Categories for the Position and Order Tasks (P Tasks) in Terms of the 
Peiformance Categories. 
Performance categories 
HP HSP MP MSP LP 
Position/order tasks (n = 12) (n = 12) (n = 8) (n= 8) (n = 5) 
TaskPl 
- Role of decimal point 100% 100% 100% 75.0% 60.0% 
-Language 83.3% 50.0% 50.0%) 37.5%) 00.0% 
TaskP2 
~olentun1bers 
-378 (P2.2) 100% 100% 100% 100% 100% 
- 378. (P2.4) 100% 100% 100% 100% 100% 
Decimal ntun1bers 
-3.78 (P2.1) 91.7% 91.7% 100% 50.0% 20.0% 
- 37.8 (P2.3) 100% 91.7% 100% 75.0% 40.0% 
Place names (t & h) 100% 100% 100% 37.5% 20.0% 
Comparisons 
-Sameness (P2.2) 100% 100% 100% 37.5% 20.0% 
- Difference (P2.2) 100% 100% 100% 87.5% 80.0% 
-378, 3.78 (P2.1) 100% 100% 100% 75.0% 20.0% 
- 37.8, 3.78 (P2.3) 100% 100% 100% 87.5% 60.0% 
TaskP3 
- T, t (P~.1) 100% 100% 100% 50.0% 00.0% 
- H, h (P3.1) 100% 100% 100% 37.5% 00.0% 
TaskP4 
- EZ (P4.1 -both...-') 91.7% 83.3% 75.0% 00.0% 20.0% 
- IZ (P4.2- 2 or 3...-') 91.7% 91.7% 75.0% 00.0% 20.0% 
TaskP5 
Alignment (P5.1) 100% 100% 100% 50.0% 00.0% 
Groups (P5.2) 91.9% 91.9% 87.5% 62.5% 00.0% 
DP (P5.3) 100% 100% 100% 62.5% 00.0% 
TaskP6 
Prediction (P6.1) 
-ten-thousands 100% 66.7% 75.0% 25.0% 20.0% 
- thousandths 100% 91.7% 87.5% 37.5% 20.0% 
Mental models (P6.1) 
- ten-thousands 75.0% 41.7% 50.0% 00.0% 20.0% 
- thousandths 100% 83.3%) 62.5% 37.5% 00.0% 
- Sequence oft, h 100% 75.0% 62.5% 25.0% 00.0% 
(P6.2) 
TaskP7 
- Point of symmetry 100% 75.0% 62.5% 12.5% 00.0% 
Note. EZ = external zero; IZ =internal zero; t =tenths; h =hundredths. 
The data shown in Table 4.46 were compiled from the individual performances 
provided in Table E-18 where appropriate and inappropriate responses are illustrated by 
light and dark shading respectively. Thus Table E-18 provides a "picture" of each student's 
performance across the tasks and shows that the typical HP student generally made no errors 
or just one error. However, the typical HSP and :MP students tended to make more errors 
and these were clustered in the task related to mental models. The typical low-performing 
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student (MSP, LP) were incorrect more often than they were correct. (See Table 4.47 for 
the error rates for each group.) 
Table 4.47 
Frequency (and Mean) of Error Rates and Accumulated Means for Correctness for the_Position and 
Order Tasks (P Tasks) in Terms of the Peiformance Categories. 
Performance categories 
Error rates/ HP HSP MP MSP LP 
Accumulated means (n = 12) (n = 12) (n = 8) (n = 8) (n = 5) 
0 errors 7 (58.3%) 2 (16.7%) 2 (25.0%) 0 (00.0%) 0 (00.0%) 
1 error 3 (83.3%) 4 (50.0%) 2 (50.0%) 0 (00.0%) 0 (00.0%) 
2 errors 2 (100%) 2 (66.7%) 1 (62.5%) 0 (00.0%) 0 (00.0%) 
3 errors 3 (91.7%) 1 (75.0%) 0 (00.0%) 0 (00.0%) 
>3 errors 1 (100%) 2 (100%) 8 (100%) 5 (100%) 
PERFORMANCE BETWEEN CATEGORIES 
Table 4.46 revealed that the high-performing students (HP, HSP, MP) consistently 
demonstrated more semantic knowledge across the tasks than the low-performing groups 
(MSP, LP). It also shows that the MSP group performed significantly better, on many tasks, 
than the LP students. 
With respect to the high-performing categories, the HP students exhibited more 
integrated schema than the HSP or MP students. For example, they had chunked the various 
whole-number places and the decimal-fraction fraction places under the generic terms, 
"whole numbers" and "decimal/fractions" respectively. This enabled them to reveal the 
part/whole relationship of whole numbers and fractions. On the other hand, the HSP and 
MP students tended to think of the places as separate which indicated that they had not 
integrated the knowledge components into a cohesive schema. The HP students also were 
more able to access the exponential and symmetry models than either the HSP and MP 
students. Moreover, the HP and HSP students were less affected by the potential conflict 
engendered by the value order of the place names (exponential model) and the mirror-image 
position of the relative whole-number and decimal-fraction places (symmetry model) than 
were the MP students. 
With respect to the symmetry model, the high-performing students were able to 
maintain symmetry by considering the ones, the ones and the decimal point, or the decimal 
point with adjustments as the point of symmetry. The MSP students and LP students either 
thought of the decimal point as the point of symmetry or could not respond, a response that 
indicated that they had no schema for maintaining symmetry (because they were not aware 
of the symmetry notion underlying the place names). Thinking of the ones or the ones and 
the decimal point as the point of symmetry was considered to be more efficient than 
thinking of the decimal point and making adjustments (i.e., ignore the ones and focus on the 
decimal point as the point of symmetry or insert mentally a partner for the ones, "oneths", 
on the other side of the decimal point). However, the decimal point adjusted strategy (not 
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used by the MSP and LP students) indicates the propensity high-performing students have 
for searching for mathematical meaning. 
4.6.2 TASKS RELATED TO LEVEL 3 KNOWLEDGE (MULTIPLICATIVITY) 
Table 4.48 provides a summary of the correct responses that were supported by 
semantic reasoning for the interview tasks related to multiplicativity. Correct responses 
unsupported by semantic reasoning were not considered to reveal the appropriate 
knowledge. (See Attachment 3 for the tasks and Section 4.4 for the detailed results of each 
task.) 
Table 4.48 reveals that no task was completed successfully by all students. 
However, the high-performing HP students were generally successful on all of the tasks. 
Table 4.48 
Frequency (and Mean) of Response Categories for the Multiplicativity Tasks (M Tasks) in Tenns of 
the Peiformance Categories. 
Performance categories 
Multiplicativity HP HSP MP MSP LP 
tasks (n = 12) (n = 12) (n = 8) (n =8) (n = 5) 
TaskMl 
Full MS (x, +) 11 (91.7%) 7 (58.3%) 5 (62.5%) 1 (12.5%) 1 (20.0%) 
Partial MS 1 (08.3%) 1 (08.3%) 2 (25.0%) 0 (00.0%) 0 (00.0%) 
-x,- 1 1 1 
- Op. v", base x 1 
Full AS(+,-) 0 (00.0%) 4 (33.3%) 1 (12.5%) 3 (33.3%) 0 (00.0%) 
TaskM2 
Full MS (x, +) 10 (83.3%) 6 (50.0%) 4 (50.0%) 1 (12.5%) 0 (00.0%) 
Partial MS 2 (16.7%) 2 (16.7%) 2 (25.0%) 0 (00.0%) 0 (00.0%) 
-x,- 1 1 1 
- Op. v", base x 1 1 1 
Full AS(+,-) 0 (00.0%) 4 (33.3%) 2 (25.0%) 1 (12.5%) 0 (00.0%) 
TaskM3 
FullMS 10 (83.3%) 5 (41.7%) 0 (00.0%) 0 (00.0%) 0 (00.0%) 
Partial MS 2 (16.7%) 4 (33.3%) 1 (12.5%) 1 (12.5%) 0 (00.0%) 
TaskM4 
X 10 ( M4.1) 
MS (opv", base v") 12 (100%) 8 (66.7%) 6 (75.0%) 1 (12.5%) 0 (00.0%) 
Partial MS 
- op. v", base x 2 (25.0%) 1 (20.0%) 
- OE.x, base v" 
+IOO(M4.2) 
MS (opv", base 12 (100%) 7 (58.3%) 6 (75.0%) 1 (12.5%) 0 (00.0%) 
v")- Partial MS 2 (16.7%) 1 (12.5%) 
- op. v", base x 1 
- op.x, base v" 2 
Note. MS =multiplicative structure; AS = additive structure; op. = operation. 
The data shown in Table 4.48 were compiled from the individual performances 
provided in Table E-19 where appropriate and inappropriate responses are illustrated by 
light and dark shading respectively. Thus Table E-19 provides a "picture" of each student's 
performance across the tasks related to multiplicativity and shows that the typical HP 
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student generally made no errors whilst the other high-performing students (HSP, MP) 
typically made more than 4 errors across the tasks. However, the typical HSP student 
tended to have errors in all four tasks whereas the typical MP student tended to make most 
errors in Task M3 (predicting the shift of a multiplicative operation). Table E-19 also 
shows that the typical low-performing student (MSP, LP) made errors across all the tasks, 
revealing virtually no knowledge ofmultiplicativity. This result was in accord with the 
results of the MSP and LP students for the components related to the exponential model in 
the P tasks. (See Table 4.49 for the error rates for each group.) 
Table 4.49 
Frequency (and Mean) of Error Rates and Accumulated Means for Correctness for the 
Multiplicativity Tasks (M Tasks) in Terms of the Peiformance Categories. 
Performance categories 
Error rates/ HP HSP MP MSP 
Accumulated means (n = 12) (n = 12) (n = 8) (n = 8) 
0 errors 7 (58.3%) 1 (08.3%) 0 (00.0%) 0 (00.0%) 
1 error 2 (75.0%) 1 (16.7%) 0 (00.0%) 0 (00.0%) 
2 errors 0 (00.0%) 0 (00.0%) 
3 errors 2 (33.3%) 0 (00.0%) 0 (00.0%) 
4 errors 3 (100%) 2 (50.0%) 0 (00.0%) 0 (00.0%) 
>4 errors 6 (100%) 8 (100%) 8 (100%) 
PERFORMANCE BETWEEN CATEGORIES 
LP 
(n= 5) 
0 (00.0%) 
0 (00.0%) 
0 (00.0%) 
0 (00.0%) 
0 (00.0%) 
5 (100%) 
Table 4.48 revealed that the tasks related to multiplicativity differentiated between 
the high-performing students (HP, HSP, MP) and the low-performing students and between 
the HP students and the other high-performing students. 
With respect to the higher-performing categories, almost all of the HP students 
revealed, in Tasks M1 and M2, that they had the appropriate knowledge available (91. 7% 
and 83.3% respectively) as opposed to approximately half of the HSP students (58.3% and 
50.0%) and the MP students (62.5% and 50.0% respectively). Moreover, no HP student 
accessed additive structure as opposed to approximately one-third of the HSP and one-
quarter of the MP students. The metacognition required to access the appropriate structure 
was a major factor in differentiating between the HP and the other higher-performing 
students. 
One characteristic of the HP students, in general, was that they tended to give initial 
responses that were semantic in nature but incomplete. However, probing nearly always 
revealed that they had the complete knowledge but had limited their responses to what they 
thought provided sufficient information. This behaviour seems to support the strategic 
thinking component ofPrawat's (1989) framework for facilitating knowledge access in 
which he says that strategic thinking is characterised by the balance between specificity and 
generalisability and represents an awareness of the link between the nature of the knowledge 
and the desired outcome. This behaviour will be defined as the sufficiency strategy. 
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Another characteristic of the HP student is the quiclmess with which they 
accommodated novel tasks into their existing schema. For example, Task Ml.l (abstract 
binary relationships) was a novel task for the students but, once the probing revealed the 
underlying principle ofmultiplicativity, these students were quick to perceive the structure 
in Task M1.2 and in Tasks M2 and M4. This behaviour was generally not characteristic of 
the students in the other performance categories. 
In summary, the multiplicativity tasks appeared to illuminate the qualitative 
difference between the HP and all other performance categories in terms of multiplicative 
lmowledge and metacognition. It appears that having a schema that integrates all the 
components of equivalence/base, continuous multiplication/grouping/increase in value to 
the left and continuous division/partitioning/decrease in value to the right and !mowing 
when it is appropriate to access this !mow ledge may be essential differences between 
proficiency and semiproficiency in coming to understand hundredths. 
4.6.3 TASKS RELATED TO LEVEL 3 KNOWLEDGE (REUNITISATION) 
Table 4.50 provides a summary of the correct semantic responses for the interview 
tasks related to unitisation. (See Attachment 3 for the tasks and Section 4.5 for the detailed 
results of each task.) These tasks were given in a second interview from which the MSP and 
LP students were omitted because of their impoverished !mow ledge of the tasks related to 
position, order and multiplicativity. 
Table 4.50 
Frequency (and Mean) of Response Categories for the Unitisation!Reunitisation Tasks (U Tasks) in 
Tenns of the Peifonnance Categories. 
Unitisationlreunitisation tasks 
Task Ul 
Unitising tenths (Ul.l) 
Equality of parts (U1.2) 
Number of parts (U1.3) 
Constructing the whole (U1.4) 
TaskU2 
Unitising 
-PRO (U2.1) 
-SPRO U2.2 (5 X 2) 
-NPRO (U2.3) 
Reunitising (Type A- part-+subpart) 
-PRO (U2.1) 
- SPRO (U2.2) 
- NPRO (U2.3) 
TaskU3 
Reunitising (Type B - subpart-+part) 
HP 
(n = 12) 
10 (83.3%) 
11 (91.7%) 
10 (83.3%) 
7 (58.3%) 
12 (100%) 
10 (83.3%) 
12 (100%) 
12 (100%) 
6 (50.0%) 
12 (100%) 
Performance categories 
HSP 
(n = 11) 
8 (72.7%) 
8 (72.7%) 
7 (63.6%) 
2 (18.2%) 
11 (100%) 
9 (81.8%) 
7 (63.6%) 
11 (100%) 
2 (18.2%) 
11 (100%) 
MP 
(n = 6) 
4 (66.7%) 
4 (66.7%) 
6 (100%) 
1 (16.7%) 
6 (100%) 
6 (100%) 
4 (66.7%) 
6 (100%) 
3 (50.0%) 
6 (100%) 
-PRO (U3.1) 10 (83.3%) 8 (72.7%) 3 (50.0%) 
- SPRO (U3.2) 7 (66.7%) 7 (63.6%) 4 (66.7%) 
Note. PRO =prototypic representation; SPRO - semiprototypic representation; NPRO -
nonprototypic representation. 
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Table 4.50 reveals that some tasks (U2.1 and U2.3) elicited correct responses from 
all students whilst some tasks (U1.4 and U2.2) elicited very poor performance from all 
students. With respect to the fraction concepts required for unitising (Task Ul), the students 
were more able to interpret the whole~ part relationship (Ul.l) than the part~whole 
relationship (U1.4). 
The ability to unitise is shown to be dependent on the type of representation as was 
the ability to reunitise. Type A reunitisation (Task U2) produced more correct responses 
generally (except for the semiprototypic model) than Type B reunitisation (Task U3). With 
respect to Type A reunitisation, Table 4.50 shows that all students successfully reunitised 
the prototypic and nonprototypic representations but were generally unable to reunitise the 
semiprototypic model. This phenomenon suggests that the nonprototypic nature of the 
representation acted as a metacognitive trigger, alerting the students to pay more attention to 
the parts whilst the long rows of the semiprototypic representation possibly looked more 
like fifths. As well, the task involving the semiprototypic representation required the 
students to interpret a shaded amount whereas the other two tasks required the students to 
"construct" a particular fraction. Therefore, the difficulty the students had may have been 
the result of the type of task rather than the type of representation. 
The data shown in Table 4.50 were compiled from the individual performances 
provided in Table E-20 where appropriate and inappropriate responses are illustrated by 
light and dark shading respectively. Thus Table E-20 provides a "picture" of each student's 
performance across the tasks related to multiplicativity and shows that the typical HP made 
fewer errors than the other high-performing students (HSP, MP). (See Table 4.51 for the 
error rates for each group.) 
Table 4.51 
Frequency (and Mean) of Error Rates and Accumulated Means for Correctness for the_Position and 
Order Tasks (P Tasks) in Terms of the Peiformance Categories. 
Performance categories 
Error rates/ HP HSP MP 
Accumulated means (n = 12) (n = 12) (n = 8) 
0 errors 3 (25.0%) 0 (00.0%) 0 (00.0%) 
1 error 2 (41.7%) 0 (00.0%) 0 (00.0%) 
2 errors 3 (66.7%) 3 (27.3%) 2 (33.3%) 
3 errors 2 (83.3%) 4 (63.6%) 1 (50.0%) 
4 errors 1 (91.7%) 3 (100%) 
>4 errors 1 (100%) 4 (100%) 
PERFORMANCEBETWEENCATEGOIDES 
Table 4.50 reveals that these tasks differentiated between the HP students and the 
other two high-performing categories (HSP and MP) although the differences were not as 
dramatic as they were for multiplicativity. 
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With respect to the concept of fractions, the HP students seemed to have constructed 
a schema that coordinated the role of equal parts and number of equal parts when assigning 
a numerical value to a fraction. Furthermore, the HP students, unlike the HSP and MP 
students, generally revealed an understanding of the two-way relationship of whole-+ part 
and part--+whole. The HP students were more able to unitise a variety of representations 
than the other two groups of students. 
With respect to reunitisation (Type A), there were no qualitative differences 
between the HP, HSP and MP students for prototypic and nonprototypic representations but 
the HP and MP students were more able to reunitise the semiprototypic representation than 
the HSP students. With respect to reunitisation (Type B), the prototypic representation 
revealed qualitative differences between the HP and students and the HSP and MP students 
and between the HSP and MP students. The semiprototypic representation did not reveal 
any qualitative differences between the performance categories. 
4.6.4 IMPLICATIONS FOR STAGE 4 (MODEL BUILDING) 
The data provided in Sections 4.6.1 to 4.6.3 will be used in the construction ofthe 
cognitive models in Chapter 5. The cognitive models will represent the semantic 
knowledge of position/order, multiplicativity and unitisation that was disclosed by the 
performance categories during the interviews. 
4.7 INTERVENTION EPISODES 
Some students, particularly the low-performing students revealed that they had no 
knowledge of the mental models (exponential and symmetry) that provide a sense-making 
scaffold for position and order, and multiplicative structure. These students tended to rely 
on memory or syntactic cues when processing the tasks related to position and order (the P 
tasks), particularly when naming and ordering the decimal-fraction places, and when 
responding to tasks related to the relationship between the places in the decimal number 
system. 
Interventions related to the mental models and the concept of a fraction were 
undertaken with some students. The interventions were ad hoc in that they were unplanned 
and contingent on the. time frame allocated for the interview and, to some extent, the 
student's disposition at the time of the interview. For example, some low-performing 
students were very nervous and their responses were almost inaudible whilst two low-
performing students became slightly defensive as the paucity oftheir knowledge was 
unveiled. These types of students were not given the intervention episodes. 
Because the types of intervention related to the fraction concept were provided in 
the report on the results of Task Ul, this section will describe those interventions which 
focused on helping the students construct the mental models (exponential and symmetry). 
The implications for the teaching interventions undertaken to help the students 
construct the exponential and symmetry models will be addressed in Chapter 6. 
4. 7.1 SYMMETRY MODEL FOR PLACE NAMES 
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This intervention was given to 9 students (1 MP, 5 MSP, 3 LP) who were unable to 
predict the name of the next decimal-fraction place after hundredths (Task P6.1), unable to 
determine whether the tenths/hundredths sequence was correct (Task P6.2), or said that the 
decimal point was the point of symmetry in the order of the place names (Task P7). Of the 
9 students who received the intervention, 5 (MSP1, MSP7, LP1, LP4, LP5) had not been 
able, in Task P5, to align the place names (from thousands to hundredths) correctly. 
Basically, the intervention required the students to construct the symmetry model 
(see Figure 4.16), using the place name cards that had been used in Tasks P5 and 6. 
I hundreds I 
I I tens I tenths 
I I ones 
Figure 4.16. Construction of the synnnetry model in the intervention episodes. 
This V -shaped representation of the symmetry model was used rather than the linear 
representation in the exponential model to facilitate a focus on the ones as the point of 
symmetry. To construct the model, the students were asked to place the ones card first and 
then the interviewer placed the tens card in the position shown in Figure 4.16 and asked the 
student what he or she would place in the same position on the right of the ones. If the 
student could not do this, the interviewer placed the tenths card for the student. The process 
was then repeated for hundreds and hundredths. Finally, the interviewer placed the 
thousands card and asked the students if there could be a name in the mirror position ("on 
the other side") for thousands. The students were then asked to write the new decimal-
fraction name on a blank card and place the card in the appropriate position. 
Throughout the construction process, the interviewer stressed the position of each 
place with respect to the ones, saying, for example: If I put the tens one place to the left of 
the ones. what name will you put one place to the right of the ones? The full language that 
accompanied the construction as well as the language that connected the symmetric features 
of the whole-number and decimal-fraction places into an integrated model is provided in 
MP7' s protocol. 
The intervention appeared to be highly successful and, for some students, it seemed 
to provoke an "aha!" experience. However, within the time constraints of this study, there 
was no way of knowing whether this intervention would have long-term effects. 
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Nevertheless, the fact that two of the very low-achieving students could translate the V-
shaped model used in the intervention to the linear form of the exponential model indicated 
that they had abstracted the salient features of the model, namely, the fact that the ones 
place is the point of symmetry and that the decimal-fraction places mirror the whole-number 
places in terms of name and position in relation to the ones. 
The remainder of this section describes the students' particular problems and the 
results of the intervention. 
MP7 
In Task P6, this student had been unsure whether the sequence of decimal-fraction places 
should be tenths/hundredths or hundredths/tenths. This student knew that hundredths were 
smaller in value than tenths but was confused by the syntactic feature of the similar whole-
number and decimal-fraction place names. 
1: If I put the ones in the middle and the tens one place to the left of the ones, what will 
you put there one place to the right of the ones? [She placed the tenths to the right of, 
but beside, the ones.] You be a mirror for me (putting the tenths as shown in Figure 
4.16). If I put hundreds two places on the left of the ones, what will you put two 
places on the right? [S: Hundredths] Now if I put thousands three places on the left 
of the ones, what will you put three places on the right of the ones? [S: Mmm 
(laughing). Nothing (after a very lengthy pause)?] Can you see a pattern? [S: 
Ohhh! Thousandths.] Write it on a card. Now what did we have on the other side of 
the thousands? [S: Ten-thousands] So what do you think would go over there (to the 
right of the thousandths)? [S: Urn ... (a very lengthy pause)] Look. Tens, tenths; 
hundreds, hundredths, thousands, thousandths, ten-thousands? [S: Ten-
thousandths.] So when you know these names (indicating the whole numbers), you 
can work out these names (decimal fractions). 
Because intervention was successful for all students and the same language was 
used with each student, the protocols of the remaining 8 students are not provided unless 
they reveal an insight into some interesting form of thinking or behaviour. 
MSPl 
In Task P6.1, this student had said that there couldn't be another name on the right of 
hundredths and, in Task PS, she had arranged the places as: Th, T, t, 0, H, h. Her protocol 
begins when the model was completed except for the thousandths place and she was asked 
to write the name on a blank card. 
S: That's probably wrong (writing thousandths). 
I: Probably not! Well done! I'm going to jumble them (the place names) up now and 
I'm going to ask you to put them out in order for me. [She put them out in the V-
shaped form used in the construction.] Could you put them in a line for me? (She did 
so correctly and with very little hesitation even though she had been unable to do this 
in Task PS.) 
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MSP3 
In Task P6.1, this student had said that there would be a place on the immediate right of 
hundredths "but we haven't learnt about it yet" (revealing both her lack of the symmetry 
model which would enable her to predict the new name and a concomitant reliance on the 
teacher to give her the knowledge). This student had also arranged the place names 
correctly in Task P5. 
MSP6 
This student had aligned the places correctly in Task P5 but, in Task P6.1, her response to 
naming the next place after hundredths was: I don 't think so ... probably I 0-hundredths. 
When she was asked why she thought it would be called 10 hundredths, she said: Because 
I'm guessing. The student was then asked to construct the symmetry model and predict the 
next decimal-fraction place. 
MSP7 
In Task P5, this student had aligned the whole-number places correctly but had reversed the 
tenths and hundredths places. She very quickly saw the pattern and was able to write 
thousandths on the blank card. 
MSP8 
This student had arranged the place names correctly in Task P5 and knew that the places had 
been arranged from larger to smaller and had also correctly predicted, in Task P6.1, 
thousandths as the next decimal place. However, when asked, in Task P6.2, whether the 
correct sequence was tenths/hundredths or hundredths/tenths, he admitted that he wasn't 
sure whilst, in Task P7, he said that the decimal point was the "middle" of the place names. 
In constructing the symmetry model, this student was able to mirror the 
interviewer's actions throughout. For example, when the interviewer placed tens one place 
to the left of ones, he placed tenths one place to the right of ones, and so on, to thousandths. 
S: And over there, thousandths. So it's the ones that are in the middle (sounding as 
though he'd made a great discovery)! [1: Did you think of that before?] No. I 
thought the decimal point was in the middle. 
1: And now which sequence do you think is correct -tenths followed by hundredths or 
hundredths followed by tenths? [S: Tenths followed by hundredths.] 
LPl 
In Task P5, this student had been unable to align the places correctly. He had aligned the 
places according to similar-sounding place names, not on value order: Th, h, H, t, T, 0. 
Thus this student had gross conceptual errors regarding the relative values of the places so 
constructing the symmetry model was thought to be similar to applying a "band-aid" to a 
serious wound. 
In Task P6.1, he had correctly predicted that the next decimal-fraction would be 
called thousandths although when asked how he knew this, he simply said: Because they're 
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the hundredths and they're the thousandths. He admitted, when probed, that he did not have 
a way of working out the new decimal-fraction place name. 
In Task P7, he indicated an incipient awareness of the symmetrical nature of the 
places because, when asked to write the number that had 6 tens and 6 tenths, he wrote "6 
6", leaving a large space on either side of the decimal point 
Thus, this student was taken through the construction of the symmetry model of the 
place names to provide a framework for the place names and to facilitate an awareness of 
the ones as the point of symmetry. 
LP4 
In Task PS, this student had arranged the whole-number places correctly but had reversed 
the order of tenths and hundredths and had place the decimal-fraction to the left of the 
whole number places (h, t, Th, H, T, 0). This was the student who had 3.78 and 37.8 as "3 
and 78 thousands" and "37 and 8 thousands" respectively. In Task P6.1, she had been 
unable to name the next decimal-fraction place. She was taken through the construction 
process but had to be shown where to place each of the place names (tens/tenths, hundreds, 
hundredths). 
I: Could there be another place over here (opposite the thousands)? [S: Urn ... yes.] 
What would you call it? [S: Urn ... thou ... sandths] Excellent! How did you work 
that out? 
S: Because this one (showing tenths then hundredths) is just the same as them (showing 
tens, then hundreds). 
I: Great! Now, I'm going to jumble up the place names and I want you put them in their 
right order. [She very quickly aligned them correctly in a linear arrangement.] 
Excellent. Now put the decimal point where it's supposed to be. [She placed it 
between the ones and the tenths.] 
LPS 
This student had been unable, in Task P2, to give the place names for the digits in 3.78 and 
had been unable, in Task PS, to arrange the place names in order. She, like LP2, had 
arranged the places as: Th, h, H, t, T, 0. Because ofher unavailable knowledge of position 
and order, she was not asked to predict the next decimal-fraction place in Task P6.1; she 
was taken through the construction of the symmetry model. Intervention was also 
successful with this student. 
4.7.2 EXPONENTIAL MODEL FOR MULTIPLICATMTY 
This intervention was given to 17 students (1 HP, 4 HSP, 3 MP, 7 MSP, 2 LP) who 
were unable to use a calculator to change 7 tenths to 7 ones (Task M4). This task was one 
of the two tasks used to determine whether the students who had revealed, in Tasks M1 and 
M2, the appropriate knowledge of the continuous, bi-directional and exponential of 
multiplicative structure could access this knowledge in a novel task. (The fact that several 
students had to be shown how to use a calculator indicated that any task involving a 
calculator would be novel.) 
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Three types of intervention were given and the type of intervention given depended 
on whether the students' procedural knowledge of multiplicative structure (elicited from 
Task M3) was robust or tenuous. Type 1 intervention was employed if the student had 
indicated (in Task M3) evidence of procedural knowledge. Thus, Type 1 intervention was 
used to try to connect that procedural knowledge to the appropriate structural knowledge 
(i.e., the bi-directional binary and ternary relationships). 
Students were given Type 2 intervention ifType 1 failed or if procedural knowledge 
was weak or unavailable. fu Type 2 intervention, a large place value chart (PVC) and digit 
cards were used in conjunction with the calculator. The students were asked to show 7 
tenths on the PVC (see Figure 4.17), make a change to the 7 tenths to show 7 ones, and 
mirror this process with the calculator. fu this stage, the language used was vital in helping 
the students connect the concrete place value procedures to the symbolic calculator 
procedures. 
thousands hundreds tens ones .. p tenths hundredths 
7 .... 7 
-
Figure 4.17. Using the place value chart to develop the exponential model. 
To represent the decimal point, the students were shown a variety of small adhesive 
stickers of hearts, geometric shapes, flowers or small animals and asked to select one of 
these. There were three reasons for using nonconventional representations of decimal 
points: (a) to make the students aware that the decimal point, like all mathematical 
symbols, is a cultural artefact; (b) to add some excitement and motivation to an otherwise 
fairly dull task, and (c) to make the symbol more meaningful by allowing the students to 
choose their own representation. 
Type 3 intervention was given to those students who, in Type 2 intervention, had 
shown an understanding ofthe bi-directional operations (x, +)that would effect the 
direction of the shift but who did not understand the role of the base in binary (adjacent 
places) relationships (and, therefore, ternary relationships). Students given Type 3 
intervention were shown the mathematical statements in Figure 4.18 and were taken through 
a sequence of steps related to connecting the operation to the required shift. This task was 
used in conjunction with the PVC and digit cards. 
60 X 10 = 600 
60 + 10 = 600 
60 + 10= 600 
60-10 = 600 
800-10=80 
800 X 10 = 80 
800 + 10 = 80 
800 + 10 = 80 
Figure 4.18. Mathematical statements used to develop the exponential model. 
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Whilst Type 3 intervention was successful, it was a superficial technique that did 
not address the underlying notion of equivalence and the inverse notion of multiplication 
and division. Consequently, it was not expected to have long-term positive effects on 
developing an understanding of exponentiality in multiplicative structure although it had 
short-term effects for the students to which it was applied. 
All three types of intervention were successful for all of the students but, for those 
students who could not connect the notion of equivalence with the multiplicative operation 
or who were unaware of the role of the base in binary and ternary relations but who 
connected the direction with the multiplicative operations, it is doubtful about the long-term 
effects of the intervention. These students would need to have ongoing intervention to fully 
establish the appropriate notions and to connect these notions to the exponential model. 
The remainder of this section describes the procedures that were used in each of the 
intervention stages and the students' responses to that intervention. 
Type 1 intervention. Two students (HPlO, HSPS) were referred to Task M3 to see 
ifthey could make the connection with Task 4. These students had exhibited robust 
procedural knowledge in Task M3. 
HPlO 
This student had entered 7 tenths correctly, then her finger hovered over the+ key and then 
over the 0 key. She fmally shook her head and said: I can't do it. However, as her protocol 
reveals, she very quickly made the connection. 
I: Here (Test Item A4.1 in Task M3), we had 3 tenths multiplied by I 0 equals 3 
(pointing to each component of the item). 
S: Ohhh (immediately reaching for the calculator to correctly change 7 tenths to 7 ones 
by entering x 1 0). 
HSPS 
This student did not know that you had to press the = key to activate the operation. On her 
first attempt, she entered"+ 7"; for her second attempt, she entered "7.00". She made one 
more attempt but then realised that that didn't work either. At this stage, she was given 
intervention similar to that given to HPIO. 
I: Here (Test Item A4.1 in Task M3), we had 3 tenths multiplied by I 0 equals 3 
(pointing to each component of the item). Here, you were told what to do and you 
had to work out the answer, but for this one ( 4a ), you 've got the answer but you have 
to work out what to do. 
MP: Ohhh (sounding enlightened and correctly entering the appropriate operation). 
Type 2 intervention. Intervention for the remaining 15 students began with this 
type which involved the place value chart, the digits and the calculator. 
The students were asked to show 7 tenths on the place value chart and then to move 
the digit to show 7 ones. They were then asked in which direction (right or left) they had 
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moved the digit and whether the digit had become larger or smaller than it was before. Thus 
the students' kinaesthetic !mow ledge of position change was developed though moving the 
digit card whilst the associated language linked direction with size. The students were then 
asked to show this change on their calculator. This process was repeated for other adjacent 
places so that the relationship between the operation (x 10) and the leftwards direction was 
consolidated. Once the leftwards direction was associated with an increase in value, the 
students were asked to predict which way they would have to move the digit to effect a 
decrease in value and then asked to use their calculator to show the operation that would 
make the digit shift one place to the right. Again, the relationship between the operation ( + 
1 0) and the rightwards shift was consolidated with other adjacent places. The same process 
was repeated to establish the relationship between the operation, the direction of the shift 
and the number of places shifted with ternary relationships. 
However, although the continuous and bi-directional properties could be simulated 
and promoted through the place value chart activity, the exponential property could not. So 
for those students who did not have an understanding of the role of the base, this activity 
was not effective. However, for those who did have the notion of the role of the base, this 
intervention seemed to have an immediate positive effect on making the appropriate 
connection between procedural and structurallmowledge. 
Once the students had moved the digits themselves (both directions) and then 
mirrored the processes required for both binary and ternary relationships, their new-found 
understanding was consolidated through activities where the interviewer moved the digit 
card (random direction and relationship but limited to ternary) whilst they mirrored the 
shifts on their calculator. LP3 's protocol exemplifies the language used throughout Type 2 
intervention. 
LP3 
I: Show me 7 tenths on the place value chart. [He did so.] Now show me where you 
want to get it to show 7 ones. [He slid the digit card from the tenths place to the ones 
place.] Have you made the 7 larger or smaller in value? [S: Bigger] How many 
times bigger? [S: Ten times bigger.] Now enter 7 tenths on the calculator. [He did 
so.] What will you do to make the digit shift from the tenths place to the ones place? 
[He entered x 10 and was delighted to see that the operation produced the required 
shift.] 
I: Now, how do you think you could change the 7 ones back to 7 tenths? [He entered + 
10.] Well done. 
This stage of the intervention was repeated until he had shown a connection between 
ternary shifts to the left with multiplication (x 100) and to the right with division(+ 100). 
The next stage of the intervention was then undertaken. 
I: Watch me now. I'm going to move the digit (on the PVC) from there (7 tens) to there 
(7 hundreds). How can you do that on the calculator? [S: Multiply by 10.] So you 
make it one place bigger when you multiply by 10. How do you think we could get the 
7 hundreds back to 7 ones (showing on the PVC). Is it getting larger or smaller in 
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value? [S: Smaller. (He entered- 100 and had 600.) No, that's wrong.] What 
undoes multiplication? [S: Divide.] Well, leave your 6 hundreds and make it into 6 
ones (showing on the PVC). [He divided by 100.] 
I: Now, watch carefully because I'm going to try to catch you now (shifting the digit on 
the PVC from 6 ones to 6 hundredths). [He divided by 100.] Excellent. How did you 
know to divide by 100? [S: Because 10 times 10 is a hundred.] Well done! And did 
you get larger or smaller when you went from there to there (indicating ones to 
hundredths on the PVC)? [S: Smaller.] 
I: One more go but I'm not going to say anything so you have to watch what I do 
(placing the digit, 3, in the tenths place and moving it to show 3 tens). [He entered x 
100, looking very pleased with himself.] What a champ! 
The success experienced by LP3 was particularly gratifying as he had been totally 
unsuccessful on the interview tasks related to position and order (P4). His body language 
during the intervention changed from what appeared to be nervousness to what appeared to 
be confidence whilst his smiles indicated that this intervention had boosted his self-esteem. 
This stage of intervention was very successful (in the short term, at least) for 8 
(MP2, MP7, MP8, MSP1, MSP2, MSP4, LP2, LP3) ofthe 15 students. 
Of the remaining 7 students, 5 students (HSP4, MSP3, MSP5, MSP6, LP4) did 
eventually associate the leftwards shift with multiplication for both binary and ternary 
relationships but had associated the rightwards shift with subtraction, a behaviour that they 
had exhibited in Tasks M1 and M2. These students knew the equivalence relationship of 10 
between adjacent places and the relationship of 100 between adjacent-but-one places but 
were unable to connect the relationship to multiplicative operations. The following protocol 
from MSP, in this task, exemplifies the difficulties in eliciting the connection between 
equivalence and the required operation. 
MSP3 
I: Show me 7 tenths on the place value chart. [She did so.] Now show me where you 
want to get it to show 7 ones. [She slid the digit card from the tenths place to the ones 
place.] Have you made the 7 larger or smaller in value? [S: Larger] How many 
times larger? [S: 10] Show me on your calculator how to change 7 tenths to 7 ones. 
[She entered 0.7 and then entered 10 and was bewildered when she saw the result, 
0.710.] How many times larger than 7 tenths is 7 ones? [S: Ten times larger. (Her 
finger hovered over the+ key but she didn't press it.] What can you do to tenths to 
get ones? [She entered+ 10 and again was bewildered by the result, 10.7.] What else 
could you do? [No response] You made the 7 tenths 10 times bigger here [PVC], 
didn't you? [S: Yes] So what else could you do apart from adding 10 to shift 7 
tenths to 7 ones? [S: Times by 10?] Try it. [She entered x 10 and looked very 
pleased with herself when she saw the result.] Now, I'm going to shift the 7 ones back 
to 7 tenths (showing on the PVC). How can you make the calculator do that? [She 
entered- 10!] 
For all students who could not connect equivalence with the multiplicative 
operations, the following questions usually elicited the given responses. 
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• How many tens equal a hundred? [10] 
• How many times larger than tens are hundreds? [10 or 10 times larger 
• What can you do to tens to get hundreds? [Add 10; add 90; x 10 (not often)] 
• What can you do to hundreds to get tens? [Subtract 1 0; subtract 90; + 10 (not 
often)] 
Thus, the first two questions will elicit the base (1 0) but not the operation whilst the 
last two questions will elicit an operation which, for most lower-performing students ,will 
be addition and subtraction (additive structure) or multiplication and subtraction (conflict 
between multiplicative and additive structure). For the latter response, giving the 
multiplication operation but not the division operation may be the result of the word "times" 
in the previous question. 
The students with this type of problem were not provided with the third type of 
intervention because they already had an awareness of the base. However, although the 
consolidation activities helped these students, it was thought that they would require other, 
more intensive, remediation to establish the connection between equivalence and 
multiplicative operations and to develop the notion of division as the inverse of 
multiplication. 
The remaining 2 students (HSP6, HSP11) revealed that they had associated the 
appropriate operations with the bi-directional shifts but they were not aware of the role of 
the base in binary and ternary relationships. These two students were given Type 3 
intervention. 
Type 3 intervention. The students were shown the statements in Figure 4.18; Set 1 
was done first and incorporated the following sequence of steps: (a) the students' attention 
was drawn to the fact that the starting and finishing numbers were the same (i.e., 80, 800); 
(b) they were asked to show 8 tens on the PVC and then shift the 8 to its finishing position; 
(c) they were asked to select the operation from the list of statements that would make that 
shift; (d) they were asked to show the shift from 8 tens to 8 hundreds on the calculator; (e) 
they were asked to show similar binary multiplication shifts for other adjacent places (e.g., 6 
hundredths to 6 tenths); and (f) they were asked to use the calculator to show ternary 
multiplication shifts that were shown on the PVC (e.g., 5 tens to 5 thousands). These steps 
were followed for the second set of statements to extend the role of the base in binary and 
ternary relationships to division. 
This intervention, in combination with Type 2 intervention, was successful with 
these two students. 
CHAPTER 5: MODEL BillLDING 
CONSTRUCTING THE STRUCTURAL AND CUMULATIVE MODELS 
5.1 OVERVIEW 
This study set out to illuminate the cognitions involved in understanding decimal-
number numeration, to identify the cognitions that differentiate high, medium and low 
proficient and semiproficient students, and to identify the structural knowledge of the 
cognitions held by these student categories. 
The analysis of the students' responses and reasoning disclosed during the interview 
tasks has revealed the cognitions which differentiated performance (see Section 4.6). were 
instrumental in the development of the structural models. 
In this chapter, these interview disclosures together with a meta-analysis of the 
cognitions held by the various performance categories (HP, HSP, MP, MSP, LP) for each of 
the major components of decimal-number numeration (position/order, multiplicativity, and 
unitisation/reunitisation) is undertaken and, from this meta-analysis, structural models are 
constructed to represent each composite performance category. Finally, a comparison 
across the performance categories of the knowledge strengths and weaknesses is undertaken. 
5.2 PURPOSES AND DESIGN 
5.2.1 PURPOSES 
The specific objectives of this chapter are: 
• To construct a structural model framework to represent the cognitions and 
connections required for structural knowledge of each of the major components 
of decimal-number numeration that were probed during the interviews, namely, 
position/order, multiplicativity, and reunitisation; 
• To use the structural model frameworks to construct structural models that 
represent the structural knowledge of each performance category; 
• To compare knowledge strengths and weaknesses within and between 
performance categories across position and order, multiplicativity and 
reunitisation. 
5.2.2 RESEARCH DESIGN 
Research methodology. In this stage of the study, the analysed interview data with 
respect to the performance categories was synthesised to produce structural models of each 
of the knowledge components (position/order, multiplicativity, reunitisation) for each 
performance category. Thus this stage incorporated an analytic-synthetic methodology 
(Uprichard & Englehardt, 1986). 
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Moreover this stage of the study reflected the final element of the emergent design 
stage of the constructivist methodology (Guba & Lincoln, 1989) in which the "inquirer 
becomes better acquainted, the sample becomes more directed and the data analysis more 
structured, the construction more definitive" (p. 181). (See Appendix A for a full 
description of this aspect of the constructivist methodology.) This stage completes the 
hermeneutic cycle with respect to the exploration of the !mow ledge differences that 
differentiate: (a) high-and low-performing students, (b) high proficient and high 
semiproficient students. 
Subjects. Whilst no subjects were used in this model-building stage, it should be 
noted that the structural models were constructed on the basis of the results of the students 
who participated in the interviews ( 45 students for position/order and multiplicativity; 29 of 
these students for unitisation). 
Instrument. The instrument used in this stage comprised the data that were 
collected as a result of the interviews and the subsequent analysis of that data in terms of 
semantic and syntactic lmowledge. (See Section 4.6.) 
Procedure. In order to construct the structural mode/frameworks, the students' 
results for each task (see Tables 4.46, 4.48, and 4.500 were re-interpreted in terms ofthe 
cognitions embedded in the major components (position/order, multiplicativity, 
reunitisation). (See Sections 5.3.1, 5.4.1 and 5.5.1.) To construct the structural models, 
composite lmowledge profiles for the performance categories were developed (see Sections 
5.3.2, 5.4., 5.5.2) and these profiles were translated to the structural models (see Sections 
5.3.3, 5.4.3, 5.5.3). 
The structural models representing the structurallmowledge of the performance 
categories were compared in order to determine their relative strengths and wealmesses, 
judgments were made according to whether the structural models disclosed abstract 
schemas, content-full schemas (Ohlsson, 1993) or unavailable schemas. (See Sections 
5.3.4, 5.4.4, 5.5.4.) 
Finally, a comparison was made within and between the performance categories in 
terms oflmowledge strengths and wealmesses in the domain of decimal-number 
numeration. (See Section 5.6.) This comparison was based on an integration of the three 
structural models and is described in Appendix G. 
Analysis. To develop the structural models for each performance category, the 
following analyses were undertaken for each of the major lmowledge components 
(position/order, multiplicativity, reunitisation): (a) the tasks were analysed in terms of the 
major concepts required for their solution; and (b) the category means for each of the 
concepts involved were used as a basis for developing a composite profile for each 
performance category (see Appendix G). That is, the means were used to describe what 
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analysed in terms of abstract schema (Ohlsson, 1993), and inferences drawn as to the 
differences in structurallmowledge. 
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The framework incorporates two perspectives, namely, the lmowledge required for 
an understanding of position and order as well as the way in which this lmowledge is 
organised and connected. When developing the knowledge perspective of the structural 
model framework (see Figure 5.2), cognisance was taken of the subcomponents of position 
and order, namely, lmowledge of the place names, the role of the decimal point, the 
role/effect of zero (position) and lmowledge of the order of the places in terms of position 
and of the order of places in terms of value (see the numeration model in Figure 3.6). 
Cognisance was also taken of the two mental models, namely, the semantic exponential 
model and the syntactic symmetry model (both of which were described in Section 2.5). 
When developing the organisation and connections perspective of the framework, 
cognisance was taken of the interview results for each performance category (see Sections 
4.6.1 and 5.3.2). These results illuminated the importance of the mental models in the 
organisation of structural knowledge for position and order. 
When constructing the structural models for the composite performance categories, 
the interview results (provided in Section 5.3.2) were analysed to determine the degree of 
lmowledge held by each composite performance category. 
5.3.1 COMPONENTS AND CONNECTIONS OF THE STRUCTURAL MODEL FRAMEWORK 
Figure 5.2 shows the structural model framework that was developed, from an 
analysis of the numeration model (see Figure 3.6) and the interview results, to depict the 
structural knowledge required for an understanding of position and order. The lmowledge 
components, their organisation and connections are explained in this section. 
Figure 5.2. Structural model framework for position and order. 
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The interview results for position and order (see Sections 4.6.1 and 5.3.2) indicated 
that the subcomponents have a vital role in achieving proficiency in decimal-number 
numeration. For example, in this study, the interviews clearly showed that these 
subcomponents differentiated between high (HP, HSP, MP) and low performers. With 
respect to the high-performing students, the interviews also showed that the semantic 
exponential model (see Figure 4.3) was a major differentiating factor. Thus, the semantic 
exponential model was considered to be the "grand organiser" for accommodating and 
integrating the subcomponents of position and order for whole numbers and decimal 
fractions and consequently the structural model framework gave prominence to this mental 
model (see Figure 5.2). 
The symmetry model was described (in Section 2.5) as the mental model that 
accommodates the syntactic features of position, namely, the mirror image of the whole-
number and decimal-fraction places with the ones (or the ones plus the decimal point) as the 
point of symmetry. However, the value order of the whole-number and decimal-number 
places that are embedded in the linear exponential model is not mirrored in the symmetry 
model. Therefore, the symmetry model can be viewed as a "sense-maker" (see Model A in 
Figure 5.3) for the place names but as a source of conflict or tension (see Model Bin Figure 
5.3) for the value order of the places. The interview results (see Sections 4.6.1 and 5.3.2) 
revealed that the: (a) HP students only appeared to have abstracted the sense-making 
feature of the syntactic symmetry model; (b) HSP students indicated some tension between 
the two models; (c) MP and MSP students indicated conflict between the two models; and 
(d) LP students had no apparent knowledge of the symmetric aspect of the decimal-number 
system. 
In the structural model framework, the symmetry model is connected to "position" 
by an unbroken line to show the connection but connected to "order" by a broken line to 
show that it has the potential for generating conflict between position and order (and, 
therefore, with the exponential model). The two main mental models thus provide the 
parameters of the structural model framework. 
thousands 
hundredths 
I I I 
M HTh TTh Th H T 0 h th 
ones 
.... 1 I I 1 .... 
Model A -place names only Model B -place names and order 
Figure 5.3. Two perspectives of the symmetry model. 
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The decimal point has no inherent mathematical properties; rather it is a convention 
designed to accommodate the need to differentiate between whole numbers and decimal 
fractions. It can be placed in any position on the exponential model and wherever it is 
placed, the position on its immediate left signifies the unit whilst the place on its immediate 
right signifies a value that is one-tenth of the unit. The "floating" nature of the decimal 
point is most used in metric money and measurements. (See Figure 5.4 for examples of the 
use of the decimal point.) For these reasons, the role of the decimal point was shown on the 
structural model framework as being a subcomponent of the exponential model (see Figure 
5.2). 
~ ~ ~ e~ c">-# ~~-# .#"-# ~ ?:,e c,e 
m elm em mm 
M HTh TTh Th H T 0 h th 
... l I l ... 
6 3 5 mm 
6 3. 5 em 0 
Included for completeness __.,. 6. 3 5dm 
1. 6 3 5m 
00 
0 
Figure 5.4. The role of the decimal point in signifying the unit and parts of the unit. 
The two main organising concepts of place value, position and order, are given 
prominence and are shown to be connected to the exponential model (see Figure 5.2). Each 
of these major concepts incorporates two subconcepts. For position, these two subconcepts 
are identification (reading decimal numbers) and place value (place names); for order, the 
two subconcepts are alignment (position order, i.e., from left to right, tenths come before 
hundredths) and value (value order, i.e., from left to right, tenths are larger in value than 
hundredths). 
Because the focus of this investigation was to determine how students extend an 
understanding of tenths to hundredths, these two decimal places only were considered in 
this structural model framework. Therefore, each of the position subconcepts have been 
connected to a node that represents an understanding of tenths and a node that represents an 
understanding of hundredths. Similarly, because the study also set out to investigate how 
students accommodate and integrate an understanding of decimal-fraction places into an 
existing successful abstract schema for whole numbers, each of the order subconcepts have 
been connected to a node that represents an understanding of whole numbers and a node that 
represents an understanding of decimal fractions (see Figure 5.2). 
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Finally, the effect/role of zero has been connected to both of the major concepts of 
position and order. Zero itself is not a part of either the semantic exponential model or the 
syntactic symmetry model; rather, it is required for special instances in symbolic 
representation of numbers. For example, inserting or deleting an internal zero effects a 
change in the order of the given places and hence the value of the original number is 
affected by the insertion/deletion (see Figure 5.5). On the other hand, inserting or deleting 
an external zero does not effect a change in the order of the given places and hence the value 
of the original number is unaffected by the insertion/deletion. In the structural model 
framework, the effect of zero has two nodes that represent an understanding of the effect of 
inserting/deleting and external zero and internal zero. 
H T 0 t 
3. 5 
0 3. 5 
h 
~3 andS tenths 
/ A zero in the lefurost \\hole-nunberplace does not change the value of the nunber. 
3. 5 0 <E---- 3 and 50 hundredths or 3 and 5 tenths 
A zero in the rightrrost decirml-fraction place does not change the value of the nunber. 
3. 0 5 <E---- 3 andS hundredths 
An internal zero in the decirml-fraction places changes the value of the nunber. 
3 0. 5 <E----- 30 and 5 tenths 
An internal zero in the \\hole-nunber places changes the value of the nunber. 
Figure 5.5. The effect of inserting zero in a variety of positions. 
The interview results (see Sections 4.6.1 and 5.3.2) revealed that the role of zero 
differentiated between high-performing (HP, HSP, MP) and low-performing (MSP, LP) 
students, and between the HP and other high-performing students (HSP, MP). 
These, then, were the considerations in the construction of the structural model 
framework which were used in the development of the structural model of position and 
order for each composite performance category. 
5.3.2 COMPOSITE KNOWLEDGE PROFILES OF EACH PERFORMANCE CATEGORY 
Table 5.1 provides the category means for the major components of position and 
order. It presents the same information as that presented in Table 4.46, namely, a summary 
of the correct responses that were supported by semantic reasoning for the interview tasks 
related to position and order. However, the tasks have been recomposed in terms of the 
components of the structural model framework and are limited to those that directly relate to 
these components. 
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The data shown in Table 5.1 were compiled from the individual performances 
provided in Table F-1 where appropriate and inappropriate responses are illustrated by light 
and dark shading respectively. Thus Table F-1 provides a "picture" of each student's 
performance for each of the major knowledge components related to position and order and 
shows that the typical HP student generally made no errors or just one error. However, the 
typical HSP and MP students tended to make more errors and these were clustered in the 
tasks related to mental models. The typical low-performing students (MSP and LP 
performance categories) were incorrect more often than they were correct. (See Table 4.47 
for the error rates for each performance category.) 
Table 5.1 
Means of Appropriate Responses to the Major Components of the Position and Order Tasks (P Tasks) 
in Terms of the Peiformance Categories. 
Performance categories 
Major components of HP HSP MP MSP LP 
position and order (n = 12) (n = 12) (n = 8) (n =8) (n = 5) 
Role of the DP 
Decimal point 
-Role (P1) 100% 100% 100% 75.0% 60.0% 
-Position (P5.3) 100% 100% 100% 62.5% 00.0% 
Domains 
-Constructing (P5.2) 91.9% 83.3% 75.0% 62.5% 20.0% 
- Classifying {P 1} 83.3% 50.0% 50.0% 37.5% 00.0% 
Position 
Identification 
-Tenths (P2.3) 100% 91.7% 100% 75.0% 40.0% 
- Hundredths (P2.1) 91.7% 91.7% 100% 50.0% 20.0% 
Place names 
-Tenths 100% 100% 100% 37.5% 20.0% 
- Hundredths 100% 100% 100% 37.5% 20.0% 
Order 
Alignment (P5 .1) 100% 100% 100% 50.0% 00.0% 
Value 
-378, 3.78 (P2.2) 100% 100% 100% 75.0% 20.0% 
- 37.82 3.78 {P2.32 100% 100% 100% 87.5% 60.0% 
Role of zero 
- EZ (P4.1 -both .f) 91.7% 83.3% 75.0% 00.0% 20.0% 
- IZ {P4.2- 2 or 3.f2 91.7% 91.7% 75.0% 00.0% 20.0% 
Exponential model 
-Ten-thousands (P6.1) 66.7% 41.7% 50.0% 00.0% 20.0% 
- Seguence oft2 h {P6.22 100% 75.0% 50.0% 25.0% 00.0% 
Symmetry model 
- Thousandths (P6.1) 100% 83.3% 62.5% 50.0% 00.0% 
- Point of symmetry (P7 .1) 75.0% 41.7% 37.5% 12.5% 00.0% 
- T, t (P3.1) 100% 100% 100% 50.0% 00.0% 
-H2 h{P3.22 100% 100% 100% 37.5% 00.0% 
Note. EZ = external zeros; IZ =internal zeros. 
A consideration of the results for the HP students (see Tables 5.1 and H -1) revealed 
that these students were highly successful on most tasks. Their only real weakness was in 
accessing the exponential model to support their prediction of the ten-thousands place (Task 
P6.1 ). Although all of the HP students had correctly predicted the ten-thousands place, one-
third of the students used the odometer principle as the basis for their prediction. Whilst 
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this was considered to be inappropriate in terms of revealing the exponential model, it was 
more sophisticated than the naive responses (i.e., "guessed" or ''just lmew it") which were 
given by some students in the other performance categories. 
The HSP students provided similar results to the HP students but they were less able 
to predict the next whole-number place (Task P7 .1) and less able again to give appropriate 
explanations for their correct prediction. Thus the HSP students generally appeared to lack 
an integrated schema of the exponential model. Furthermore, they were generally unable, 
even after probing, to provide the generic terminology (whole numbers, fractions/decimal 
fractions) in Task Pl so that the part/whole relationship that exists between whole numbers 
and fractions could not be elicited. This indicated that they had not "chunked" the 
individual place names, a cognitive procedure that has been identified as an expert strategy 
(Chi, Glaser, & Farr, 1988) in which the salient features of a set of similar objects are 
abstracted to form an abstract schema (Dienes, 1969; Ohlsson, 1993) and which enable a 
focus on the relationship rather on the objects themselves (Gentner & Markman, 1993). 
The MP students were similar to the HSP students in their responses. As revealed 
by Table 5.1, they exhibited similar strengths and wealmesses. However, unlike the HSP 
and HP students, the MP students had not generally reconciled the role of zero in external 
and internal positions (Task P4), a behaviour which would possibly limit their ability to 
compare some numbers. 
The MSP students generally revealed only a moderate understanding of the 
mathematical notions related to position and order. They were generally successful in 
reading the whole numbers (Tasks P2.2 and P2.4) and tenths (P2.3) but were unable to name 
the decimal-fraction places (P2.1). As revealed by Task P3, they thought that "hundredths" 
could be called "hundreds" but were more aware that "tenths" could not be called "tens". 
This uncoordinated behaviour suggests that they do not attempt to make sense of their 
lmowledge and that they lack the metacognitive skill that would drive them to look for 
similarities and differences. None of the MSP students were aware ofthe role of zero in 
internal and external positions and Tasks 5.1 and P6 revealed that they appeared to have no 
awareness of the exponential model that relates position and order into a cohesive 
framework. For example, only half of the students could align the place names from 
thousands to hundredths in the correct order and none could predict (or appropriately 
support their prediction of) the next whole-number place. As well, only a few students 
could predict and support the next decimal-fraction place and probing failed to elicit 
lmowledge of the symmetry model. 
The LP students were able to read the prototypic whole number in Task P2.2 but not 
the nonprototypic number in Task 2.4. They were more able to read tenths than hundredths 
(Tasks P2.3 and P2.1) but only 1 of the 5 students could name each decimal-fraction place 
correctly (P2.1). Thus, the LP student has not constructed the symmetry model in an 
attempt to make sense of the syntactic difference in the name order of decimal-fraction 
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places in relation to whole-number places. Furthermore, no LP student could align the place 
names correctly (Task P5 .1) revealing that they had not mentally constructed the 
exponential model that accommodates position and order. A typical LP student, then, does 
not have the baseline knowledge of the place names and their positions available. 
Moreover, the typical LP student is reticent to respond to questions and, if a response is 
given, is usually unable to support the response. For both cognitive and affective reasons, 
the LP students were omitted from many of the tasks as it was thought that their responses 
would lack credibility. 
5.3.3 STRUCTURAL MODELS FOR EACH PERFORMANCE CATEGORY 
In producing the structural models to represent the composite knowledge of the 
performance categories, the category means provided in Table 5.1 served as the basis of 
comparison for determining the degree ofknowledge available. The legend in Figure 5.1 
explains the shading used in the structural models. 
Figures 5.6 to 5.10 model the cognitions and connections revealed by the composite 
HP, HSP, MP, MSP and LP categories respectively. 
Symmetry Model 
Figure 5.6. Composite HP student's structural model for position and order. 
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Figure 5. 7. Composite HSP student's structural model for position and order. 
Figure 5.8. Composite MP student's structural model for position and order. 
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MSP 
Figure 5.9. Composite MSP student's structural model for position and order. 
LP / 
Symmetry Model 
Figure 5 .I 0. Composite LP student's structural model for position and order. 
5.3.4 COMPARISON OF THE STRUCTURAL MODELS 
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Figures 5.6 to 5.10 revealed that the typical HP student alone has a complete 
structural schema for position and order, the typical HSP and MP student has an incomplete 
structural schema whilst the typical lower-performing student (MSP, LP) has no schema 
available. 
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A further comparison of the structural models reveals that the students' available 
knowledge diminished at a steady rate from the HP to the MP students but quite 
dramatically from the high-performing students to the low-performing students. This 
decrease in knowledge appears to be caused by the disintegration (for the high-performing 
students) or unavailability (for the low-performing students) of the connecting or integrating 
knowledge for position and order (e.g., the exponential model, the symmetry model, the role 
of the decimal point and the role of zero). It seems that having some connection to the 
mental models (exponential and symmetry) is required to make sense of the baseline data 
related to place names, their order and value. It is postulated that, without this integrating 
knowledge, students need to rely on memory alone and, as more and more places are 
introduced, cognitive load is increased to the extent that memory space is insufficient for 
making connections and for accessing available knowledge. 
A comparison of the structural models of the high-performing students reveals that 
each has the appropriate baseline data available for the subconcepts of position and order 
(i.e., identification and place value for position and alignment and value for order). 
However, the major qualitative difference between the HP and the other high-performing 
groups (HSP, MP) appears to be related to the connecting or integrating knowledge for 
position and order (e.g., the exponential model, the symmetry model, the role of the decimal 
point and the role of zero). 
The MP student's schema is similar to the HP student's schema but lacks the degree 
of connectedness to the sense-making features of the integrating mental model. It is not 
surprising that the MP and HP students should have similar schema but at different degrees 
of completeness or connectedness because the HP and MP students were selected on the 
basis of their having the "same amount" of tenths knowledge as hundredths knowledge. 
(The HP students were selected because their test mean was ;?:90% for tenths and for 
hundredths; the MP students were selected because their test mean was 80-90% for tenths 
and for hundredths.) 
The main qualitative difference between the HP and HSP students appears to be 
related to the two mental models. The typical HSP student's thinking seems to be 
dominated by the symmetry model and the exponential model appears not to include the 
sense-making feature of the role of the decimal point. 
One hypothesis put forward to explain the differences between the HP and the other 
high-performing students is that the HP students have abstracted both the syntactic features 
(position, alignment) and the semantic features (binary and ternary relationships) of the 
exponential model and have accommodated both models harmoniously into a metaschema. 
However, the HSP and MP students have abstracted the syntactic features but have not 
abstracted (or abstracted but not connected) the semantic features of the exponential model. 
Using Ohlsson's (1993) classification of schema, the HP students have an abstract schema 
for position and order but the HSP and MP students have a content-full schema. (See 
Section 2.4.7 for a full-description of Ohlsson's analysis of schema.) 
5.4 STRUCTURAL MODELS FOR MULTIPLICATIVITY 
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In this section, the structural model framework for multiplicativity is developed (see 
Section 5 .4.1 ), the performance categories' interview results are recomposed in terms of the 
framework (see Section 5.4.2), and the structural model for each composite performance 
category is constructed (see Section 5.4.3). In Section 5.4.4, the structural models for the 
various composite performance categories are compared to determine the major differences 
in the knowledge structure held by each composite performance category, analysed in terms 
of abstract schema (Ohlsson, 1993), and inferences drawn as the to differences in structural 
knowledge. 
As for the structural model framework for position and order (see Section 5.3 .1 ), the 
structural model framework for multiplicativity incorporates the two perspectives of 
knowledge required for an understanding of multiplicativity and organisation and 
connection of the knowledge. However, the interview tasks for multiplicativity were 
designed to probe the students' availability and accessibility of the semantic exponential 
mental model (see Figure 4.3) so, unlike the structural model framework for position and 
order, the structural model framework for multiplicativity incorporates these two cognitive 
components (availability and accessibility). Thus, when developing the knowledge 
perspective of the structural model framework for multiplicativity (see Figure 5.11), 
cognisance was taken of the major concepts embedded in the semantic exponential mental 
model (see Figure 4.3), namely, continuity, hi-directionality and exponentiality. When 
developing the organisation and connections perspective of the framework, cognisance was 
taken of the interview results for each performance category (see Sections 4.6.2 and 5.4.2). 
When constructing the structural models of multiplicativity for the composite 
performance categories, the interview results (provided in Section 5.4.2) were analysed to 
determine the degree of knowledge held by each composite performance category. 
5.4.1 COMPONENTS AND CONNECTIONS OF THE STRUCTURAL MODEL FRAMEWORK 
Figure 5.11 shows the structural model framework that was developed, from an 
analysis of the numeration model (see Figure 3.6) and the interview results, to depict the 
structural knowledge required for an understanding of multiplicativity in terms of 
availability and accessibility. The knowledge components, their organisation and 
connections are explained in this section. 
As explained previously, cognisance was taken of the major concepts of continuity, 
hi-directionality and exponentiality when developing a structural model framework for 
multiplicativity (see Figure 5.11 ), 
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Each of these concepts is connected to two nodes that represent the lmowledge 
required to have a full understanding of the concepts. For example, having an integrated 
structural schema of multiplicativity requires an understanding of continuity which involves 
the relationship between places across the whole-number and decimal-fraction domains 
(represented by the node marked AC) as well as within each domain (represented by the 
node marked WI). The structural schema also requires an understanding ofbi-directionality 
which involves connecting an increase in value of places from right to left with 
multiplication (represented by the node marked x) and connecting a decrease in value of 
places from left to right and division (represented by the node marked+). The structural 
schema also requires an understanding of exponentiality which involves a lmowledge of the 
base (and the powers of the base) and connecting the base to binary (represented by the node 
marked 10) and ternary relationships (represented by the node marked 100) between 
adjacent and adjacent-but-one places. 
MULTIPLICA TIVITY 
AVAILABLE 
ACCESSED 
Figure 5.11. Structural model framework for multiplicativity. 
Tasks Ml and M2 were designed to assess the students' available structural 
lmowledge ofmultiplicativity while Tasks M3 and M4 assessed the students' procedural 
lmowledge ofmultiplicativity (i.e., their ability to access the available lmowledge). These 
latter tasks gave an insight into the completeness and robustness of the schema the students 
had constructed for multiplicativity and the degree to which it was accessible, if available. 
5.4.2 COMPOSITE KNOWLEDGE PROFILES OF EACH PERFORMANCE CATEGORY 
Table 5.2 provides the category means for the major components ofmultiplicativity 
with respect to availability oflmowledge whilst Table 5.3 provides the category means for 
the major components ofmultiplicativity with respect to accessibility oflmowledge. The 
data for Table 5.2 were gathered from the students' performances on Tasks Ml and M2 
whilst the data for Table 5.3 were gathered from the students' performances on Tasks M3 
andM4. 
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Table 5.2 
Means of Appropriate Responses to the Multiplicativity Availability Tasks (Tasks MI and M2) in 
Tenns of the Peifonnance Categories. 
Performance categories 
Multiplicativity HP HSP MP MSP LP 
availability (n = 12) (n = 12) (n = 8) (n = 8) (n = 5) 
Continuity 
Across domains 23 (95.8%) 22 (91.7%) 16 (100%) 8 (50.0%) 0 (00.0%) 
-M1 11 11 8 4 0 
-M2 12 11 8 4 0 
Within domains 22 (91.7%) 22 (91.7%) 16 (100%) 12 (75.0%) 1 (10.0% 
-M1 11 11 8 5 1 
-M2 11 11 8 7 0 
Hi-directionality 
X 24 (100%) 16 (66.7%) 13 (81.3%) 2 (12.5%) 1 (10.0%) 
-M1 12 8 7 1 1 
-M2 12 8 6 1 0 
22 (91.7%) 14 (58.3%) 10 (62.5%) 2 (12.5%) 1 (10.0%) 
-M1 11 7 5 1 1 
-M2 11 7 5 1 0 
Exponentiality 
Binary 23 (95.8%) 18(75.0%) 12 (75.0%) 4 (25.0%) 2 (20.0%) 
-M1 12 9 7 2 1 
-M2 11 9 5 2 1 
Ternary 22 (91.7%) 12 (50.0%) 9 (56.3%) 2 (12.5%) 0 (00.0%) 
-M1 11 6 5 1 0 
-M2 11 6 4 0 
Table 5.3 
Means of Appropriate Responses to the Multiplicativity Accessibility Tasks (Tasks M3 and M4) in 
Tenns of the Peifonnance Categories. 
Performance categories 
Multiplicativity HP HSP MP MSP LP 
accessibility (n = 12) (n = 12) (n = 8) (n = 8) (n=5) 
Continuity 
Across domains 86 (89.6% 50 (52.1%) 17 (26.6%) 8 (12.5%) 5 (12.5%) 
- M3 (7 examples) 74 42 11 7 5 
-M5.1 12 8 6 1 0 
Within domains 68 (94.4%) 53 (73.8%) 20 (41.7%) 12 (25.0%) 6 (15.0% 
- M3 (5 examples) 56 46 14 11 6 
-M5.2 12 7 6 1 0 
Hi-directionality 
X 82 (97.6%) 65 (77.4%) 26 (46.4%) 17 (30.4%) 9 (25.7%) 
- M3 (6 examples) 70 57 20 15 9 
- M5 (1 example) 12 8 6 2 0 
72 (85.7%) 38 (52.8%) 11 (17.2%) 5 (13.9%) 2 (05.7%) 
- M3 (6 examples) 60 31 5 3 2 
- M5 {1 examEle} 12 7 6 2 0 
Exponentiality 
Binary (x, + 10) 67 (93.1%) 47 (65.3%) 19 (39.6%) 6 (12.5%) 5 (16.6%) 
- M3 (5 examples) 55 39 13 5 5 
- M5 ( 1 example) 12 8 6 1 0 
Ternary ( x, + 1 00) 87 (90.6%) 57 (59.4%) 18 (28.1%) 14 (21.9%) 6 (15.0%) 
- M3 (7 examples) 75 49 12 13 6 
- M5 {1 examEle 2 12 8 6 1 0 
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Tables 5.2 and 5.3 present the same information as that presented in Table 4.48, 
namely, a summary of the correct responses that were supported by semantic reasoning for 
the interview tasks related to multiplicativity. However, the tasks have been separated into 
those that assessed available knowledge (Tasks M1 and M2) and those that assessed 
knowledge access (Tasks M3 and M4) and then recomposed in terms of the major 
knowledge components of the structural model framework, namely, continuity, hi-
directionality and exponentiality (see Figure 5.11). 
The data shown in Tables 5.2 and 5.3 were compiled from the individual 
performances provided in Table F-2 in which appropriate and inappropriate responses are 
illustrated by light and dark shading respectively. Thus Table F-2 provides a "picture" of 
each student's performance for each of the major knowledge components related to 
multiplicativity. Table F-2 shows that the typical HP student generally made correct 
responses, the typical HSP and MP students made almost as many incorrect as correct 
responses whilst the typical MSP and LP students made very few correct responses. 
In collating the accessibility data in terms of the three major concepts, the items in 
Task M3 were first classified as to whether they were within domains or across domains. 
These two sub-divisions of items were then further classified according to whether they 
involved binary (x 10, + 10) or ternary (x 100, x 10 x 10, + 100, + 10 + 10) relationships. 
To ascertain the data related to direction, the items related to multiplication (binary and 
ternary) were considered as were the items related to division. Figure 5.12 shows the 
complete classification of the items in Task M3. 
BINARY TERNARY 
X 10 + 10 X 100 + 100 
ACROSS M3.3 M3.4 M3.5 M3.10 
DOMAINS M3.7 M3.11 
M3.12 
WITHIN M3.1 M3.9 M3.2 
DOMAINS M3.6 
M3.8 
Figure 5.12. Classification of Task M3 items. 
As shown by Figure 5.12, there were: (a) 7 items that assessed continuity across 
domains and 5 items that assessed continuity within domains; (b) 5 items that assessed 
binary relationships and 7 items that assessed ternary relationships; and (c) 6 items that 
assessed the link between multiplication and movement to the left) and 6 items that assessed 
the link between division and movement to the right. 
Finally, each student's performance on Task M3 was collated in terms of the 
classifications shown in Figure 5.12 (see Table F-3) and, from this data, the category means 
were established (see Table F-4). 
For Task M4, M4.1 was considered to assess continuity within the domain whilst 
M4.2 was considered to assess continuity across domains. 
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Table F-2 shows that the HP students were highly successful on all of the 
multiplicative tasks indicating that they had the appropriate lmowledge of multiplicativity 
available and could access this lmowledge. With respect to the abstract binary and ternary 
relationships in Tasks Ml and M2, one student only (HP8) failed to access, after probing, 
the bi-directional nature ofmultiplicativity. This student appeared to have uni-directional 
lmowledge of multiplicativity to the left (multiplication) but associated multiplicativity to 
the right with subtraction instead of division. However, Task M3 revealed that, when given 
the + operation, he was able to connect this with a shift to the right. However, no HP 
student accessed full additive structure (addition, subtraction). In summary, the typical HP 
student appears to have available lmowledge of the continuous, bi-directional and 
exponential nature of multiplicativity and can access this lmowledge. The additive structure 
did not interfere with access ofmultiplicativity. 
The HSP students were generally unsuccessful on these multiplicative tasks. 
Probing in Task Ml elicited full multiplicativity from just over half of the students and this 
result remained constant for the application tasks. About a third of these students accessed 
full additivity(+,-) in Tasks Ml and M2, a behaviour which remained relatively stable 
across all of the tasks. In summary, the typical HSP student appears to have lmowledge of 
the continuous nature ofmultiplicativity but not the bi-directional and exponential nature. 
Additivity tended to interfere with access to multiplicativity. 
The MP students appeared to have available lmowledge of the continuous nature of 
multiplicativity and some available lmowledge ofbi-directionality and exponentiality. 
However, unlike the HSP students whose appropriate and inappropriate available lmowledge 
was stable across Tasks Ml and M2, the MSP students' available lmowledge appeared to be 
erratic, suggesting that their appropriate lmowledge of all three major components of 
multiplicativity was not connected. This suggestion is supported by their performance on 
Tasks M3 and M4 in which no MP student accessed full multiplicativity in Task M3 and 
only 1 of the 8 students could apply access multiplicativity (x only). In summary, the 
typical MP student appears to have the appropriate available 1m ow ledge of multiplicativity 
but has not constructed a metaschema to accommodate the three major lmowledge 
components. Thus, the typical MP student is unable to access this lmowledge in application 
tasks such as Tasks M3 and M4. 
In Task Ml, probing revealed that the MSP students had some lmowledge ofthe 
continuous nature of multiplicativity but had virtually no available 1m ow ledge of the bi-
directional and exponential nature of multiplicatively. These students were highly 
unsuccessful on the application tasks (M3 and M4). In summary, the typical MSP student 
has virtually no available lmowledge of multiplicativity and therefore is unable to do the 
application tasks. 
The LP students were highly unsuccessful across the tasks. Thus the typical LP 
student has no available lmowledge of the three components ofmultiplicativity and had 
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virtually no understanding of multiplicativity and therefore is unable to do the application 
tasks. 
5.4.3 STRUCTURAL MODELS FOR EACH PERFORMANCE CATEGORY 
In producing the structural models to represent the composite knowledge of the 
performance categories, the category means provided in Table 5.2 served as the basis of 
comparison for determining the degree of knowledge available; the category means 
provided in Table 5.3 served as the basis for determining whether the available knowledge 
was accessible. (See Figure 5.1 for the legend explaining the criteria used for the shading.) 
Table F-4 provides the data for Task M3 in terms of continuity, hi-directionality and 
exponentiality but the data were collapsed for Table 5.3 
Figures 5.13 to 5.17 model the cognitions and connections revealed by the 
composite HP, HSP, MP, MSP and LP categories respectively. 
HP 
AVAILABLE 
ACCESSED 
Figure 5.13. Composite HP student's structural model for multiplicativity. 
HSP 
Figure 5.14. Composite HSP student's structural model for multiplicativity. 
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MP 
ACCESSED 
Figure 5.15. Composite MP student's structural model for multiplicativity. 
MSP MUL TIPLICA TIVITY 
AVAILABLE 
ACCESSED 
Figure 5.16. Composite MSP student's structural model for multiplicativity. 
LP MULTIPLICATIVITY 
AVAILABLE 
ACCESSED 
Figure 5.17. Composite LP student's structural model for multiplicativity. 
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5.4.4 COMPARISON OF THE STRUCTURAL MODELS 
The models reveal that: (a) the available knowledge (and, therefore, access to the 
knowledge) decreases steadily from the HP to the LP students; (b) there is a large disparity 
of multiplicative knowledge between the high-performing students (HP, HSP, MP) and the 
lower-performing students (MP, MSP); (c) there is a large disparity ofknowledge between 
the HP student and other high-performing students (HSP, MP); and (d) that having the 
appropriate knowledge available does not ensure access to that knowledge. (This 
phenomenon will be discussed in Chapter 6.) 
With respect to availability, the HP student only has a complete structural schema 
that incorporates and connects the three main concepts embedded in multiplicativity and 
enables access in a variety of situations. Being able to access the knowledge requires 
availability and an awareness of the need to apply multiplicativity. 
The typical HSP and MP students appear to have an incomplete structural schema 
that comprises the three main concepts but, apart from the notion of continuity, these 
concepts appear to be tenuous and it seems unlikely that they are connected into an 
integrated metaschema for multiplicativity. However, the HSP student's understanding of 
the relationships between the places is more likely to be dominated by additivity than 
multiplicativity than the MP student's understanding. As well, the HSP student is more able 
to access the available knowledge than the MP student (see Figures 5.14 and 5.15), 
suggesting that the HSP student's schema is better connected than the MP student's and/or 
the HSP student may be more aware than the MP student of when to apply multiplicativity. 
Figures 5.16 and 5.17 reveal that there is very little difference between the MSP and 
LP student as both types appear to have no available knowledge of multiplicativity and 
consequently have an unavailable schema. 
In summary, having a structural schema for multiplicativity appears to be a strong 
differentiating factor between HP and other high-performing students. Having some aspects 
ofmultiplicativity appears to be a differentiating factor between the HSP, MP and low-
performing groups, suggesting that the HSP and MP students are in transition. 
5.5 STRUCTURAL MODEL FRAMEWORK FOR REUNITISATION 
In this section, the structural model framework for decimal-fraction understanding is 
developed in terms of unitising and reunitising (see Section 5.5 .1 ), the performance 
categories' interview results are recomposed in terms of the framework (see Section 5.5.2), 
and the structural model for each composite performance category is constructed (see 
Section 5.5.3). In Section 5.5.4, the structural models for the various composite 
performance categories are compared to determine the major differences in the knowledge 
structure held by each composite performance category, analysed in terms of abstract 
schema (Ohlsson, 1993), and inferences drawn as the to differences in structural knowledge. 
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As for the structural knowledge frameworks for position/order and multiplicativity, 
the structural model framework for unitisation/reunitisation incorporates the two 
perspectives of knowledge and organisation/connections. When developing the knowledge 
perspective of the structural model framework (see Figure 5.18), cognisance was taken of 
the subcomponents of unitisation (fraction concept, part/whole relationship) and 
reunitisation (equivalence) with respect to the variety of pictorial representations. Both 
Types A and B ofreunitisation (see the numeration model in Figure 3.6) were included in 
the framework. When developing the organisation and connections perspective of the 
framework, cognisance was taken of the interview results for each performance category 
(see Sections 4.6.1 and 5.3.2). 
When constructing the structural models for the composite performance categories, 
the interview results (provided in Sections 4.6.3 and 5.5.2) were analysed to determine the 
degree of knowledge held by each composite performance category. 
5.5.1 COMPONENTS AND CONNECTIONS OF THE STRUCTURAL MODEL FRAMEWORK 
Figure 5.18 shows the structural model framework developed, from an analysis of 
the numeration model (see Figure 3.6) and the interview results, to depict the knowledge 
required for an understanding of unitisation and reunitisation. The knowledge components, 
their organisation and connections are explained in this section. 
Representation 
Figure 5.18. Structural model framework for reunitisation. 
As said previously, when developing a structural model framework for reunitisation, 
cognisance was taken of the major components, namely, the ability to unitise and reunitise a 
variety of representations. 
The ability to unitise requires the integration of a well-established fraction concept 
and an understanding of the part/whole relationship that is robust enough to apply across a 
range of representations. With respect to the fraction concept, the ability to recognise and 
name fractions requires an understanding of the relationship between equal parts and 
fraction name (represented on the model as a node marked "=parts") and an understanding 
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of the relationship between the number of equal parts and the fraction name (represented on 
the model as a node marked "no. of parts"). 
With respect to the relationship embedded in fractions, students should be able to 
decompose the whole into equal parts (represented on the model as a node marked "W /P") 
and recompose the whole from the parts (represented on the model as a node marked 
"P!W"). When constructing the composite structural models, the means for Tasks Ul.l, 
U2.1 and U2.2 (unitising prototypic and semiprototypic shapes) were averaged for the 
"W/P" node whilst the means for Task Ul.4 were used for the "P!W" node. 
With respect to the representations, students should be able to unitise prototypic 
(represented on the model as a node marked "PRO"), semiprototypic (represented on the 
model as a node marked "SPRO") and nonprototypic (represented on the model as a node 
marked ''NPRO") representations. These types of representation were described fully in 
Section 4.4. 
Reunitisation involves two distinct situations which were classified as Type A and 
Type B. Type A reunitisation involves the partitioning, either mentally or physically, of a 
tenth into 10 equal parts to produce hundredths (see Figure 5.19). Type B reunitisation 
involves the recomposition/regrouping, usually mental, of hundredths to produce tenths (see 
Figure 5.20). 
or 
Start with tenths. Mentally insert the 
vertical or horizontal partitions 
to produce tenths. 
Figure 5.19. Modelling Type A reunitisation using prototypic representations of tenths. 
Start with hundredths. Mentally delete the 
vertical partitions to 
produce tenths. 
or 
Mentally delete the 
horizontal partitions to 
produce tenths. 
Figure 5.20. Modelling Type B reunitisation using a prototypic representation of hundredths. 
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The two types of reunitisation are shown to require an understanding of the base 
(1 0) for decimal fractions and an understanding of equivalence (i.e, 1 tenth = 10 hundredths 
for Type A; 10 hundredths= 1 tenth for Type B). The notion of base/equivalence is 
represented on the model as a major component ofreunitisation. 
To determine whether the students' ability to reunitise was generated by notions of 
base and equivalence rather than by the overuse of prototypic representations, prototypic, 
semiprototypic and nonprototypic representations were used for Type A reunitisation whilst 
prototypic and semiprototypic representations were used for Type B reunitisation. On the 
model, these representations are shown as nodes. (The nonprototypic node for Type B 
reunitisation is included for completeness but has a broken outline to show that it was not 
assessed in the interview tasks.) 
5.5.2 COMPOSITE KNOWLEDGE PROFILES OF EACH PERFORMANCE CATEGORY 
Table 5.4 provides the category means for the major components ofreunitisation, 
namely ,fraction concept, unitising and reunitising. It presents the same information as that 
presented in Table 4.50, that is, a summary of the correct responses that were supported by 
semantic reasoning for the interview tasks related to unitisation. However, in Table 5.4, the 
tasks have been recomposed in terms of the components of the structural model framework. 
Table 5.4 
Means of Appropriate Responses to the Major Components of the Unitisation!Reunitisation Tasks (U 
Tasks) in Terms of the Peiformance Categories. 
Major components of 
unitisation!reunitisation 
Concept 
Whole~ part 
-Equality of parts (U1.2) 
-Number of parts (U1.3) 
Part~whole (U1.4) 
Unitising 
PRO (U2.1) 
SPRO 
- Ul.l (2 X 5) 
- U2.2 (5 X 2) 
NPRO (U2.3) 
Reunitising 
Type A (part~subpart) 
-PRO (U2.1) 
- SPRO (U2.2) 
- NPRO (U2.3) 
Type B (subpart~part) 
HP 
(n = 12) 
11 (91.7%) 
10 (83.3%) 
7 (58.3%) 
12 (100%) 
10 (83.3%) 
10 (83.3%) 
12 (100%) 
12 (100%) 
6 (50.0%) 
12 (100%) 
Performance categories 
HSP 
(n = 11) 
8 (72.7%) 
7 (63.6%) 
2 (18.2%) 
11 (100%) 
8 (72.7%) 
9 (81.8%) 
7 (63.6%) 
11 (100%) 
2 (18.2%) 
11 (100%) 
MP 
(n=6) 
4 (66.7%) 
6 (100%) 
1 (16.7%) 
6 (100%) 
4 (66.7%) 
6 (100%) 
4 (66.7%) 
6 (100%) 
3 (50.0%) 
6 (100%) 
-PRO(U3.1) 10(83.3%) 8(72.7%) 3(50.0%) 
- SPRO (U3.2) 7 (66.7%) 7 (63.6%) 4 (66.7%) 
Note. PRO =prototypic representation; SPRO = semiprototypic representation; NPRO -
nonprototypic representation. 
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The data shown in Table 5.4 were compiled from the individual performances 
provided in Table F-5 where appropriate and inappropriate responses are illustrated by light 
and dark shading respectively. Thus Table F-5 provides a "picture" of each student's 
performance for each of the major knowledge components related to unitisation and reveals 
that the typical HP student made fewer errors than either of the other high-performing 
groups (see Table 4.52 for the error rates for each group). 
The HP students were generally successful on these tasks and demonstrated a very 
good but not excellent understanding of the fraction concept and seemed to be aware of the 
role of the equality of the parts and the number of parts when naming/unitising decimal 
fraction representations. However, their understanding of the part/whole relationships did 
not generally extend to the reverse process of constructing a whole from a given part (Task 
U1.4). Seven students only were able to spontaneously complete the task successfully but 
three other students were able to do so when they were asked how their whole related to the 
given part. The HP students were able to unitise a variety of representations as tenths and, 
with the exception of the semiprototypic representation, were able to reunitise tenths as 
hundredths (Type A) and hundredths as tenths (Type B). 
The HSP students demonstrated a good but not excellent understanding of the role 
of the parts in naming fractions and the role of the number of equal parts when 
naming/unitising decimal fraction representations. However, their understanding of the 
part/whole relationships did not extend to the reverse process of constructing a whole from a 
given part (Task U1.4). Two HSP students only were able to construct an appropriate whole 
based on the given part and only one other student was able to amend her response when 
asked how her whole was related to the given part. The HSP students were all able to 
unitise the prototypic representation of tenths and could generally unitise the semiprototypic 
representations of tenths but they were less able to unitise the nonprototypic representation 
of tenths. With respect to reunitising, the HSP students were more able to reunitise tenths as 
hundredths (Type A) than hundredths as tenths (Type B). With respect to the 
representations, the HSP students were all able to reunitise tenths as hundredths from 
prototypic and nonprototypic representations but they generally found the semiprototypic 
representation difficult to reunitise. They tended to lose sight of the part when determining 
the size of the hundredths. 
The MP students demonstrated an understanding of the relationship between the 
number of parts and the fraction name and a good but not excellent understanding of the 
role of the number of equal parts when naming/unitising decimal fraction representations. 
Like the HSP students, their understanding of the part/whole relationships did not extend to 
the reverse process of constructing a whole from a given part (Task U1.4). Only one student 
was able to spontaneously complete this task and one other student was able to do so after 
probing. The MP students were more proficient in unitising than in reunitising and, with 
respect to reunitising, were more able to reunitise tenths as hundredths (Type A) than 
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hundredths as tenths (Type B). With respect to the representations, the MP students were 
able to unitise and reunitise tenths as hundredths (Type A) but were generally unable to 
reunitise hundredths as tenths (Type B) from the prototypic representation. Two inferences 
were drawn from this behaviour: (a) that Type B reunitising is more difficult than Type A 
reunitisation; or (b) the students had been less exposed to Type B reunitisation with 
prototypic representations. 
5.5.3 STRUCTURAL MODELS FOR EACH PERFORMANCE CATEGORY 
In producing the structural models that represent the composite knowledge of the 
performance categories, the category means provided in Table 5.4 served as the basis of 
comparison for determining the degree ofknowledge available. (See Figure 5.1 for the 
legend describing the role of the shading used in the structural models for unitisation.) 
Figures 5.21 to 5.23 model the cognitions and connections revealed by the HP, HSP 
and MP categories respectively. 
Figure 5.21. Composite HP student's structural model for decimal fractions. 
Figure 5.22. Composite HSP student's structural model for decimal fractions. 
Figure 5.23. Composite MP student's structural model for decimal fractions. 
5.5.4 COMPARISON OF THE STRUCTURAL MODELS 
No low-performing students were given this task so comparison of cognitions 
related to unitising and reunitising decimal fractions is restricted to the high-performing 
students (HP, HSP, MP). 
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Figures 5.21 to 5.23 reveal that all types of students have incomplete or nonexistent 
knowledge of some aspects of one or both of the main cognitive processes of unitising and 
reunitising. However, the HP student exhibits more characteristics of a complete structural 
schema than an incomplete structural schema for fraction knowledge per se whereas the 
HSP and MP students exhibit more characteristics of an incomplete structural schema. 
With respect to unitising, the HP and MP students were deemed to have a complete 
structural schema and this corresponds to the reasons for their selection in these 
performance categories. That is, both groups were selected because of the similarity of their 
means (:2'::90% for HP, 80-90% for MP) for the tenths and hundredths components of the test. 
However, the structural models for these two student types show that, whilst both student 
types appear to have accommodated and connected the three major notions involved in 
unitisation (i.e., concept, relationship, representation), the MP student has a schema that is 
weakened by a unidirectional understanding of the part/whole relationship. For example, 
the HP student's understanding of the part/whole relationship required for unitising 
incorporates the whole~part relationship and, to some degree, is transferable to the 
part~whole relationship. However, the MP students' understanding of the part/whole 
relationship is unidirectional (whole~part) and is not transferable to the part~whole 
relationship. This difference may be a determining factor in explaining the lowered 
performance of the MP students in comparison to the HP students. 
Like the MP student, the HSP student has a knowledge of the part/whole 
relationship that is not transferable from whole/part to part/whole. The HSP student also 
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revealed 1m ow ledge of the other two major notions (concepts and representation) but their 
performance indicated that this lmowledge may not be connected. 
With respect to reunitising, the HP student only has an abstract schema that 
incorporates and connects both types of reunitisation but this does not extend to all types of 
representation. The HSP and MP students were deemed to have an incomplete structural 
schema of reunitising. All students seemed to lmow that the equivalence relationship of 
decimal fractions was based on 10 (the base). However, unlike the typical HP student who 
not only lmew the relationship of 10 but also lmew the operational relationship (i.e., x 10, 
+10), the typical HSP and MP student did not appear to access the operational relationship. 
This is in accord with their schema for multiplicativity as shown in Figures 5.15 and 5.16. 
5.6 COMPARISON ACROSS MAJOR COMPONENTS 
Appendix G contains cumulative models which were developed to represent the 
cognitions and their connections for all the numeration components that were probed during 
the interview, namely, position/order, multiplicativity and fraction (unitisation and 
reunitisation) for each performance category. These cumulative models are summarised in 
Figure 5.24. 
liP (t- 95%; h- 91%) HSP (t -89%; h -77%) MP (t -82%; h -79%) 
DE<T\IAl. i\DIBERS 
MSP (t- 70%; h- 46%) 
DECIMAL NUMBERS ) 
(;::~;~~~ 
···· ......................... ... 
LP (t- 40%; h- 47%) 
DECIMAL NUMBERS ) 
'::~~ 
\ ...................... / 
Figure 5.24. Cumulative models of the main cognitions and connections required 
for an understanding of decimal numbers. 
Included with the models are the category means for the tenths and hundredths 
components of the test for each performance category. (See Section 3.4.2 for a full 
description of the selection criteria for each performance category.) The circular "nodes" in 
Figure 5.24 represent the two major lmowledge components of decimal-number numeration, 
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namely, position/order (place value) and fractions. The elliptic node represents the other 
major component, namely, multiplicativity which is shown in the model to represent its 
linking characteristic. That is, multiplicativity represents the mechanism which integrates 
knowledge of whole numbers and decimal fractions. 
As for the structural models, shading is used in Figure 5.24 to represent the 
understanding exhibited by the composite student within a performance category. (The 
composite student represents the predominant structural knowledge exhibited by the 
performance category.) For example, the black "nodes" represent almost ideal structural 
knowledge of the domain by the composite student (i.e., 11-12 of the 12 HP and HSP 
students; 7- 8 of the MP and MSP students; 4-5 ofthe 5 LP students). The grey nodes 
represent ideal structural knowledge that was exhibited by about half to two-thirds of the 
students in a performance category (i.e., 6-10 of the 12 HP and HSP students; 5-6 of the MP 
and MSP students; 3-4 of the 5 LP students). The white nodes represent ideal structural 
knowledge that was exhibited by half or less of the students in a performance category (i.e., 
::;6 of the 12 HP and HSP students; :s;4 of the MP and NSP students; :s;2 of the 5 LP 
students). 
The double-headed arrows in Figure 5.24 are used to indicate the interrelatedness of 
the numeration components probed during the interview. The unbroken arrows are 
associated with ideal structural knowledge (the black nodes) because having ideal structural 
knowledge means having connected the various cognitions that are involved and 
consequently being able to access that knowledge. The broken arrows are associated with 
the grey nodes to indicate that the composite student within that group is more likely to have 
available knowledge of the cognitions but is unable to access this knowledge because the 
structural knowledge is not connected. No arrows are associated with inaccessible 
knowledge or unavailable knowledge. For example, for the composite MP student, there are 
no arrows linking multiplicativity to position/order and fraction (unitisation/reunitisation) 
because their structural model for multiplicativity (see Figure 5.15) revealed that, generally, 
they had the appropriate knowledge available but could not access this knowledge in the 
application tasks. No arrows were used in the cumulative model for the composite MSP and 
LP student because their structural models for the numeration components had revealed that 
they did not have the appropriate knowledge available and therefore it could not be 
connected (and accessed). 
Figure 5.24 reveals the cognitive differences between the high-performing students 
(HP, HSP, MP) and the low-performing students (MSP, LP). It also reveals the cognitive 
differences within the high-performing students. 
With respect to the high-performing students, the HP students alone had a complete 
structural schema of all three components incorporated in decimal numbers. The HSP 
students had an incomplete structural schema of all three components whilst the MP 
students had an incomplete structural schema of position/order and fractions but had 
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virtually no useful schema for multiplicativity. Thus, the cumulative models for the three 
high-performing categories emphasise the importance of multiplicativity in connecting the 
two major domains of decimal numbers, namely, whole numbers (position/order) and 
fractions. 
For example, the category means for the HP students (derived from the test results) 
reveal that they had a high level of proficiency in processing tenths and hundredths in 
normal classroom activities. As a result of the interviews in which the students were 
required to articulate their solution strategies in both prototypic and novel tasks, the high-
level of proficiency was found to be underpinned by semantic, rather than syntactic or 
prototypic knowledge and that this knowledge was highly integrated and connected and, 
therefore, accessible. This consistency between performance (access), availability and 
structure of appropriate schema suggests that a complete structural metaschema of 
position/order, fractions and multiplicativity is required to process tenths and hundredths 
with understanding. 
Furthermore, the complete structural metaschema held by the typical HP students 
suggests that the conceptualisation of other decimal fractions (i.e., thousandths, ten-
thousandths, etc.) will be accommodated efficiently when introduced. That is, the complete 
structural metaschema will enable transfer to other decimal-fraction places. 
Whilst both the HSP and MP students were considered to be high-performing in 
relation to the MSP and LP students, their levels of proficiency for tenths and hundredths 
were sufficiently different to warrant investigation. For example, with respect to 
proficiency with tenths, the HSP students were as proficient as some of the HP students and 
generally more proficient than the MP students. However, with respect to proficiency with 
hundredths, the HSP and MP groups were similar in proficiency but less proficient than the 
HP students. Thus, unlike the HP and MP students, the HSP students exhibited irregular 
patterns of proficiency with respect to tenths and hundredths. 
The structural models for position and order for both the HSP and MP students (see 
Figures 5.8 and 5.9 respectively) revealed that their knowledge in this domain was 
remarkably similar. However, their respective structural models for fractions (see Figures 
5.22 and 5.23 revealed that both types of student displayed similar reunitising knowledge 
but, unlike the HSP student, the MP student had a complete microstructural schema related 
to unitising. Thus, the structural models revealed that the MP student appeared to have a 
less incomplete structural schema of fractions than the HSP student. 
With respect to multiplicativity, Figure 5.24 reveals that the HSP student has an 
incomplete structural schema whereas the MP student has no structural schema although 
they had some available knowledge of the continuous, bi-directional and exponential 
properties ofmultiplicativity. However, their available knowledge was considered to be 
disconnected because the typical MP student was unable to apply this knowledge in 
application tasks. Therefore, multiplicativity appears to be the major cognitive difference 
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between the HSP and MP students and would seem to explain the differences in proficiency 
as indicated by their category means. Thus, having an incomplete structural metaschema 
that comprises incomplete structural schema for all three domains of decimal numbers, 
namely, position/order, fraction and multiplicativity appears to enable processing of tenths 
with understanding but not hundredths (as for the HSP student) whereas having an 
incomplete structural metaschema which does not include a structural schema of 
multiplicativity appears to enable the processing of tenths and hundredths with some 
proficiency but without understanding (as for the MP student). 
The behaviours of the HSP and MP students together with their differences suggest 
that both performance types have "content-full" schema (Ohlsson, 1993) in that they have 
memorised the appropriate lmowledge and can access this lmowledge for prototypic tasks 
but they are unable to access the available lmowledge in nonprototypic (i.e., novel) tasks. It 
seems likely that, for the HSP and MP students with their incomplete structural 
metaschema, new learning about thousandths will require a new set of data to be memorised 
rather than accommodating it into an existing structural metaschema as predicted for the HP 
students. 
The implications for teaching for the HSP and MP students is that they need to be 
exposed to nonprototypic tasks so that the appropriate structurallmowledge can be 
abstracted (mathematics invariability, Dienes, 1969). Furthermore, they need to be exposed 
to the integrating semantic exponential model and the sense-making syntactic symmetry. 
With respect to teaching implications for the low-performing students, it seems that 
these students would also benefit from exposure to the exponential and symmetry models to 
promote understanding instead of relying on memory or how the number looks (e.g., with or 
without internal or external zeros; with or without a decimal point). However, the low-
performing students would need to be re-introduced to the concept of a fraction and the 
relationship of the number of parts and the equality of the parts with the fraction name. 
5.7 CONCLUSIONS AND IMPLICATIONS 
This study set out to investigate the qualitative differences in proficient and 
semiproficient students with respect to processing tenths and hundredths with 
understanding, and to develop structural models to illustrate the structurallmowledge 
differences between the various performance categories. 
In this chapter, structural models were developed for each performance category for 
the three main domains or !mow ledge required for an understanding of tenths and 
hundredths, namely, position/order, multiplicativity and fractions. The structural models for 
each domain were compared across the performance categories to determine qualitative 
lmowledge differences for that domain. Finally, the structural models for all three domains 
for each performance category were collapsed into a cumulative model which represented 
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the structural metaschema for each performance category and the cumulative models were 
analysed and compared for differences and similarities. 
This analysis gave rise to the following findings. These and their implications for 
teaching will be discussed more fully in Chapter 6. 
1. The typical HP student alone has a complete structural metaschema that 
enables processing of tenths and hundredths with understanding and enables access of that 
knowledge in novel tasks. Their metaschema was considered to be similar to Ohlsson's 
(1993) classification of abstract schema. It was predicted that their metaschema would 
promote transfer to other decimal-fraction places. 
2. The typical HSP student has an incomplete structural metaschema that 
comprises incomplete structural schema in all three domains and which appears to enable 
processing tenths with understanding but not hundredths. Their metaschema was considered 
to be similar to Ohlsson's (1993) classification of content-full schema which incorporates 
more syntactic than sematic knowledge. It was predicted that their metaschema would not 
promote transfer to the other decimal-fraction places. 
3. The typical MP student was also found to have an incomplete structural schema 
but of a different composition to that ofthe typical HSP student in that they appear to have a 
schema for multiplicativity that incorporates the appropriate knowledge but is structured in 
a way that prohibits access to that knowledge, particularly in novel tasks. Therefore, this 
schema was classified as being unavailable. As for the HSP students, their metaschema was 
considered to be "content-full" and consequently it was predicted that their metaschema 
would not promote transfer to the other decimal-fraction places. 
4. The typical MSP and LP students (low-performing) have no structural schema 
for any of the domains so they have not constructed a metaschema for decimal numbers. 
These students need have the relevant knowledge re-taught, extended to include 
nonprototypic as well as prototypic tasks and connected to the integrating exponential 
model and the sense-making symmetry model. 
It should be noted that these four conclusions are for composite students and that 
individual students within each performance category may vary from this composite 
position. This was particularly so for HSP and MP students; the top-performing students 
(HP) and the low-performing students (MSP, LP) do not vary so much from the composite 
position. This behaviour had been noted in Section 3.3 when the knowledge exhibited from 
the tests was examined. The findings ofboth Trials 2 and 3 revealed that individual 
students' knowledge is idiosyncratic and overall means are not necessarily indicative of the 
level of understanding of decimal-number numeration. The interviews supported the test 
findings. The implication for teaching is that pencil-and-paper tests are not sufficient 
indicators of a students' level of understanding and that having a sound understanding of 
one decimal-number numeration process does not equate with having a sound understanding 
of all numeration processes. 
CHAPTER 6: CONCLUSIONS AND IMPLICATIONS 
REFLECTING ON THE FINDINGS AND OUTCOMES OF THE STUDY 
6.1 OVERVIEW 
This study set out to explore the cognitive functioning of Year 6 students in the 
domain of decimal-number numeration, particularly with the intention of: (a) comparing 
the knowledge structure of proficient and semiproficient students with respect to tenths and 
hundredths knowledge; (b) constructing frameworks and models which explain the 
structural knowledge differences of proficient and semiproficient students with respect to 
tenths and hundredths; and (c) drawing implications for instruction. (See Section 1.2 for a 
full description of the objectives.) 
This chapter reviews the main stages of the study (see Section 6.2), addresses the 
major findings and outcomes (see Sections 6.3 to 6.5) in the sequence in which they 
occurred, synthesises the structural model frameworks (see Section 6.6), and draws 
implications for instruction (see Section 6.7) and future research (see Section 6.9). The 
study's limitations are considered in Section 6.8. 
6.2 REVIEW OF THE STUDY 
In this section, the main stages of the study are reviewed in terms of the purposes 
and procedures that were followed (see Section 6.2.1) and the major findings and outcomes 
of the study are listed (see Section 6.2.2). 
6.2.1 REVIEW OF THE PURPOSES AND PROCEDURES 
The major purpose of this study was to identify the structural knowledge differences 
of proficient ("very good" at tenths and hundredths) and semiproficient students ("very 
good" at tenths but only "good" at hundredths). To do this, proficient and semiproficient 
students were selected from their performance on a test that was developed for this study. 
(See Appendix B for the theoretical constructs underlying the test.) The test was 
authenticated with respect to its items, evaluated with respect to its differentiating 
capabilities (performance categories, knowledge differences) in Trial 1, and then modified. 
The modified test was then administered, in Trial2, to a quota sample (156 students) of the 
target population to re-evaluate its differentiating capabilities, particularly with respect to 
knowledge differences. Small modifications were made to the test in preparation for the 
final student-selection process in Trial 3. The test was administered to 173 Year 6 students, 
performance categories identified, students selected from the categories to participate in the 
interview, and their knowledge differences examined. 
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With respect to the sample of students, the same schools were used in both Trials 2 
and 3 but Trial 2 was undertaken with Year 5 students at the end of the school year whilst 
Trial3 was undertaken at the beginning of the school year. However, a full year intervened 
between the trials so that the Year 5 students who were tested in Trial 2 were not the Year 6 
students who were tested in Trial 3. Because no teaching can take place between the end of 
the school year and the beginning of the next school year, the Years 5 and 6 students were 
considered to represent the same sample population. 
The test in Trials 2 and 3 revealed performance differences with respect to tenths 
and hundredths scores and revealed knowledge differences with respect to patterns of 
distribution of tenths and hundredths knowledge within the performance levels. It was 
decided then to widen the selection of proficient and semiproficient students to include 
students from each of the levels shown in Table 6.1 in order to illuminate the cognitions that 
differentiate high and low performance as well as proficient and semiproficient distributions 
of tenths and hundredths knowledge 
The percentage means given in the performance levels in Table 6.1 (reproduced 
from Table 1.1) reflect the percentage means for the majority of students in that category. 
Final decisions as to classification as HP, HSP, MP, MSP or LP depended on whether the 
students' knowledge distribution patterns for tenths and hundredths were regular (proficient) 
or irregular (semiproficient). (See Sections 1.2 and 3.3.2 for a complete description of the 
performance categories.) 
Table 6.1 
Proficiency Levels (Trial3) of the Peiformance Categories in Terms of Tenths and Hundredths 
Means. 
Proficiency levels 
High proficient (HP) 
High serniproficient (HSP) 
Medium proficient (MP) 
Medium serniproficient (MSP) 
Low proficient (LP) 
Tenths 
-;:::90% 
-;:::85% 
-80-90% 
-60-80% 
-;S;60% 
Hundredths 
;S;1 0% less than tenths mean 
> 10% less than tenths mean 
;S;10% less than tenths mean 
;::: 1 0% less than tenths mean 
;S;60% 
The results of the test in Trials 2 and 3 were statistically analysed to determine 
whether there were any significant differences between and within the two schools in each 
trial. (The same two schools were used for each trial.) This analysis revealed that, with 
respect to Trial 3, there were no significant performance differences either between or 
within schools. However, with respect to Trial2, Independent Sample T-tests revealed four 
significant differences (p;S;0.001) within and between classes and schools. (The required 
probability level ofp;S;0.02 was divided by 20 to take into account that 17 tests were 
performed.) 
Table 6.2 
Significant Differences Within and Between Schools and Classes(Trial 2) Yielded by Independent 
Sample T-Tests. 
School 
School A 
School B 
Schools A 
andB 
Class 
5B and5C 
5D and5F 
5E and 5F 
SA and5D 
5Aand5E 
5B and 5E 
5Cand5D 
5Cand5E 
5C and5F 
Note. *p<.OOl. 
Independent Sample T -tests 
Within schools 
Xt = .4927. SD = .210; X2 = .7006, SD = .158; t= -4.00;p::::; .001 * 
Xt = .3862. SD = .168; X2 = .5652, SD = .222; t= -3.28;p::::; .002 
Xt = .3049. SD = .210; X2 = .5652, SD = .222; t= -4.25;p::::; .001 * 
Between schools 
Xt = .6047. SD = .211; X2 = .3862, SD = .168; t = 4.21; p::::; .001 * 
Xt = .6047. SD = .211; X2 = .3049, SD = .210; t= 5.15; p::::; .001* 
Xt = .4927. SD = .210; X2 = .3049, SD = .210; t= 3.12; p::::; .003 
Xt = .7006. SD = .158; X2 = .3862, SD = .168; t = 6.96; p::::; .001 * 
Xt = .7006. SD = .158; X2 = .3049, SD = .210; t = 7.56; p::::; .001 * 
Xt = .7006. SD = .158; X2 = .5652, SD = .222; t = 2.53; p::::; .02 
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With respect to comparisons between schools, Table 6.2 shows that: (a) School A 
performed significantly better than School B; (b) the class that performed best at School A 
(Class SC) performed significantly better than the class that performed best at School B 
(Class SF); and (c) the class that performed worst at School A (Class SB) performed 
significantly better than the class that performed worst at School B (Class SE) With respect 
to comparisons within schools, Table 6.2 shows that: (a) Class SF from School B performed 
significantly better on this test than either of the other two classes (Classes SD and SE) from 
School B; and (b) Class SC from School A performed significantly better than the class that 
performed worst (Class SB) at School A. 
The implications of the transformation from several significant performance 
differences found both between and within the schools in Trial 2 to no significant 
differences in Trial3 will be addressed in Section 6.7. The performance differences 
identified with respect to tenths and hundredths lmowledge will be explored in Section 6.3. 
Trials 1, 2 and 3 also revealed that there were performance differences with respect 
to the decimal-number processes. A subsequent analysis of these processes identified the 
cognitions required for processing and indicated that some processes required high-level 
cognitions whilst others did not. This analysis resulted in the construction of a numeration 
model to show the cognitions and their connections required for processing decimal 
numbers with understanding (see Section 6.4). 
Trials 2 and 3 revealed that number identification, place value and regrouping were 
the concepts and processes in which the high-performing students differed most from the 
low-performing students. These trials also showed that, within place value, the item related 
to multiplicative structure (in both trials) had been one of the major differences in place 
value performance. For these reasons, position and order (place value), multiplicative 
structure, unitising (number identification) and reunitising (regrouping) were selected as the 
major foci of the interview tasks. 
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Forty-five students were selected from Trial3 to represent the various performance 
categories (12 HP, 12 HSP, 8 MP, 8 MSP, 5 LP) although the 12 HP and 12 HSP students 
did not represent the sample - they were the sample. (The paucity of numbers of high 
proficient students is discussed in Section 6.3.) Two interviews of approximately 30 
minutes each were required to accommodate the tasks so that the tasks related to place value 
(i.e., position/order and multiplicative structure) were the foci of the first interview whilst 
the tasks related to fractions (concept, unitising and reunitising) were undertaken in the 
second interview. However, only 29 ofthese students (12 HP, 11 HSP, 6 MP) participated 
in all of the interview tasks. The MSP and LP students were omitted from the second 
interview because of their very poor performance (and concomitant nervousness and 
inability to articulate their thinking) whilst the HSP and MP students were not available 
because of illness or other school commitments. 
The interviews were designed to determine the availability and accessibility of the 
students' knowledge with respect to the tasks. Thus, all responses (correct and incorrect) 
were probed in order to determine availability and whether available knowledge was based 
on semantic or syntactic reasoning (see Section 2.3.4 for a description of these terms). In 
collating the results, responses were first classified as appropriate or inappropriate (see the 
students' individual responses to the tasks in Appendix D) and then the students' reasoning 
was classified as semantic or syntactic. These latter responses were then classified in terms 
of the major cognitions involved in the particular set of tasks, namely, position/order, 
multiplicative structure, and unitisation/reunitisation. (See Appendix E for the individual 
students' responses in terms of the cognitions.) It was this latter classification that was 
considered in the compilation of the performance category structural models. 
Intervention episodes to promote the construction of the symmetry model were 
undertaken successfully at the end of the tasks related to position and order; intervention 
episodes to promote the construction of the exponential model were undertaken successfully 
at the end of the tasks related to multiplicative structure. (The intervention episodes and the 
effects of the intervention will be addressed in Section 6.7.) 
The structural model frameworks (see Section 5.3.1, 5.4.1 and 5.5.1) were 
constructed from the numeration model which was developed as a result of the analysis of 
the cognitions and their connections required for processing decimal numbers with 
understanding. This analysis was undertaken as a result of the students' performances on 
the test (Trials 2 and 3). To develop the structural models, the major cognitions 
incorporated in these frameworks were shaded (see Section 5.3.2 for the shading criteria) to 
represent the types of schema that were used by the composite HP, HSP, MP, MSP and LP 
students (see Sections 5.3.2, 5.4.2 and 5.5.2 for a description of the composite knowledge 
profiles for each performance category). 
A comparison of the structural models for each of the major interview components, 
namely, position/order, multiplicative structure and reunitisation, revealed that: (a) the HP 
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students only had constructed an abstract schema (Ohlsson, 1993) for each component; (b) 
the HSP and MP students had generally constructed content-full schema (Ohlsson, 1993); 
and (c) the MSP and LP had no available knowledge of the major cognitions required for 
each component. (See Section 2.4.7 for a description of the two types of schema.) 
6.2.2 MAJOR FINDINGS AND OUTCOMES OF THE STUDY 
In setting out to determine the structural knowledge that differentiates high- and 
low-performing students and differentiates high-performing students (with particular 
attention to the differences between HP and HSP students), this study identified the 
following factors that determine differences. 
1. With respect to peiformance differences in decimal-number numeration 
involving tenths and hundredths (see Section 6.3) in all of the 14 classes tested 
over the three trials: 
- tenths means were higher than hundredths means ; 
- some classes performed much better than others (addressed in Section 6.7); 
- proficiency and semiproficiency patterns of distribution occur at high, middle 
and low levels of achievement. 
2. With respect to peiformance differences in decimal-number numeration 
involving the processes of number identification, place value, regrouping, 
counting, ordering and estimation (see Section 6.4) in all of the 14 classes tested 
over the three trials: 
- means were generally much lower for number identification (unitising), place 
value (position/order, multiplicative structure) and regrouping (reunitising) 
than they were for counting, ordering and estimating; 
- some classes performed much better than others (addressed in Section 6.7). 
3. With respect to the structural knowledge required for processing decimal 
numbers with understanding, an analysis, in terms of the initial theoretical 
framework (constructed from the literature in Chapter 2) of the processes that 
were examined in the test (see Section 3.4.2) exposed the following cognitions: 
- position, base, and order (Level 1 knowledge); 
- equivalence, and unitisation (Level2 knowledge); 
- additive structure, multiplicative structure, and reunitisation (Level 3 
knowledge); 
- Two types of reunitisation processes were identified and categorised as Type 
A and Type B reunitisation. [The interview revealed that Type A reunitisation 
(tenths as hundredths) caused fewer problems than Type B reunitisation 
(hundredths as tenths).] 
4. With respect to structural knowledge differences, the interviews and subsequent 
analysis revealed that: 
the HP students alone had constructed abstract schemas (complete structural 
knowledge) for each of the major components, namely, position/order, 
multiplicative structure and unitisation/reunitisation, as well as of the mental 
models (symmetry and exponential) required for an understanding of 
position/order and multiplicativity; 
the HSP and M.P students had constructed content-full schemas (incomplete 
structural knowledge that was generally syntactic) for each of the major 
components, namely, position/order, multiplicative structure and 
unitisation/reunitisation; 
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the HSP and M.P students' content-full schema were structurally different with 
respect to multiplicative structure and unitisation and reunitisation; 
the MSP and LP students had unavailable knowledge of position/order and 
multiplicative structure and, hence, had no structural knowledge. 
As a result of analysing the structural knowledge that is required for understanding 
decimal-number numeration, the study produced the following models: 
1. Numeration model. This was constructed from analyses of the cognitions 
underlying the numeration processes and the students' test results to illuminate 
the major cognitions involved in decimal-number numeration understanding and 
the way in which these cognitions are connected (see Section 6.4 for a discussion 
of this model); 
2. Structural model frameworks. These were constructed from analyses ofthe 
numeration model and the students' interview results to show the knowledge 
nodes and their connections required for an understanding of each of the major 
mathematical cognitions that were the foci of the interviews (see Section 6.5 for 
a discussion of these frameworks); 
3. Structural models. These were constructed, for each performance category, from 
an analysis of the structural model frameworks in terms of composite 
performance within each category. They were then used to analyse 
understanding in terms of abstract and content-full schemas (Ohlsson, 1993) to 
explain the structural knowledge differences of the performance categories (with 
particular attention to the differences between the HP and HSP students' 
structural knowledge). 
These models provide a scaffold for analyses of decimal-number numeration tasks 
and student learning, and for developing assessment and intervention strategies (see 
Sections 6.4 to 6.7 for a discussion of these issues). 
6.3 PERFORMANCE DIFFERENCES IN DECIMAL-NUMBER 
NUMERATION 
In this section, the performance differences that were elicited from the test in Trials 
2 and 3 are reported on with respect to tenths and hundredths knowledge (see Section 6.3.1) 
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and to the decimal-number numeration processes (see Section 6.3.2). Supporting tables are 
provided in Appendix H. 
6.3.1 DECIMAL-FRACTION COMPONENTS (TENTHS, HUNDREDTHS) 
An examination of the decimal-fraction components (see Appendices Band C, and 
Section 3.3.3) in each trial revealed that, within each class, the students generally performed 
better on tenths than on hundredths (see Tables H-1 and H-2) and on tenths/hundredths, and 
better on hundredths than on tenths/hundredths. The classification of the test items in terms 
of tenths and hundredths was based on those items which were thought to require an 
understanding of the part/whole relationship of fractions whereas the tenths/hundredths 
classification was based on the belief that these items required an understanding of the part 
of a part (part/part) relationship with whole numbers. That is, the tenths and hundredths 
components required unitising whereas the tenths/hundredths items required reunitising. 
Table H-2 provides a summary of the data in Table H-1 in terms of student numbers 
from each trial (Trials 2 and 3) within each means category for tenths and hundredths. The 
data from these two tables are summarised in Table 6.3 to provide a description of the total 
results for both trials in terms of the ranges of means as well as in terms of the ranges from 
which the high-performing (80-100%), medium-performing (60-80%) and low-performing 
students ( <60%) were selected. 
Table 6.3 
Percentage of Students Overall in Each JO%Means Range and Selection Criteria Means Range For 
the Decimal-Fraction Components of the Test for Trials 2 and 3 (n = 329). 
10% means range Selection criteria means range 
Means Tenths Hundredths Means Tenths Hundredths 
90-100% 19.9 02.7 80-100% 23.7 11.6 
80-90% 12.8 08.8 
70-80% 14.3 11.9 60-80% 32.8 23.1 
60-70% 18.5 11.2 
50-60% 09.7 13.2 <60% 43.5 65.3 
40-50% 12.5 13.1 
30-40% 12.8 13.4 
20-30% 05.2 14.0 
10-20% 01.8 07.3 
0-0% 01.5 03.3 
All of the high-performing students (HP, HSP, MP) who had been selected to 
participate in the interviews had scored at least 80% for the tenths component of the test 
(Trial3). Table 6.3 shows that these students were drawn from the top 23.7% of the entire 
test sample (329 students in Trials 2 and 3) with respect to tenths knowledge (with 
performance category means of94.8%, 88.8% and 82.0% respectively). Of the low-
performing groups (MSP, LP), the MSP students were drawn from the 60-80% range (mean 
of69.8%) whilst the LP students had been drawn from the higher end ofthe <60% range 
(mean of 40%). 
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With respect to hundredths knowledge, the HP students were drawn from the 80-
100% range (mean of 91% ), the HSP and MP students were drawn mainly from the 60-80% 
range with performance category means of76.8% and 78.8% respectively whilst the low-
performing students (MSP and LP) were drawn from the <60% range with performance 
category means of 45.6% and 47.3% respectively. 
All students identified as HP or HSP were selected for the interviews so that, out of 
the 173 students tested in Trial3, only 12 HP students and 12 HSP students were identified. 
However, several students were identified from the remaining groups (MP, MSP, LP) so 
these were chosen to represent a range of abilities within that category. For example, MP1, 
MP2 and MP3 had means for both tenths and hundredths in the mid to high range of 80-
90% (86%) MP5, MP6 and MP7 had means in the mid to high 70-80% range whilst MP8 
(72.1% for tenths; 66.8% for hundredths) represented the low end of the MP performance 
category. 
With respect to tenths knowledge, performance between the two trials was relatively 
stable (see Table H-2) but, with respect to hundredths, the students in Trial 3 performed 
much better than the students in Trial 2 (see Tables C-2 and C-5 for the individual means for 
tenths and hundredths). 
The performance means with respect to tenths, hundredths and tenths/hundredths for 
each of the students selected to participate in the interviews were presented in graph form in 
Section 3.3. These profiles clearly illustrate the decimal-fraction knowledge differences 
between the performance categories that were revealed by the test. 
The implications from these results is that, after two years of instruction in tenths, 
only 20% of the sample was proficient in tenths; and after one year of formal study in 
extending the decimal- number system to hundredths, just under 3% of the sample had 
achieved proficiency in hundredths. This issue will be explored in Section 6.7. 
6.3.2 DECIMAL-NUMBER NUMERATION 
An examination ofthe decimal-number numeration processes in the trials (see 
Appendices Band C and Sections 3.3.3 for a full discussion of the students' performance on 
the test items) revealed that number identification (unitising),place value (which included 
multiplicative structure), and regrouping (reunitising) were the processes in which the 
largest performance differences were discerned between the performance categories .. 
Table 6.4 provides a summary of the data in terms of student numbers overall (from 
Trials 2 and 3) within each means category for each of the numeration processes. The table 
discloses the lack of understanding of the numeration processes, in general, and in those 
related to number identification, place value, regrouping and estimating, in particular. Table 
6.4 also reveals that the regrouping process was the least understood process. The analysis 
of the processes undertaken in Section 3.5 revealed that regrouping is based on reunitising 
which was identified in the literature (Behr et al., 1992) as requiring high-level cognitions. 
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Table 6.4 
Percentage of Students Overall in Each I 0% Means Range For the Numeration Processes in the Test 
For Trials 2 and 3 (n = 329). 
Numeration processes 
Number Place value Regrouping Counting Ordering Estimating 
Means identification 
90-100% 06.4 09.4 09.7 22.8 24.6 09.7 
80-90% 10.9 05.2 03.3 11.9 12.8 12.2 
70-80% 14.6 05.5 15.5 11.9 10.0 17.9 
60-70% 16.1 09.1 03.3 07.9 14.3 09.7 
50-60% 14.6 12.5 12.5 10.0 11.9 11.9 
40-50% 12.5 11.9 00.0 10.9 07.6 04.6 
30-40% 13.4 13.7 04.0 07.3 10.6 11.6 
20-30% 05.5 09.4 12.5 10.0 01.8 10.0 
10-20% 04.6 11.2 04.3 03.0 02.1 10.0 
0-10% 01.8 12.2 35.0 04.3 04.3 02.4 
Table H-3 (which provides a breakdown of the data given in Table 6.4 in terms of 
the performance category ranges of means in each of Trials 2 and 3) shows that, with the 
exception of place value, the Trial 3 students performed better overall with respect to the 
processes than the Trial 2 students. A tentative suggestion put forward to explain the 
improved results for the Trial 3 students was that the Trial 2 test was left with the teachers 
and thus acted as an intervention instrument for extending the teachers' repertoire of 
classroom activities to include nonprototypic tasks and representation, and as a reminder to 
focus on the concepts and processes other than those related to place value (see, for 
example, the significant improvement in counting, ordering and estimating). This will be 
addressed in Section 6.7. 
Table 6.5 reveals that the high-performing students in the interview represented a 
very small range of students in the 80-100% range for each of the processes (17.3% for 
number identification/unitising; 14.6% for place value/position, order, multiplicative 
structure; 13.1% for regrouping/reunitising). On the other hand, the low-performing 
students (MSP, LP) represented the vast majority of students with respect to those processes 
that were assessed in the interview tasks. 
Table 6.5 
Percentage of Students Overall (n = 329) Within the Peiformance Category Means for the 
Numeration Processes. 
Numeration processes 
Number Place value Regrouping Counting Ordering Estimating 
Mean identification 
80-100% 17.3 14.6 13.1 34.7 37.4 21.9 
60-80% 30.7 14.6 18.8 19.8 24.3 27.7 
<60% 52.0 70.8 68.1 45.6 38.3 50.5 
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6.4 COGNITIONS IN DECIMAL-NUMBER NUMERATION 
One of the major objectives of this study was to identify the cognitions required for 
processing decimal numbers with understanding and to explore how these cognitions could 
be connected to facilitate access. This section traces the identification process across the 
study's four stages and concludes with a summary of the outcomes of this process. 
In Stage 1 (Initial Theory), the numeration processes that are taught in Queensland 
state schools were identified (see Section 1.1.2) and provided the study's starting point for 
this investigation. These processes were identified as number identification, place value, 
regrouping, counting, comparing/ordering and estimating. 
In Stage 2 (Mathematical Reality), an examination of the students' test results with 
respect to the processes revealed that number identification, place value and regrouping 
were the main causes of differences between the HP and all other performance categories. 
However, each of these processes required quite different notions. For example, the place 
value test items required the identification of decimal-fraction places [a process which was 
considered to require p-prims (Derry, 1886) or, at most, low-level knowledge] and the 
application of multiplicative structure (a process which was considered to require high-level 
knowledge). Therefore, an analysis of the cognitions involved in each of the processes was 
undertaken (see Section 3.4.1). As a result of this analysis, a numeration model (see Section 
3.4.2) was constructed to represent the major cognitions involved in the various processes. 
This model is reproduced in Figure 6.1. 
- associated name 
- role of decimal 
point 
-zero 
- across places 
34 t= 30 t+ 4 t 
- within places 
4t=4t+Ot 
or3t+1t 
and so on 
Type A (partitioning) 
6t=60h 
Type B (grouping) 
60h=6t 
· ................. Type C 
6t =5t+10h 
- across places 
H>T>O>t>h 
- within places 
0<1<2<3 ... <9 
MUTLIPLICATIVE 
STRUCTURE 
- across places 
( 4 t x 10 = 4 ones) 
- within places 
(4 t = 4 X 1 t) 
Figure 6.1. Cognitions and their connections embedded in the decimal number system. 
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The number-identification test items that had caused difficulties were found to 
require unitisation which, according to the numeration model, requires high-level cognition 
(Level 2 knowledge) and, in conjunction with the notion of equivalence, is viewed as the 
knowledge that links the elementary notions of position, base and order with the higher-
level cognitions associated with additive structure, multiplicative structure, and 
reunitisation. 
The place-value test items that were found to be causing the most difficulty were 
those associated with multiplicative structure. On the numeration model, multiplicative 
structure is classified as Level 3 knowledge (very high-level cognition) because it is 
generated from the notion of equivalence which requires an awareness of the base (10, in 
the decimal-number system) which links the elementary knowledge of position and order 
and transforms this knowledge into an exponential system. 
Regrouping, the process with which most students in the test had major difficulties, 
was found to require reunitisation which is also classified on the numeration model as Level 
3 knowledge. Three types ofreunitisation were identified: (a) Type A which involves the 
reunitisation of units as sub-units (e.g., tenths as hundredths); (b) Type B which involves the 
reunitisation of units as super-units (e.g., hundredths as tenths); and Type C which involves 
the decomposition process used in the subtraction operation and in which one of the given 
units is reunitised as sub-units. Thus Type A reunitisation requires the partitioning (overt or 
mental) of tenths into hundredths whereas Type B reunitisation requires the mental deletion 
of excess partitions. Type C reunitisation is linked to additive structure because of the 
decomposition within the given unit. In Stage 3 of this study (Clarification), Types A and B 
were probed during the interview; Type A reunitisation was found to be less difficult than 
Type B reunitisation. This phenomenon will be addressed in Section 6. 7. 
6.5 STRUCTURAL KNOWLEDGE DIFFERENCES IN PERFORMANCE 
CATEGORIES 
In this section, the interview results will be discussed in terms of the tasks related to 
position and order (see Section 6.5.1), multiplicative structure (see Section 6.5.2), and 
unitisation and reunitisation (see section 6.5.3). See Section 3.5 for the rationale for each 
set of tasks used in the interviews and the specific objectives for each task. 
6.5.1 POSITION AND ORDER 
The tasks related to position and order differentiated the HP students from all other 
performance categories, and the high-performing students (HP, HSP, MP) from the low-
performing students (MSP, LP). 
The structural models for position and order (see Section 5.3) revealed that the 
degree to which students could access the mental models (symmetry and exponential): (a) 
305 
diminished steadily from the HP to the MP students within the high-performing categories, 
and (b) was nonexistent for the low-performing groups. Having access to (and thus having 
acquired and synthesised) the mental models (exponential and symmetry) appears to be 
essential for processing tasks related to position and order with understanding. The HP 
students alone had access to these mental models which seem to provide a sense-making 
scaffold for the various cognitions such as the role of the decimal point, the role of zero in 
external and internal positions, and the terminology required to name the two domains 
(whole numbers, fractions), to name the various places and to read a decimal-fraction. 
Therefore, access to the mental models is considered to be a major factor in differentiating 
the structural knowledge ofHP students and all other performance categories. 
Like the HP students, the HSP and MP students had the baseline (Level 1) 
knowledge of the low-level cognitions related to position (names of the places) and order (in 
terms of both position and value). However, unlike the HP students, the HSP and MP 
students appeared to have a limited knowledge of the sense-making properties of the mental 
models that would enable them to understand the role of the decimal point and the effect of 
zero in internal and external positions. This knowledge was available to only about half of 
the students within the two performance categories. Thus, lack of access to the mental 
models (either because of incomplete acquisition and/or lack of synthesis of the two mental 
models) is considered to be one of the factors that hinder the HSP and MP students from 
operating at a HP level. A comparison of the structural models for the HSP and MP 
students revealed that the only differences in HSP and MP students' structural knowledge 
was that the HSP students, unlike the MP students, were aware of the effect of inserting a 
zero in external and internal places. However, this did not appear to warrant the different 
distribution patterns of their tenths and hundredths knowledge, namely, irregular 
distribution of tenths and hundredths knowledge for the HSP students and regular 
distribution patterns for the MP students. 
The low-performing groups (MSP and LP) had unavailable knowledge of the mental 
models and of the elementary knowledge related to position, namely, naming the places and 
reading decimal numbers. Whilst the MSP students had an understanding of the order of the 
whole-number places but not the decimal-fraction places, the LP students had no available 
knowledge of the order of the places in either domain. The structural model for the MSP 
students was startling in that their performance on the test ( 60-80%) range had given no 
indication of the extent of their limited and fragmented knowledge. The implication of this 
phenomenon is that their "understanding" of tenths has not been connected to the whole-
number places and their understanding is based on syntactic, rather than semantic, 
knowledge. This suggests that their understanding of whole numbers is also based on 
syntactic knowledge and, without the exponential model to provide a framework for the 
individual places, they need to rely on memory or other unknown cues to differentiate 
between the places. 
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The LP students not only did not lmow the names of the decimal-fraction places and 
the order of the places but they also gave erratic responses (see Section 4.3.2 and LP3 's 
responses in particular) in the tasks that assessed their baseline lmowledge of position and 
order. 
Several of the MSP and LP students were provided with the intervention episodes 
designed to promote the acquisition of the mental models (see Section 4.7). In all cases, 
intervention was successful but, as noted in Section 4.7, the benefits may have been short-
term only. This aspect of the intervention provides a direction for future research and will 
be addressed in Section 6.9. 
It should be noted that, with respect to understanding position and order, there were 
very few individual students who varied from the composite categories. One HSP student 
only and one MP student only exhibited understanding that was more indicative of the 
composite MSP student whilst one MSP student exhibited understanding that was indicative 
of the composite MP student. 
6.5.2 MULTIPLICATIVE STRUCTURE 
Like the tasks related to position and order, the tasks related to multiplicative 
structure differentiated the HP students from all other performance categories, and the high-
performing students (HP, HSP, MP) from the low-performing students (MSP, LP). 
The tasks related to multiplicative structure had two main roles: (a) to determine 
the availability of the cognitions related to multiplicative structure, and (b) to determine 
whether available lmowledge could be accessed in application tasks. The first main point of 
differentiation occurred when the availability of the lmowledge was assessed. This aspect 
of the task differentiated the HP students from all other performance categories and the 
high-performing students (HP, HSP, MP) from the low-performing students (MSP, LP). 
The HP students revealed that their structurallmowledge of multiplicative structure was 
integrated into an abstract schema in which the structure was encoded but not the content 
(Ohlsson, 1993; see Section 2.4.7 for a full description of abstract and content-full schema). 
Thus the HP students appear to have developed the architecture for multiplicative structure 
that is shown in Figure 6.2. 
Having an abstract schema for the binary and ternary relationship of multiplicative 
structure means that: (a) the bi-directional property is encoded for both binary and ternary 
relationships, (b) this property is applied both within and between domains, and (c) the 
"slots" (boxes in Figure 6.2) can be filled by any adjacent places (binary) or any adjacent-
but-one places (ternary). However, the order of the place names needs to be encoded as 
well as the relationships. 
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Binary relationships Ternary relationships 
Adjacent places Adjacent-but-one places 
Find Given Find Find Given Find 
X 10 + 10 X 100 + 100 
EXAMPLES 
T X 10 0 + 10 t H X 100 0 + 100 T 
0 X 10 t + 10 h Th X 100 T + 100 t 
Figure 6.2. Architecture of abstract schema for multiplicative structure. 
The typical HSP and MP students in this study appeared to have constructed 
content-full schema in which place names are encoded but not the bi-directional property. 
There were three types of problems associated with content-full schema: (a) additive 
structure was employed (mostly by HSP students) to represent the bi-directional property of 
multiplicative structure, (b) a uni-directional property (x, but not+) was employed (mostly 
by MP students) for both binary and ternary relationships and (c) the bi-directional property 
was lmown for binary relationships but not extended to ternary relationships (mostly for 
HSP students). 
A content-full schema of multiplicative schema can be mistaken for an abstract 
schema because both schemas share the syntactic feature of the position of the places under 
consideration, namely, adjacent places for binary relationships and adjacent-but-one places 
for ternary relationships. In Tasks Ml and M2, probing the students' reasons for selecting 
pairs of places that matched the relationship of a given pair often yielded responses (from 
HP, HSP, and MP students) that focused on the positions of the places (e.g., "next to each 
other" for binary relationships; "it skips one" for ternary relationships). Further probing 
was required to determine whether the syntactic feature of position was underpinned by the 
semantic lmowledge of multiplicative relationships. (This behaviour will be addressed in 
Section 6.7.) 
The typical MSP and LP students in this study appeared to have no notion of the 
continuous, bi-directional, and exponential properties of multiplicative structure and thus 
had no available schema of multiplicative structure. However, they had already revealed, in 
the tasks related to position and order, that they had not constructed the exponential model 
so they had not been expected to have available lmowledge of multiplicative structure. 
Determining whether available lmowledge could be accessed was a means of 
checking the type of schema the students had developed. Access also differentiated the HP 
students from all other performance categories and differentiated the HP students from the 
other high-performing students (HSP, MP). However, access also differentiated the HSP 
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students from the MP students, both of which performance categories had been considered 
to have developed content-full schema for multiplicative structure. 
Intervention episodes designed to promote the exponential model were undertaken 
with students from all performance categories (see Section 4.7.2). Intervention was 
successful for all students but the long-term effects of the intervention were not assessed. 
Because the students who participated in the interviews were representative of the 
population from which they were drawn, the findings of this study suggest the following. 
• HP students have an abstract schema that facilitates access to multiplicative 
structure. 
• HSP students have a content-full schema that limits access in application tasks. 
In the case of the typical HSP student in this study, access was limited to within-
domain places and to a uni-directional understanding (multiplication not 
division) for both binary and ternary relationships). 
• MP students also have a content-full schema but, unlike the HSP students, this 
schema does not permit access, in application tasks, to the continuous, bi-
directional and exponential properties of multiplicative structure. Because they 
have the appropriate knowledge of these properties available, it seems as though 
this knowledge is fragmented (i.e., consisting of discrete pieces of information) 
and access is sought by trying to apply a variety of rules (e.g., shift the decimal 
point/digit or insert/delete one or more zeros) to fit particular situations. This 
behaviour places a high load on memory and does not transfer to nonprototypic 
tasks. 
It should be noted that, with respect to multiplicativity, there were several individual 
students who varied from the composite categories. In particular, within the HSP category, 
two students exhibited understanding that was more indicative of the composite HP student 
whilst four of these students exhibited understanding which was more indicative of the 
composite MSP and LP students. Similarly, one MSP student exhibited understanding that 
more indicative of the composite HSP student. 
The erratic nature of the HSP students' knowledge had been detected in the 
knowledge exploration cycle (see Section 3.3) in which the students' test performance was 
examined. The interviews supported the test findings. 
6.5.3 UNITISATION AND REUNITISATION 
The low-performing students (MSP, LP) were not given the tasks related to 
unitisation and reunitisation because their performance (both cognitive and affective) during 
the tasks related to position/order and multiplicative structure had revealed the paucity of 
their knowledge and their embarrassment at having this lack of knowledge revealed. 
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Like the tasks related to position/order and multiplicative structure, the tasks related 
to unitisation and reunitisation differentiated, in this study, the HP students from the other 
high-performing categories (HSP, MP). 
The typical HP student appears to have an abstract schema which incorporates 
unitisation and reunitisation for prototypic, nonprototypic and, to some extent, 
semiprototypic representations of the whole. With respect to unitising decimal fractions, the 
HP student is aware of the role of the equality and number of parts in identifying fractions, 
is aware of the part/whole relationship, and applies this knowledge to all types of 
representation. When faced with a nonprototypic task (e.g., constructing the whole from the 
part), the HP student, unlike the HSP and MP student, is able to apply the part/whole 
relationship to accommodate the part/whole relationship or is quick to accommodate this 
relationship when probed. Furthermore, the HP student is able to accommodate both types 
ofreunitisation (Type A and Type B) and is able to transfer this knowledge from prototypic 
to nonprototypic tasks. 
The HSP and MP students appear to have a content-full schema that is generally 
limited to prototypic representations. Thus, these students rely on syntactic cues for some 
aspects of unitising and reunitising. Furthermore, the HSP and MP students appear to have 
a limited understanding of some aspects ofunitising. For example, they are aware ofthe 
role of the number of parts when unitising but have not connected this to the need for all 
parts to be equal. As well, they are aware of the part/whole relationship of unitising but 
cannot reverse this to accommodate the whole/part relationship. However, unlike the MP 
student, the HSP student is unable to unitise semiprototypic and nonprototypic 
representations, suggesting that ability to unitise prototypic representations is driven by 
syntactic perceptual cues (e.g., "strips" for tenths). 
The HSP and MP students also differed in their ability to do Type A reunitisation in 
which a larger unit needs to be partitioned (either mentally or overtly) into equal-sized sub-
units (e.g., 6 tenths as 60 hundredths). The MP students appeared to have an understanding 
of this aspect of reunitisation and could apply it to prototypic, nonprototypic and, to a lesser 
extent, to semiprototypic representation. The typical HSP student revealed the same 
knowledge of reunitising (Type A) as the MP student but, unlike the MP student, could not 
transfer this knowledge to accommodate semiprototypic representations. Reunitisation 
(Type B) did not differentiate the HSP and MP students. 
It should be noted that, with respect to unitisation, there were some individual 
students who varied from the composite categories. For example, one HP student only 
exhibited understanding that was more indicative of the composite HSP or MP student. 
Three HSP students exhibited an understanding that was more indicative oflow-proficiency 
than high-proficiency whilst another two HSP students exhibited understanding that more 
indicative of the composite HP student. One MP student exhibited understanding that was 
more indicative of the composite HP student. 
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The erratic nature of the HSP students' knowledge had been detected in the 
knowledge exploration cycle (see Section 3.3) in which the students' test performance was 
examined. The interviews supported the test findings. 
6.5.4 SUMMARY 
For each knowledge component, namely, position/order, multiplicative structure, 
and unitisation/reunitisation, the typical HP student had constructed an abstract schema 
which facilitates access and transfer to nonprototypic tasks. 
The typical HSP and MP students had constructed a content-full schema which 
limited access to prototypic tasks and transfer to nonprototypic tasks. 
For each knowledge component on which they were assessed, namely, 
position/order and multiplicative structure, the low-performing students (MSP, LP) had not 
acquired the basic knowledge on which to construct a schema. 
The students who participated in the interview Is were selected on the basis of their 
performance (test) means for tenths and hundredths. The high-performing students (HP, 
HSP, MP) were drawn from the 80-100% range of means (see Table 6.3) with most of the 
HP students being drawn from the 90-100% range and the HSP and MP students being 
drawn from the 80-90% range. The low-performing students (MSP, LP) were drawn from 
the 0-80% range with most of the MSP students being drawn from the 60-80% range and the 
LP students being drawn mainly from the 40-60% range. 
When the findings of the interview are related to the general population from which 
the performance categories were drawn, it seems likely that, when processing tenths and 
hundredths: 
• the top 10% only ofYear 6 students have constructed an abstract schema that 
facilitates access and transfer to nonprototypic tasks; 
• the second top 10% have constructed a content-full schema which limits access 
to prototypic tasks and does not transfer to nonprototypic tasks 
• the vast majority of students (i.e., 80%) have not acquired structural knowledge 
of position and order, and multiplicative structure; these students do not have 
even the baseline knowledge of position and order. 
This issue will be addressed in Section 6. 7. 
6.6 STRUCTURAL KNOWLEDGE ARCHITECTURE 
The structural model frameworks (see Sections 5.3.1, 5.4.1, 5.5.1) from which the 
structural models for the performance categories were developed (see Sections 5.3.3, 5.4.3, 
5.5.3) were constructed from the numeration model (see Figure 6.1) for each of the 
mathematical components that were probed during the interviews. In this section, all three 
structural model frameworks are synthesised to represent the architecture of the structural 
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knowledge required for processing decimal numbers (whole numbers and decimal numbers) 
with understanding. Figure 6.3 represents the first stage of this synthesis and contains the 
major cognitions and their knowledge nodes as they appeared in the structural model 
frameworks. 
EXPONENTIAL MODEL 
Figure 6. 3. Initial structural knowledge architecture for processing decimal numbers 
with understanding. 
The exponential model incorporates the three baseline cognitions of position, base 
and order so it was seen as the "superorganiser" of the cognitions required to process 
decimal numbers and therefore given prominence in the model. 
Multiplicative structure, unitising and reunitising were all shown to be linked 
through the notion of base (see Figure 6.1). In the interview/s, the unitising and reunitising 
tasks focused on pictorial representations but these processes also apply to symbolic 
representations and to whole numbers as well as decimal fractions (see Figures 2.6 and 2.7). 
Unitising symbolic representations of whole numbers or decimal fractions requires an 
understanding of position whilst unitising symbolic representations of decimal fractions also 
requires an understanding of the role of the decimal point. Therefore, in the structural 
knowledge architecture, unitising has been shown as linking to position through the role of 
the decimal point in order to accommodate decimal fractions as well as whole numbers. 
Both Type A and Type B reunitisation (for whole numbers and decimal fractions) 
requires an understanding of the role of the base and equivalence and, hence, reunitisation is 
shown to be linked to multiplicative structure. 
The symmetry model is shown as being linked to position but as causing conflict 
(indicated by the broken line) iflinked to value order. 
Figure 6.4 represents the structural knowledge architecture after the nodes have 
been eliminated and thus represents the major cognitions and their connections required for 
processing decimal numbers with understanding. 
EXPONENTIAL MODEL 
Figure 6.4. Refined structural knowledge architecture for processing decimal numbers 
with understanding. 
6.7 IMPLICATIONS FOR TEACHING 
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Table H-1 revealed that, after two years of formal instruction in tenths, 20% only of 
the students in this study had a high proficiency in tenths whilst, after one year of formal 
instruction in hundredths, 2.7% only had a high proficiency in hundredths. These results 
raise the following questions, the answer to which has implications for teaching and 
learning. 
• Why have so few students attained proficiency in tenths? 
• Why were so few students who had attained proficiency in tenths able to extend 
their understanding of tenths to include hundredths? 
A statistical analysis of the test results in Trial 2 disclosed that there were 
educationally-significant (p:s;.OOl) performance differences within each of the two schools 
and between the two schools. However, in Trial3 which was conducted one year later and 
which involved the same two schools, the same teachers, and virtually the same test, no 
significant performance differences were disclosed. This change in outcomes indicated that 
there was a change in teaching practices; this change was attributed to the effects of the test 
instrument. For example, the test, which was left with the teachers at the end ofTrial2, was 
developed to be complete in terms of the decimal-numeration processes that were tested and 
in terms of the representations (symbolic, language and pictorial) of tenths and hundredths. 
As shown by Table H-3, there was a marked improvement, from Trial2 to Trial3, in the 
often-neglected processes of counting, ordering/comparing and estimating, indicating that 
teachers are willing and able to take advantage of new ideas to improve their teaching 
performance in order to facilitate their students' learning. 
Thus, as a result of this study, there appear to be two main teaching/learning issues 
which need to be addressed. The first of these issues relates to the composition of structural 
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lmowledge that is required for processing decimal numbers with understanding and the 
second issue relates to how teachers can help their students develop not only the appropriate 
cognitions but also the connections to mental models that will facilitate access, and promote 
transfer to new learning and nonprototypic tasks. Because the lmowledge/teaching/learning 
cycle is so interrelated, no attempt will be made to address these processes separately. 
6. 7.1 TEACHING FOR STRUCTURAL KNOWLEDGE 
Understanding decimal-number numeration is not simply a matter oflmowing the 
names of the places and their order (low-level cognitions); rather, decimal-number 
numeration requires more high-level cognitions than low-level cognitions (see Figures 6.1 
and 6.4). Therefore, it is not surprising that middle school students have difficulty in 
processing decimal numbers. In fact, this study found that the majority of students (within 
the 0-80% range of performance means and represented in this study by the MSP and LP 
students) had not constructed structurallmowledge for whole-number numeration so they 
cannot be expected to have constructed structurallmowledge for decimal-number 
numeration. 
The interviews revealed that the HP students alone had attained a high level of 
proficiency in tenths and had successfully extended their understanding of the decimal-
number system to include hundredths. One of the major factors that differentiated these 
students from all other performance categories was that they had constructed an abstract 
schema of the exponential model. The structurallmowledge model (see Figure 6.4) presents 
the exponential model as the super-organiser that connects and integrates the various 
cognitions required for processing decimal numbers with understanding. Thus helping 
students construct a mental model of the exponential model (see Figure 6.5) should be a 
major objective in facilitating an understanding of decimal number numeration. 
X 100 x100 
x10x10 x10x10 
X 100 x100 x100 
x10x10 x10x10 x10x10 
<E-- x10 x10 x10 x10 x10 x10-
Thousands Hundreds Tens Ones tenths hundredths thousandths 
~ .. 
-/10 /10 /10 /10 /10 /10 ____,. 
/100 /100 /100 ;;> 
/10/10 /10/10 /10/10 
/100 /100 
/10/10 /10/10 
Figure 6.5 The exponential model of the decimal number system. 
The exponential model is primarily a continuum, indicating that it can be extended 
in either direction ad infinitum. It was clear from the responses from some ofthe low-
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performing students in Task P6.1 when they were asked to predict the next whole-number 
name after thousands and the next decimal-fraction name after hundredths that they thought 
that the range of place names they had learnt (i.e., thousands to hundredths) constituted the 
entire system. One wonders at their surprise or frustration when, each year, they are 
introduced to yet another new place name. One also wonders why these students had not, 
by Year 6, come to realise that there is an unlimited number of whole-number and decimal-
fraction places. Place value charts, with their beginning and end, might account for this 
limited thinking. Therefore, teachers who teach for structure (and, thus, access) would 
ensure that students are exposed to the continuum representation of the exponential model 
and, through discussion, ensure that students realise its ongoing nature in both directions. 
Because only the place names (and their order) are visible along the continuum, the 
semantic exponential model could be mistaken for a syntactic model. Therefore, through 
discussion and related activities such as those that were incorporated in the intervention 
episodes (see Section 4.7.2), teachers need to ensure that students come to see not only the 
visible place names but also to "see" (in the mind's eye) the hidden relationships that 
connect adjacent places, from right to left and from left to right. 
With respect to the continuous, bi-directional and exponential properties of 
multiplicative structure, this study found that the property of continuity was not a problem 
for the high-performing students but it was for the low-performing students. These students 
need to understand the role of the decimal point and that the decimal point's primary role is 
to act as a signal to alert the reader to the fact the digits following the decimal point 
represent a fraction of a whole. The intervention episode which allowed the students to 
select their own symbol to represent the decimal point was not only highly motivating but 
promoted the notion that the decimal point symbol (a period) that is used by most societies 
is not a "sacred cow" of mathematics. 
As well, most of the students who had full multiplicativity ( x, +) for binary 
relationships also had full multiplicativity for ternary relationships. This transfer of 
knowledge from binary to ternary relationships also held for those students who had partial 
multiplicativity (x, not+) and who accessed full additivity(+,-). Thus, it was the bi-
directional property of multiplicative structure that was missing from the students' 
application of multiplicativity. The implication for teaching, then, is that instruction 
focusing on this bi-directional relationship has to be a priority and must start with whole 
numbers and be extended to decimal numbers. 
The introduction of new whole-number positions requires a focus on grouping 
(multiplication) by ten whereas the introduction of new decimal positions requires a focus 
on partitioning (division) by ten. Whilst, it is necessary to introduce new positions in a 
unidirectional manner, the implication of this study is that such instruction should be 
extended to include reverse activities, that is, partitioning for whole numbers and grouping 
for decimal numbers. Physically doing grouping and partitioning activities provides a 
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kinaesthetic memory to underpin the abstract structural knowledge. If these experiences are 
missing from the students' learning or have been discontinued too early, then students are 
more likely to become "rememberers/forgetters" (Lampert, 1986) of rules that have no 
meaning for them rather than "understanders". That is, students will more likely develop 
content-full schema than abstract schema. 
Students also need to experience material usage that reinforces size and bi-
directional relationships. Material such as MAB is ideal for showing the size of a ten in 
comparison to a hundred. For example, grouping tens to make hundreds promotes the 
notion of size and equivalence (i.e., a hundred is equivalent to 10 tens) as does partitioning a 
hundred into tens (i.e., a ten is 1 tenth of a hundred). From activities such as these, the bi-
directional increase/decrease (towards the left/right) in value along the continuum of places 
is established. When MAB are no longer appropriate (e.g., for the decimal-fraction places), 
other material such as 10 x 10 grids (a square divided into 100 smaller squares in 10 rows of 
1 0) can be used to show the size of 1 tenth compared to 1 hundredth and the bi-directional 
relationship (1 tenth is 10 hundredths; 1 hundredth is a tenth of a tenth). Activities of this 
type stress the role of base 10 and equivalence between places, and the move from MAB to 
grids represents a move towards abstraction. 
The place value chart is an invaluable aid in showing position and order of 
positions. However, it does not show size in a concrete way and, by itself, does not show 
the exponential relationships or the effect of applying such relationships. The place value 
chart, then, is quite abstract and needs to be used, initially, in conjunction with other 
materials (e.g., MAB). 
All of the foregoing material will develop the notion of base and equivalence but 
will not establish the multiplicative operations (x, +)that relate pairs of places and which 
provide the mathematical nature of an increase or decrease in size, depending on the 
direction of the relationship. Calculators are required to establish abstract mathematical 
(symbolic) relationships but, to be fully effective, should be used in tandem with the place 
value chart. 
The intervention episodes in the study showed the effectiveness of these two aids in 
promoting bi-directional exponential relationships. Furthermore, the actions of the students 
in follow-up activities revealed that they had internalised the place value chart as an 
exponential model rather than as a simple positional model. For example, some students 
nodded their heads twice as they mentally moved from tenths to tens (for example) while 
others indicated with their fingers that they were moving across two places. Therefore, 
activities which require the students to physically move digits from one place to another on 
the place value appear to develop the kinaesthetic aspect of the exponential relationship 
whilst the calculator verifies the operation that effects the shift in position and together, they 
provide a connection from external representations to internal representations. 
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The symmetry model is a syntactic model that provides a means of helping students 
make sense of the position of the decimal-fraction place names in relation to the whole-
number place names and for predicting decimal-fraction place names beyond hundredths. 
Physically constructing the symmetry model focuses the student on not only its sense-
making and predictive properties but also on the point of symmetry (the ones/units). 
Understanding that all places are derived from the ones, either through grouping or 
partitioning, would seem to be an eminently desirable aim of teaching/learning 
mathematics. The intervention episode designed to promote an understanding of the 
symmetry model (see Section 4.7.1) was quick and highly successful, at least in the short 
term, for the low-performing students. 
6. 7.2 TEACHING FOR COMPLETENESS 
The interview tasks revealed that some students had developed prototypic thinking, 
particularly with respect to unitising and reunitising tenths and hundredths. These students 
had not been exposed to semiprototypic and nonprototypic representations of the whole and, 
hence, to these students, unitising a representation as tenths or hundredths depended on 
whether the representation consisted of"strips" (tenths) or "boxes" (hundredths). 
Moreover, whilst nearly every student knew that 10 hundredths equaled one tenth 
(grouping), that a tenth had to be partitioned into 10 parts to produce a hundredth, and knew 
the role of the number of parts in establishing the name of a fraction, very few students 
understood the role of equal parts. This was evident in both the unitising and partitioning 
tasks. Thus connecting these pieces of information does not appear to be a natural 
phenomenon for some students and therefore teachers need to ensure that they help the 
students make these connections. 
Lack of connected knowledge was also evident in the tasks related to multiplicative 
structure (theM Tasks). Whilst most of the high-performing students had indicated full or 
partial understanding of the continuous, bi-directional and exponential properties of 
multiplicative structure, the HP students alone were able to access this knowledge in the 
application tasks. 
Finally, teaching for completeness requires reverse teaching. For example, 
developing the part/whole relationship required for unitising requires a focus on the part-to-
whole construction as well as the whole-to-part construction. That is students need 
experiences not only in partitioning a whole to produce fractional parts, they also need 
experiences in constructing a whole from a given part. 
Reverse teaching attempts to address the tension that is set up by cross-mappings 
(Gentner & Markman, 1993; see Section 2.5.3 for a full description of cross-mappings). 
Cross-mappings occur when two highly similar situations contain objects that play different 
relational roles in each situation. The example given by Gentner and Markman (1993) was 
of a tow-truck towing a car and moving towards the left and, in the other situation, the same 
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car was shown towing a boat but moving towards the left. This example can be transferred 
to the mathematics example shown in Figure 6.6. 
Truck Car Tens Ones C><oat ><ilis 
.... 
Figure 6. 6. Example of cross-mapping in decimal numbers. 
The whole-number and decimal-fraction domains can be viewed as an example of a 
cross-mapping system so care needs to be taken to ensure that students realise that 
relationships are the same but reversed (e.g., x, +; part, whole). 
6. 7.3 SUMMARY 
This study has shown that students are capable of developing abstract schema for 
decimal numbers but there was evidence that this knowledge was self-constructed and, in 
most cases, was limited to the HP students. In their quest for making sense of decimal-
number numeration, these students appeared to have constructed the mental models 
(exponential and symmetry). Therefore, helping students construct these mental models 
would appear to be an eminently practicable aim in developing decimal-number numeration 
and, as revealed by the intervention episodes, these mental models can be readily 
constructed through the use of appropriate materials and language. 
The findings of this study suggest that teaching practices may be more effective if 
they focus on: (a) promoting an understanding, through a variety of representational 
materials that proceed from concrete to abstract, of the major cognitions embedded in the 
numeration model and teased out in the structural knowledge framework (see Figure 6.4); 
(b) explicating, through appropriate language, the connections between the cognitions; (c) 
accommodating the cross-mappings that occur in decimal-number numeration; and (d) 
developing and consolidating the unitising and reunitising processes through a variety of 
prototypic, semiprototypic and nonprototypic representations. 
Given the findings of this study and teachers' readiness to accommodate new 
techniques, decimal numbers might no longer be thought of as "those damned dots" 
(Churchill, 1906, p. 184). 
6.8 LIMITATIONS OF THE STUDY 
Because of the small range of schools from which the interview students were 
selected, and because of the small number of students within each performance category, the 
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findings of this study are not generalisable to the target population. Moreover, the findings 
are based on a "snapshot" of the interview students' accessible knowledge at the time of the 
interviews. Thus, knowledge access could have been affected by the interview situation 
(i.e., one-on-one interview with an unknown person, the intrusion of a video camera), 
environmental factors (e.g., noise, heat) and personal factors (e.g., health, disposition). To 
offset these factors, the students' knowledge was constantly probed to help them explicate 
all that they knew about the particular tasks. Nevertheless, limitations notwithstanding, the 
findings do provide illumination into the ways students might structure knowledge related to 
decimal-number numeration and the types of schemas that can facilitate an understanding of 
decimal-number numeration. The study also revealed general strengths and weaknesses in 
the domain, findings that could guide future instruction. 
The language used to communicate students' thinking is another limitation of the 
study because of the need to simultaneously discuss students' thinking from both a 
mathematical and a cognitive constructivist perspective. These two perspectives generate 
different terminology but their interrelatedness when studying student' thinking with respect 
to mathematical tasks requires other terminology that reflects that interrelatedness. To 
compound this problem, the current literature does not provide clear definitions of what is 
meant by terms that are used frequently within the cognitive constructivist perspective. (See 
Sections 2.7 and 2.9.) 
Apart from the language difficulty in reporting on students' thinking, language was 
also a problem for the students when trying to convey their understanding of a particular 
task. It was difficult to know just how far to probe their responses for clarity; it was 
necessary to maintain a delicate balance between probing and "putting words in their 
mouth". This was particularly a problem in Task Ml which was designed to elicit the 
students' understanding of abstract binary relationships embedded in the decimal number 
system. (See Section 4.4.1.) Thus the difficulty in inferring structural knowledge from 
responses was compounded by the students' lack oflanguage. However, students' protocols 
have been included to support the inferences drawn so that the reader can judge their 
appropriateness. 
Another limitation of the study was in describing the structural knowledge of the 
composite student. For example, the analysis of the test performance revealed that the low-
performing students (MSP and LP) and the students within the HP performance category 
generally held that rating across the various decimal-number numeration processes (see 
Tables 3.3 and 3.4). However, the students within the HSP and MP performance categories 
revealed that they performed at the HP level for some numeration processes but at the MSP 
level for others. The erratic nature of the knowledge held by these students in the test was 
also revealed, as expected, in the interviews. 
For example, with respect to multiplicativity, there were several individual students 
who varied from the composite categories. In particular, within the HSP category, two 
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students exhibited understanding that was more indicative of the composite HP student 
whilst four of these students exhibited understanding which was more indicative of the 
composite MSP and LP students. Similarly, one MSP student exhibited understanding that 
more indicative of the composite HSP student. 
With respect to unitisation, there were also some individual students who varied 
from the composite categories. Again this occurred mainly with the HSP students of whom 
three exhibited an understanding that was more indicative of low-proficiency than high-
proficiency whilst two exhibited an understanding that was more indicative of the composite 
HP student. One MP student exhibited understanding that was more indicative of the 
composite HP student. 
However, with respect to understanding position and order, there were very few 
individual students who varied from the composite categories. One HSP student only and 
one MP student only exhibited understanding that was more indicative of the composite 
MSP student whilst one MSP student exhibited understanding that was indicative of the 
composite MP student. 
Nevertheless, these limitations in representing all students' knowledge within a 
performance category notwithstanding, the structural models provide a guide to the major 
differences that differentiate between typical high-performing students (HP, HSP, MP) and 
between typical high- and low-performing students. 
6.9 IMPLICATIONS FOR FUTURE RESEARCH 
This study has given rise to several issues that have implications for teaching and 
has provided suggestions as to how teachers could take advantage of its findings. However, 
what was not addressed was whether students in the middle school are developmentally 
ready to accommodate the suggested structural knowledge architecture for decimal-number 
numeration. Therefore, one direction for future research would be to examine the 
development of the structural knowledge within the domain of whole numbers to determine 
how students can be helped to establish this knowledge and then to examine the best 
practices for transferring this knowledge to the decimal-fraction domain. 
Thus, a longitudinal or cross-sectional study of students in Years 2 to 7 should be 
undertaken to determine whether/how these students develop structural knowledge of the 
whole numbers. Some research questions that may be answered from these types of 
research would be: (a) Is the construction of an abstract schema for whole-number 
numeration a naturally occurring phenomenon and, if so, at what year level is the abstract 
schema most likely to be constructed? (b) At what year level do students understand 
multiplicative structure, particularly its bi-directional and exponential properties? (c) How 
and when do students translate "10 times smaller" to"+ 10"? 
A similar research design should be used with Years 4 to 7 students to determine: 
(a) Does having an abstract schema for whole-number numeration guarantee the successful 
320 
accommodation of tenths, then hundredths, then thousandths, and so on? (b) At what stage 
do students construct the symmetry model to make sense of the decimal-fraction place 
names? (c) How do students accommodate the cross-mapping that occurs in the symmetry 
model (i.e., the names of the whole-number places, except for the ones, are mirrored as are 
the positions of the similar sounding names mirrored but the value order is not mirrored)? 
In particular, the cognitions embedded in multiplicative structure, unitisation and 
reunitisation need to be examined more closely. With respect to multiplicative structure, the 
interviews in this study revealed that most students knew the relationship between adjacent 
places (binary) and adjacent-but-one places (ternary). That is, for binary relationships, they 
knew that the place on the left of any given place was 10 times larger than the given place 
and they knew the converse, that is, the place on the immediate right of the given place was 
10 times smaller. These notions were also known with respect to ternary relations (i.e., 100 
times smaller/larger). As well, the students in this study knew that you need 10 of one place 
to make the place on its immediate left (i.e., 10 tenths= 1 one; 10 ones= 1 ten; and so on). 
However, although their responses indicated a knowledge of base and equivalence, 
the students in this study appeared to be unaware of the role ofbase and equivalence in 
linking decimal number places. Moreover, their knowledge appeared to be available in 
static conditions only (connecting two given places) and was generally not translated to 
dynamic conditions in which "10 times larger" needed to be associated with a shift one 
place to the left and "10 times smaller" needed to be associated with a shift one place to the 
right. During the interviews, it was necessary to ask the questions, "What do you do to tens 
to get hundreds?" and "What do you do to hundreds to get tens?" to elicit the multiplicative 
operations of x, +. For several students, these questions elicited partial multiplicativity and 
partial additivity (always x, -;never+,+) or full additivity(+,-). Therefore, further 
research is required to tease out these behaviours and to determine: (a) how some students 
know when it is appropriate to access multiplicativity and when it is appropriate to access 
additivity; and (b) how "10 times larger" is connected with "x 10" and how "10 times 
smaller" is connected with"+ 10". Because many teachers use the word "times" 
synonymously with "multiplication", it is tempting to think that the word "times" in "10 
times larger" would then be translated to multiplication. However, this raises the question 
of why "times" in "10 times smaller" is not associated with multiplication but is often 
translated to subtraction. Accessing the appropriate structure appears to be a behaviour that 
is restricted to very high-performing students, a behaviour that warrants further research if 
teaching practices are to be enhanced. 
With respect to unitisation, further research is indicated to determine how students 
know what unit is required. For example, as shown in Figure 6.7, a whole number such as 
52, is written symbolically as "52" (i.e., unitised as tens), read as "fifty-two" (i.e., unitised 
as ones) but is normally represented with concrete material such as MAB with 5 tens and 2 
ones (i.e., unitised as tens). 
Language 
fifty-two 
(52 ones) 
Symbol 
52 
(5 tens 2 ones) 
321 
Concrete representation 
liJ liJ ( 5 tens 2 ones) 
Figure 6. 7. Unitisations required for the various representations of whole numbers. 
A similar problem occurs with decimal fractions. For example, when written 
symbolically, 0.52 is unitised as 5 tenths 2 hundredths; when read as "52 hundredths" it is 
unitised as hundredths; when represented in concrete form, it is unitised as hundredths if the 
part/whole construct is represented or as 5 tenths 2 hundredths if the measure construct is 
represented. Figure 6.8 shows that the measure construct represents the symbolic 
representation whilst the part/whole construct represents the language representation. 
Symbol 
0.52 
(5 tenths 2 hundredths) 
Language 
fifty-two hundredths 
Concrete representation 
Part/whole Measure 
(52 hundredths) (5 tenths 2 hundredths) 
Figure 6.8. Unitisations required for the various representations of decimal fractions. 
In this study, Task U2.1 required the students to represent 0.17 on a prototypic 
square that had been partitioned into 10 equal columns. All but 4 of the 29 students 
represented the fraction via the measure sub-construct, 2 students represented the fraction 
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via the part/whole construct while 2 students combined the two constructs (i.e., they 
partitioned two columns into 10 equal parts). Further research is indicated to determine 
which construct is more appropriate for developing the notion of hundredths, whether 
part/whole construct to measure construct represents a sequence of cognitive development, 
or whether measure construct to part/whole construct represents a sequence of cognitive 
development. 
With respect to reunitisation, the interview tasks revealed that Type B reunitisation 
(hundredths to tenths) was more difficult perceptually than Type A reunitisation (tenths to 
hundredths). This was thought to be due to the fact that it is more difficult to mentally 
eliminate partitions than it is to mentally insert partitions. The students who were 
successful in Type B reunitisation tasks (Tasks U3 .1 and U3 .2) were able to articulate that 
they "took out the little lines", a task that should not be beyond the capabilities of most Year 
6 students. (Some of the successful students reunitised the given number before translating 
this to the diagrammatic representation, for example, 0.6 = 60 hundredths so colour 60 
parts.) For the 8 students (all of whom were drawn from the top 20% of the student 
sample), the problem appeared to be metacognitive in that they failed to associate the 
symbolic representation (tenths) with the diagrammatic representation (hundredths). 
Further research is required to determine whether the problems that the students in this 
study revealed with Type B reunitisation are representative oflower-achieving students and 
to determine whether the problems are due to lack of classroom experiences, metacognition, 
or perceptual flexibility. 
Apart from research that focuses on the cognitions underlying the tasks, this study 
indicates that several teaching experiments could be undertaken to determine best teaching 
practices for developing and consolidating the various cognitions. 
However, because having knowledge of multiplicative structure and knowing when 
to access this knowledge were found to be the major factors differentiating very high-
performing students from other high-performing students and from low-performing 
students, research related to developing and consolidating knowledge of multiplicative 
structure would appear to be a priority in enabling students to process decimal numbers with 
understanding. This study revealed that many students had not constructed appropriate 
mental models to accommodate the continuous, bi-directional and exponential properties of 
multiplicative structure (the exponential model) and the relationship between the whole-
number and decimal-fraction place names (the symmetry model). 
The interventions that were undertaken to help the students construct these models 
were both efficient in terms of time and effective in promoting the appropriate knowledge. 
However, further research is required to determine: (a) the long-term effects of the 
intervention episodes in terms of maintenance of the mental models over time; and (b) 
whether the construction of the mental models has a positive effect on students' ability to 
process decimal numbers with understanding. 
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APPENDIX A 
RESEARCH PARADIGMS THAT INFORMED THE STUDY 
THE CONSTRUCTIVIST PARADIGM 
Mathematics is not a corpus of naturally occurring phenomena that are "out there" just 
waiting to be discovered; rather, mathematics has been described as one of the prime inventions 
of mankind and must be reconstructed anew by each individual (Cooper, 1984). Thus, the very 
nature of the phenomenon under examination in this study demands a research methodology that 
reflects the ontological assumption that reality is socially constructed by those individuals who 
comprise the particular context in which the phenomenon is to be examined. 
Guba and Lincoln (1989) refer to the created realities as constructions which consist of 
"certain available information configured into some integrated, systematic, 'sense-making' 
formulation whose character depends on the level of information and sophistication (in the sense 
of ability to appreciate/understand/apply the information) of the constructors" (p.143). These 
constructions come about through the "interaction of a constructor with information, contexts, 
settings, situations, and other constructors (not all of whom may agree), using a process that is 
rooted in the previous experience, belief systems, values, fears, prejudices, hopes, 
disappointments, and achievements of the constructor" (p. 143). 
This epistemological perspective recognises that there may be proficient constructions 
(i.e., those that are appropriate or legitimate) and malconstructions which, according to Guba 
and Lincoln (1989) may be "incomplete, simplistic, uninformed, internally inconsistent, or 
derived by an inadequate methodology" (p. 143). Of particular interest to this study is the 
identification of the various types of constructions and their underlying causes so that, 
ultimately, a teaching theory may be developed that will constrain the development of 
mal constructions. 
Guba and Lincoln (1989) suggest that a methodology that reflects the constructivist 
paradigm would incorporate the following three stages, each of which has certain embedded 
conditions. 
Stage 1: Entry conditions. This stage comprises the following four conditions that 
must be adhered to closely if a constructivist inquiry is to be mounted: (a) the inquiry must take 
place in a natural setting; (b) the human instrument is the only possible choice during the early 
phase of an inquiry; (c) qualitative methods should be used; (d) tacit knowledge should be 
incorporated and used. These conditions are discussed below. 
The research should be conducted in the natural setting in which the phenomena to be 
examined is constructed. The researcher does not know a priori what questions to ask but 
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should have an adaptable instrument that can "enter a context without prior programming but 
that can, after a short period, begin to discern what is salient (in the ernie views of the 
respondents) and then focus on that" (Guba & Lincoln, 1989, p. 175). Thus qualitative methods 
such as observations and interviews are preferred. This does not deny the use of quantitative 
methods such as surveys when they are appropriate as, for example, in gathering information 
from a wide spectrum of subjects in a variety of settings. Finally, a constructivist methodology 
should focus on the subjects' tacit lmowledge which is all that we lmow minus all we can say 
(Polyani, 1966). Guba and Lincoln (1989) describe tacit lmowledge as the ernie material that 
remains opaque to the investigator's propositional formulations and it is the prising open of "this 
oyster ofunlmowns" (p. 176) that is at the heart of a constructivist methodology. 
Stage 2: Hermeneutic dialectic. This stage of the research is based on the Hegelian 
dialectic of thesis, antithesis and synthesis. It is characterised by the continuous interaction of 
the following four elements that are cycled and recycled until either consensus or nonconsensus 
emerges: (a) subject selection, (b) interplay of data collecting and analysis, (c) grounding the 
theory, and (d) emergent design. 
Subject selection. The first of these four elements relates to the selection of the subjects 
for purposes other than representativeness and randomness. Using purposive sampling (Cohen 
& Manion, 1987), the investigator selects a sample that may include extreme (deviant) cases, 
typical cases, critical cases or those that provide maximum variation. Maximum variation 
sampling provides the investigator with the broadest range of information and, according to 
Guba and Lincoln (1989, p. 178), is selected serially (i.e., after the data collection from the 
preceding element has been carried out) and contingently (i.e., chosen to best serve the needs of 
the inquiry at that moment). For example, early in the study, a wide range of constructions was 
required to give a more complete picture of the phenomenon being explored whereas, in the final 
stages, after the salient information had been identified, the sample was narrowed to focus on 
those cases that had the potential to provide more insight into the identified constructions. 
Interplay of data collecting and analysis. The second element in this stage of the 
research is the interplay of data collection and analysis as the study proceeds. At each stage, the 
data being collected are analysed immediately and the findings form the basis for the next data 
collection. As the study continues, the data to be collected become more and more focused on 
the salient lmowledge identified from the previous analyses. "As data collection proceeds, 
analysis proceeds at the same pace, generating ever-more complex and stable agendas to guide 
subsequent data collection" (Guba & Lincoln, 1989, p. 179). 
Grounding the theory. Grounding the theory that emerges from the interplay of data 
collection and analysis is the third element of the hermeneutic dialectic. According to Guba and 
Lincoln (p. 179), "it is the most informed and sophisticated construction that it is possible to 
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develop in this context, at this time, with these respondents [subjects]". However, the grounded 
theory that emerges must meet the criteria ofjit, workability, relevance and modifiability (Guba 
& Lincoln, 1989, p. 179). It is judged to fit when the categories and terms of the theory account 
for the data and information that the construction was developed to encompass. A theory works 
when it provides a level of understanding that is acceptable and credible to the respondents and 
the inquirer. To have relevance, it must deal with those constructs, core problems and processes 
that emerged from the actual situation rather than from those that were hypothesised from an 
overarching grand theory. To be judged as having modifiability, the theory must be open to 
continuous change to accommodate new data that emerges or to accommodate new levels of 
sophistication to which it is possible to rise. 
Emergent design. The final element of the hermeneutic dialectic stage of the research 
relates to the emergent design of the research process itself. At the commencement of the 
research, the investigator "doesn't know what she or he doesn't know" (Guba & Lincoln, 1989, p. 
180) and so it is impossible to provide a specific research design. However, each cycle through 
the hermeneutic dialectic helps to refine the theory and thus the design becomes more focused. 
"As the inquirer becomes better acquainted, the sample becomes more directed and the data 
analysis more structured, the construction more definitive (Guba & Lincoln, 1989, p. 181). 
Stage 3: Case report. This is seen as the major vehicle for the dissemination and 
application of the findings of the study. Guba and Lincoln maintain that it "does not provide a 
series of generalizations that might be applied to other settings that can be presumed to be drawn 
from the same population of settings" nor does it culminate in "judgments, conclusions, or 
recommendations except insofar as these are concurred on by relevant respondents" (p. 180). 
Instead, they see the case report as "the joint construction that emerges as a result of the 
hermeneutic dialectic process through which the constructions of deliberately-chosen individuals 
are elicited, challenged and exposed to new information and new, more sophisticated ways of 
interpretation until some level of consensus is reached" (p. 180). A case report is characterised 
by a rich description of the methodology so that the reader is provided with a vicarious 
experience of the study. This experience makes it possible for the reader to savour the 
idiosyncratic knowledge that was obtained and to make judgments as to the authenticity of the 
findings. 
A DIAGNOSTIC AND PRESCRIPTIVE PARADIGM 
This paradigm, which provided the basis of the major stages of this study, incorporates 
six levels: (a) Theory, (b) Reality, (c) Clarification, (d) Refinement, (e) Intervention, and (f) 
Demonstration. 
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Theory. The purpose of this level is to identify and articulate the initial theoretical base 
of the research (Uprichard & Englehardt, 1986, p. 31) because theoretical rationales or 
conceptual frameworks, even loosely formulated ones, serve to establish the context within 
which judgments are made about what to study and under what conditions (Kaplan, 1964). 
Uprichard and Englehardt (1986) refer to the research method in this stage as Analytic-Synthetic 
Review .. 
Reality. The purpose of this stage is to contrast the proposed theory (from the first level) 
about learning and instruction with reality, that is, the natural setting in which these activities 
take place. This is the same as the first stage recommended by Guba and Lincoln (1989). This 
stage also affords the researcher the opportunity to identify and assess informally other hitherto 
unforeseen environmental factors that may contribute to the teaching/learning process .. 
Clarification. During this level, agreements and/or discrepancies between the proposed 
theories from Level 1 and those identified in the reality stage can be clarified and explored, 
generally through non-structured interviews. In analysing the data gathered from the interviews, 
Uprichard and Englehardt (1986) recommend organising responses so that patterns or categories 
begin to emerge. These categories then provide a base from which the theory evolves. 
Refinement. In this level, the general questions related to theory are refined to specific 
questions or hypotheses and interviews to collect the data are structured. Uprichard and 
Englehardt (1986) point out that the standardisation of structured interviews allows for larger 
sample sizes than the unstructured interview. 
Intervention. The specific theories regarding teaching and learning that evolved from 
the Refmement stage are now used to design instruction which is assessed through a teaching 
experiment. Kantowski (1978) states, "The objective of the teaching experiment is to construct 
methods of instruction in accordance with a hypothesis outlined on the basis of observations and 
preliminary experiments and to study the effects of those methods of instruction" (p. 136). 
The teaching experiment is characterised by its specificity and contingency. The 
investigator interacts with a small, select group of subjects around a carefully designed 
instructional sequence or protocol. Instruction may be altered on the basis of the student-
investigator interactions. 
Demonstration. The final stage ofUprichard and Englehardt's six-level paradigm 
focuses on verifying the theory through an experimental design using a large number of subjects. 
GROUNDED THEORY 
Grounded theory is reminiscent of the diagnostic and prescriptive research paradigm 
developed by Uprichard and Englehardt (1986) in that "the research fmdings constitute a 
theoretical formulation of the reality under investigation, rather than consisting of a set of 
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numbers, or a group ofloosely related themes" (Strauss & Corbin (1990, p. 24). As well as 
generating the theory's concepts and relationships, the grounded theory methodology 
incorporates "provisional verification of the theory through systematic data collection and 
analysis of the data pertaining to that phenomenon" (Strauss & Corbin, 1990, p. 23). The 
grounded theory approach to theory building is not a linear progression from one stage to the 
next; rather, it is spiralling in that the theory is constantly revisited for clarification and 
refinement. Thus, as lmowledge of the phenomenon increases, the theory should become more 
succinct and illuminatory. This aspect of grounded theory echoes the hermeneutic dialect cycle 
of Guba and Lincoln's (1989) constructivist paradigm and the formulation, clarification and 
refinement stages ofUprichard and Englehardt's (1986) diagnostic and prescriptive paradigm. 
One of the main features of grounded theory is the development of categories of 
behaviours from the data analysis and this is also a feature ofUprichard and Englehardt's (1986) 
methodology. In grounded theory, analysis is composed of three main types of coding, namely, 
open coding, axial coding and selective coding. 
Open coding refers to the process of "breaking down, examining, comparing, 
conceptualising and categorising data" (Strauss & Corbin, 1990, p. 61) Axial coding refers to 
the process of making connections between categories so that data can be put back together in 
new ways after open coding (Strauss & Corbin, 1990). Selective coding is the process of 
selecting the core category, systematically relating it to other categories, validating those 
relationships and filling in other categories that need further refmement and development 
(Strauss & Corbin, 1990). 
Strauss and Corbin (1990) maintain that coding alone will not capture the essence of 
data analysis and that the grounded theory that thus emerges will be narrow and limited in scope 
unless "process" is built into the analysis (p. 144) By process, they mean "the linking of 
sequences of action/interaction as they pertain to the management of, control over, or response to 
a phenomenon" (p.143). It seems as though the role of process in grounded theory can be 
paralleled with the role of the moderators of competence in competence theory (discussed in 
Section 2.5) so that process enables an understanding of behaviours that are driven by dynamic, 
contingent and idiosyncratic factors that are elusive but nevertheless are inherent in responses to 
phenomena. 
Strauss and Corbin (1990, p. 57) summarise the analytic procedures of grounded theory 
as those which are designed to do the following. 
• Build rather than only test theory; 
• Give the research process the rigour necessary to make the theory "good" science; 
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• Help the analyst to break through the biases and assumptions brought to, and that 
can develop during, the research process; 
• Provide the grounding, build the density, and develop the sensitivity and integration 
needed to generate a rich, tightly woven, explanatory theory that closely 
approximates the reality it represents. 
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APPENDIXB 
TRIAL 1 
In this trial, the initial diagnostic test instrument is developed, the major theoretical 
constructs underlying the development of the diagnostic test instrument are described, the 
rationale for the test items and interview questions are provided, the test instrument is 
authenticated, evaluated in terms of its differentiating capability and implications for the 
main interviews are drawn. 
RESEARCH DESIGN 
PURPOSES 
• To construct a diagnostic test to determine whether: 
it was capable of differentiating performance in terms of proficiency and 
semiproficiency; and 
- it could be completed within 30 minutes. 
• To construct an interview schedule: 
to determine whether the test items measured what they were intended to 
measure; 
- to determine whether there were any ambiguities in the directions; and 
- to provide signposts that would direct the interviews in the main study, in which 
the tenths and hundredths knowledge held by proficient and semiproficient 
students' was probed. 
RESEARCH METHODOLOGY 
A mixture of survey and interview methodologies (Cohen & Manion, 1987, p. 94) 
was used with a convenience sample (Cohen & Manion, 1987, p. 100), that is, a group of 
conveniently accessible students similar to the targeted population. A convenience sample 
was considered to be adequate for the purposes of this trial because there would be no 
attempt to generalise any of the test results. Structured individual interviews (Uprichard & 
Romberg, 1977, p. 5) took place after the test instrument had been administered and marked. 
The major purpose ofthis phase ofthe development was to ascertain any difficulties 
individual students may have had in interpreting some aspects of the test and to determine 
whether any collective difficulties (if there were any) were due to particular test items in 
some way or to a behaviour that was idiosyncratic to that group of students. As well, the 
interview was used to determine what strategies the students generally employed when 
engaged in the various processes related to decimal fractions so the script also included 
questions related to particular items. The questions that comprised the script are listed and 
described in this appendix. 
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However, the interview was also seen as an opportunity to probe individual 
performances and this aspect was totally contingent on the individual student's performance. 
Thus the interview methodology also incorporated aspects ofPiaget's methode clinique in 
which "no two interviews are expected to proceed in the same way" (Romberg & Uprichard, 
1977, p. 5). 
SUBJECTS 
All of the eight Year 5 students (3 males, 5 females) from a small school participated 
in the survey in which the test was administered. However, only seven of the students were 
interviewed because of time constraints. Most of the children had turned 10 years of age but 
two students (1 male, 1 female) were 11, having been "kept down" a year so that both of 
these students had repeated one year of their schooling. 
According to the class teacher, there were 3 high-achieving students (1 male, 2 
female), 2low-achieving students (the two 11-year-olds) and 3 sound or average students. 
Because Queensland schools do not have standardised testing in mathematics across the 
State, the achievement ratings assigned by the teacher were dependent on the results gained 
from the class teacher's own testing. Thus, the students' performance levels were not of 
much concern for the purposes of this trial. The trial took place at the end of October (Term 
4) so that these students had received the required instruction in hundredths that was 
recommended in the Department of Education, Queensland (1987, 1988) curriculum 
documents. 
INSTRUMENT 
The diagnostic test was designed to take about 30 minutes to complete. This was 
allowing for those children who were normally rated as low-achieving by their teacher. The 
individual interviews involved some predetermined questions and some that were contingent 
on the individual student's performance. 
THEORETICAL CONSTRUCTS UNDERLYING TEST INSTRUMENT 
Underlying the development of the test was the need to assess the students' structural 
knowledge of tenths and hundredths and the relationship between the two decimal fractions. 
Therefore the test was designed to be diagnostic in nature rather than to be achievement- or 
mastery-oriented. As stated in Section 2.8.2, structural knowledge is the knowledge that 
students abstract from instruction and is therefore implicit knowledge. Thus the test items 
(with the exception ofltem I) were posed in the abstract form rather than within real-world 
problem situations. 
The structural knowledge related to tenths and hundredths comprised not only 
knowledge of those concepts that were listed in Table 2.1 but also knowledge of the 
processes related to the numeration of tenths and hundredths, namely, number identification 
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(i.e., identifying a number that has been represented in word, symbol or pictorial form), 
regrouping, counting, comparing, ordering, approximating, and estimating, (The decimal-
fraction concepts and processes that Years 5 and 6 students are required to know was 
provided in Section 1.1.2.) Table 3.1 shows how the items in the test were classified in 
terms of the mathematical concepts and processes. 
Table B-1 
Classification of the Test Items in Terms ofTenths and Hundredths Concepts and Processes (Trial I). 
CONCEPT~ROCESS TENTHS 
Number identification P -+S: 1; 2a; 23a 
S -+P: Nil 
S -+L: 3a, g 
L -+S: 5a, b 
Part/Part (tlh) relationship Nil 
Place Value 6c, e; 18b; 19a 
Counting 12; 14a 
Regrouping Nil 
Ordering 15a; 17a; 21a 
Estimating 24a,b 
HUNDREDTHS 
P -+S: 2b, c, d; 
S -+P: 4; 9 
S -+L: 3b, c, d, e, f, h 
L -+S: 5c, d, e, f 
S -+P: 8; 10; 11; 16; 22; 23b 
S -+S: 15c 
6a,b;7; 18a,c; 19b;20 
13; 14b, c, d 
6d,f 
15b; 17b, c, d, e, f, g; 21b, c, d 
24c, d, e, f; 25; 26 
Note. P means pictorial representation, S means symbol and L means language. Thus P -+ S means 
PictoriaVSymbol representation. (See Payne and Rathmell's, 1977, model ofrepresentations.) 
Because it was intended to be a diagnostic test, it was imperative that the instrument 
provide full coverage of the numeration related concepts and processes. Therefore, within 
each item, the sub-items were selected to cover the range of mathematical types relating to 
the notion being assessed. For example, Item 2 had two main objectives- (a) to assess the 
students' ability to unitise given pictorial representations as tenths or hundredths, and (b) to 
record the resulting fraction in symbolic form. However, there were three sub-items devoted 
to assessing hundredths but only one sub-item devoted to assessing tenths. This was because 
recording tenths requires only one digit whereas recording hundredths requires two digits 
which often generates the complication of zero.. For example, 0.27 is the simplest form in 
which hundredths can be represented symbolically because there is no zero in the decimal 
fraction places. That is, the number twenty-seven is known by the students from their study 
of whole numbers to comprise a "2" followed by a "7" and the natural recording of the 
symbol 27 after the decimal point will ensure that the students will write the number so that 
it naturally fmishes in the hundredths place. Thus, the students can merely transfer their 
whole-number knowledge to decimal-fraction recording. This is the same for a number such 
as 0.40 but, for some teachers, there is a reluctance to write a decimal fraction with 
"unnecessary" zeros and therefore this type of example of hundredths may be neglected 
during instruction. 
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The most difficult form of recording hundredths is when there are 9 or less as in 
0.04. To record 4 hundredths correctly, the students must have an understanding of the place 
value aspect of decimal fractions. Moreover, during their study of whole numbers, students 
learn that single-digit numbers do not have a zero written in front of them and therefore there 
is the repugnance associated with the surface feature of writing 04 to be overcome by the 
students. Thus the apparent imbalance of the number of sub-items devoted to tenths and the 
number of sub-items devoted to hundredths within each item then had been derived from the 
inherent differences between the recording of tenths and the recording of hundredths. 
This was particularly evident in Item 3 which assessed the students' ability to "read" 
the given symbolic representations of both decimal fractions and decimal numbers (i.e., 
mixed numbers containing both a number of units and a fractional part). With tenths, there 
are only two ways to represent numbers such as these - with a counting number (e.g., 4. 7) or 
without a counting number (e.g., 0.8). However, there are six different types that can be 
recorded with hundredths- three as decimal numbers with or without a zero (e.g., 6.39, 
12.80. 5.02) and three as decimal fractions, again with or without the zero (e.g., 0.95, 0.70, 
0.04). 
One of the features that make the understanding of hundredths more complicated 
than the understanding of tenths is the fact that hundredths can be thought of as 100 equal 
parts of a whole as well as of 10 equal parts of a tenth. Thus students need to be able to 
unitise and then reunitise (Behr, Harel, Post & Lesh, 1993). Several items were devoted to 
assessing this part/part notion in a variety of representations. For example, Items 8 and 22 
required the students to represent a number of hundredths on a pictorial representation of 10 
tenths. However, in Item 8 the area model was used in the pictorial representation whereas 
the linear model was used in Item 22. Item 11 required the students to represent a hundredth 
when given only the pictorial representation of 1 tenth whereas Item 22 assessed this notion 
in reverse, that is, they were given a pictorial representation of 1 hundredth and asked to 
construct the tenth. In Item 15, the students were given only the symbolic representations of 
tenths (1.5 and 1.6) and asked to provide a number that came between them. 
The greatest challenge in formulating this test was to ensure that all of the major 
components were assessed with minimal teaching effects and without making the test too 
long. To offset teaching effects, items designed to assess a specific process (e.g., number 
identification) were not given consecutively. Ensuring that the test took no more than 30 
minutes to complete necessitated several decisions concerning what to include and what to 
exclude. In making these decisions, the major criterion was that the test should focus on 
assessing the student's abstract (or symbolic) knowledge rather than on their concrete 
knowledge. This criterion was employed mainly in those test items related to the processes 
of regrouping, counting, comparing, ordering, approximating and estimating. Another 
method used to decrease the time taken to do the test was to assess more than one notion 
within an item. For example, Item 23 assessed the student's ability to identify tenths that 
were represented by a linear model as well as assessing their ability to· regroup tenths as 
hundredths. 
DIAGNOSTIC TEST INSTRUMENT 
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In this section, the test instrument is provided and concludes with the rationale for 
each test item. 
ITEM 1 
Tick the numbers that show how many chocolate bars Sally ate. Sally ate ... 
2 and 4 sixths 
2.4 
2.04 
2 and 4 tenths 
2 and 4 hundredths 
Objective: To assess the student's ability to interpret a pictorial representation of tenths and 
to associate it with the language and formal symbolic recording. 
ITEM2 
Write the number that shows how much of each shape has been shaded. 
(a) (b) (c) (d) 
-· 
I I I I 
I I I 
I 
I I i 
I I I ! 
' j_l j 
I I I 
Objective: To assess the pictur~mbol component of number identification. 
ITEM3 
Write these numbers in words. 
a 4.7 
b 6.39 
c 12.80 
d 5.02 
e 0.95 
f 0.70 
g 0.8 
lh 0.04 
Objective: To assess the symbol-+language component of number identification. 
350 
ITEM4 
Shade 0.43 of this shape. 
Objective: To assess the symbol~picture component of number identification. 
ITEMS 
Write these numbers. 
a nine, and 5 tenths 
b 6 tenths 
c four, and thirteen hundredths 
d sixty hundredths 
e forty, and one hundredth 
f three hundredths 
Objective: To assess the language~symbol component of number identification. 
ITEM6 
Write the number that has: 
a 2 tenths, 5 hundredths, 4 ones 
b 19 ones, 2 hundredths 
c 7 ones 4 tenths 
d 6 tenths, 14 hundredths 
e 8 tenths 
If 125 hundredths 
Objective: To assess the student's understanding of place value. 
ITEM7 
Ring any number that does not mean 0.52. 
52 hundredths 5 hundredths 2 hundredths 0.5 +0.2 
52 tenths 5 tenths 2 hundredths 0. 05 + 0.02 
520 tenths 
Objective: To assess the student's understanding of number identification and place value. 
ITEMS 
Shade 0.17 ofthis shape. 
Objective: To assess the symbol~picture component of the part/part relationship of tenths 
and hundredths. 
ITEM9 
Which of these does not equal 0.30? 
Objective: To assess the picture-+symbol component of number identification. 
ITEM 10 
Colour 0.2 of the shape below. 
Objective: To assess the student's understanding of the part/part notion of tenths and 
hundredths. 
ITEM 11 
Complete the following. 
Showme0.01 Showme0.10 
[This is 0.1 
Showme0.05 Showme0.15 
[This is 0.5 
ObJective: To assess the student's understandmg of the part/part notion of tenths and 
hundredths. 
ITEM 12 
Write the number that is 1 tenth more than: 
a 9.4 d 4.06 
b 2.9 e 1.94 
c 5 ____ _ 
Objective: To assess the student's understanding of place value. 
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ITEM 13 
Write the number that is 1 hundredth more than: 
a 2.76 d 3.9 
b 0.09 e 6 
c 4.91 
Objective: To assess the student's understanding of place value. 
ITEM 14 
Complete the counting sequences. 
a 8.7, 8.8, 8.9, 
b 1.67, 1.68, 1.69, 
c 3.06, 3.07, 3.08, 
d 4.65, 4.75, 4.85, 
Objective: To assess the student's understanding of counting decimal numbers. 
ITEM 15 
Write any number that comes between: 
a 7.85 and 9.23 
b 18.28 and 18.5 
c 1.5 and 1.6 
Objective: To assess the student's understanding of comparing and ordering decimal 
numbers. 
ITEM 16 
This. is 0.01; show me 0.1 
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Objective: To assess the student's understanding of the part/part relationship of tenths and 
hundredths. 
ITEM 17 
In each box, ring the number that is worth more. 
a 
f8.6l 
~ 
b 
~ 9 
c d 
~ 3 ~ 5 
e f 
~ 7 ~ 0 
Objective: To assess the student's understanding of comparing decimal mnhbers. 
ITEM 18 
a Does 2.3 have the same value as 2.30? 
b Does 2.3 have the same value as 02.3? 
c Does 2.3 have the same value as 2.03? 
Objective: To assess the student's understanding of zero as a placeholder. 
ITEM 19 
a In 1.54, the 5 is worth-----------
b In 1.45, the 5 is worth-----------
Objective: To assess the student's understanding of place value. 
ITEM20 
a What could you do to 0.3 to get 0.03? 
b What could you do to 0.07 to get 7? 
c What could you do to 0.34 to get 3.4? 
g 
~ 6 
Objective: To assess the student's understanding of the base-10 relationship inherent in the 
decimal number system. 
ITEM21 
Write each set of numbers, in order, from smallest to largest in value. 
a 3.4, 2.8, 3 
b 4.73, 4.28, 4.65 
c 3.09, 3.8, 3.21 
d 4 tenths, 46 hundredths, 14 hundredths, 4 hundredths, 4 tenths 1 hundredth 
OQjective: To assess the student's understanding of comparing decimal numbers. 
ITEM22 
Show where 1.68 would be on the number line below. 
0 1 2 3 
I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I 
Objective: To assess the student's ability to unitise and reunitise a linear model. 
ITEM23 
Write the number at A in two different ways. 
0 A 1 2 
I I I I I I I I I I I I 
a b 
Objective: To assess the student's ability to unitise and reunitise a linear model. 
ITEM24 
Round each number to the nearest whole number. 
a 6.2 __ _ b 0.8 c 8.39--
d 12.70-- e 0.54 __ _ f 1.09---
Objective: To assess the student's ability to approximate decimal numbers. 
ITEM25 
Colour 0.93 of the shape below. 
Objective: To assess the student's number sense. 
ITEM26 
This is 0.52 of a shape. Draw the whole shape. 
Objective: To assess the student's number sense. 
RATIONALE FOR THE ITEMS 
3 
I I 
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Number identification. The students' ability to identify numbers in pictorial, word or 
symbolic (digit) forms was assessed in this section. In Table 3.1, the number identification 
items have been identified in terms of the interactions ( concrete/pictorial~language, 
language~concrete/pictorial, concrete/pictorial~symbol, symbol~concrete/pictorial, 
354 
language~symbol, symbol~language) recommended by Payne and Rathmell (1977). (See 
Section 2.3.3 for a description of Payne and Rathmell's model.) 
The items designed to assess the pictorial/symbolic interactions (Items 1, 2, 4, 9, 23) 
were expected to be a crucial component of the test because they would reveal the students' 
understanding of the concept of a fraction and their ability to unitise tenths and hundredths 
and to reunitise tenths as hundredths. (See Section 2.2.3 for a full description of the unitising 
and reunitising processes.) Generally, the prototypic 10 x 10 grid was used to represent 
hundredths. A similar diagram was used to show tenths but was subdivided into 10 equal 
parts, not 100 equal parts. (See Item 2 in the test for examples of these diagrams.) These 
diagrams are exemplars of the area model used to engender the part/whole notion of 
fractions. However, Items 22 and 23 incorporated a linear model of the part/whole notion of 
fractions. This model has been identified in the literature as being much more difficult to 
interpret than the area model (Payne, 1976). Therefore, these items were seen as a means of 
assessing the depth of the students' understanding of the fraction notion inherent in tenths 
and hundredths. 
Place value. Items 6 and 19 examined baseline knowledge (e.g., the names and 
positions of the decimal-fraction places) whilst Items 7 and 18 examined the robustness of 
this knowledge. For example, Item 7 required the students to recognise 0.52 when 
represented in a variety of expanded forms such as 5 tenths 2 hundredths, 5 hundredths 2 
tenths; Item 18 required the students to determine whether the value of a given number had 
changed when a zero was inserted internally or at either endmost place. Item 20 was 
designed to assess the students' understanding of the multiplicative structure inherent in the 
decimal number system. Resnick et al. (1989, p. 16) used Items 7, 18 and 19 (and other 
tasks involving place value) to try to uncover the conceptual frameworks underlying their 
students' use of the inappropriate whole-number comparison rule and the fraction 
comparison rule. Also incorporated in Item 6 were two sub-items (d and .f) that focused on 
assessing the students' understanding of regrouping, a process that is often used with other 
processes such as counting and calculating. 
Counting. Items 12 and 13 required the students to record the number that was 
either 1 tenth or 1 hundredth more than the given number and, as such, could be considered 
to be a place value item because the students had to identify the place to change first. The 
sub-items included prototypic examples (i.e., when the digit to change first is in the 
rightmost place and does not involve regrouping, and when the digit to change first is in the 
rightmost place and does involve regrouping) and nonprototypic examples (i.e., when the 
digit to change first is not in the rightmost place either because it is an internal place or 
because the given number was a whole number). Item 14 involved the continuation of given 
counting sequences and thus required the students to determine the unit of counting and to 
apply the odometer principle (i.e., regrouping after 9 tenths or 9 hundredths was reached). 
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Ordering. This section included the comparing process as well as the ordering 
process because the same cognitions are required. Item 17 assessed the students' ability to 
compare two numbers to determine the larger in value, Item 21 required the students to order 
a set of numbers from smallest in value to largest in value whilst Item 15 required the 
students to select a number that would come between two given numbers. 
The sub-items included in the comparing item were based on the examples used by 
Resnick et al. (1989) in their study involving students in fourth, fifth and sixth grades (see 
Section 2.2.4 for a full description of this study and its findings). However, the thousandths 
examples used by Resnick et al. were modified to hundredths when appropriate. 
The first two sub-items were prototypic examples in which both given numbers had 
the same number of decimal-fraction places and a different whole number. These were 
included to provide baseline knowledge of the strategy students use when comparing 
numbers. The remaining sub-items were designed to assess what strategies students use 
when comparing tenths with hundredths. 
The last two sub-items in Item 17 were not used by Resnick et al. in their study. The 
example in which 0.2 was to be compared with 0.10 was included to determine the 
robustness of the expert strategy (comparing the digits in like places from left to right). That 
is, to determine whether students would continue to use the expert strategy or whether the 
look of the two numbers (surface features) would evoke the whole-number comparison 
strategy (i.e., 10 is worth more than 2). The other sub-item required the students to compare 
0.6 and 0.06. This was a consequence of the findings of the diagnostic clinics (see Section 
1.2) where students were required to compare 9.06 with 9.4. Some students confused the 
placeholder notion of zero with the value of zero and thus thought of 9.06 as 9 .6. As a result, 
they claimed that 9.06 was larger in value than 9 .4. If students tried to employ this strategy 
with 0.6 and 0.06, they would reach an impasse. 
The numbers to be compared were aligned vertically about the decimal so that the 
like places in each number would be more easily recognised and thus compared. 
In Item 21 (ordering), three of the four sub-items involved a set of numbers with either tenths 
and hundredths or with tenths and whole numbers. It was expected that the students would 
be less successful with these types than they would be for the set of numbers which involved 
hundredths only. In this item, students would not be marked wrong if they ordered the 
numbers in descending rather than ascending order. In the last sub-item, the numbers were 
written informally (e.g., 46 hundredths) to focus the students on the place names rather than 
on the to determine whether this influenced their ability to order a set of decimal numbers. 
Estimating. Being able to approximate and estimate both whole numbers and 
decimal numbers has been identified in the literature (Australian Education council, 1990; 
Cockcroft, 1982; Carraher, Carraher & Schliemann, 1985; National Research Council, 1989; 
Sowder, 1988) as important life skills. A good sense of number requires an understanding of 
how, and when, to use these processes. Item 24 assessed the students ability to approximate 
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a given decimal number to the nearest whole number whilst Items 25 and 26 assessed the 
students' ability to estimate or benchmark a decimal fraction in terms of the whole/unit or a 
half. Approximating strategies can be taught through rules such as "if a number ends in 5 or 
more, round it to the next place" and which may or may not be applied with understanding. 
Estimating, on the other hand, cannot be taught through rules because it is a metacognitive 
process requiring the identification of the need to compare and the identification of a suitable 
benchmark with which to make the comparison. 
INTERVIEW SCHEDULE 
QUESTION 1 
Was there any task that you couldn't understand what you had to do? 
Objective: To determine whether there were any ambiguities in the test items. 
QUESTION2 
What is that little dot in this number (2.4 in Item 1) called? What is it therefor? 
Objective: To determine whether the students know the name of the decimal symbol and 
whether they understand its purpose. 
QUESTION3 
How did you know how much to shade (in Items 8 and 10)? 
Objective: To determine how the students reunitise tenths as hundredths. 
QUESTION4 
How did you know what to draw (in Item 11a and 11b)? 
Objective: To determine students' understanding that 1 hundredth is 1 tenth of a tenth; 
To determine if the students know that 0.1 is equivalent to 0.10. 
QUESTION 5 
How did you know that 0.5 was worth more than 0.36 (Item 17d, if correct)? 
How did you decide that 0.36 was worth more than 0.5 (Item 17d, if incorrect)? 
Objective: To determine what strategy the students use when comparing decimal numbers. 
QUESTION6 
How did you know to colour that much of the shape- (in Item 25)? 
Objective: To determine whether the students understand that 0.93 is very close to 1. 
QUESTION? 
How did you know how much to draw (in Item 26)? 
Objective: To determine whether the students understand that 0.52 is very close to a half. 
This initial interview also incorporated questions contingent on the student's 
responses to the test items (both correct and incorrect responses). These contingent 
questions were thus idiosyncratic to each student's test results so were unplanned. The test 
items were modified on the basis of the students' responses to the planned and contingent 
questions. 
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PROCEDURE 
The diagnostic test was administered (Trial 1) at the school in a large room that was 
used for group activities. Because the test was to be administered to all of the students at the 
same time, the students were seated at individual desks which were well-separated. The test 
was administered during the morning so that the students would be relatively fresh and so 
that the test could be marked and the individual interviews conducted in the same day. This 
latter consideration was thought to be important because the students should be able to recall 
the thinking they employed on the various items and it would reduce the students' chances of 
discussing the test before the interviews. Each child was presented with a booklet containing 
the test items and ample space was allowed for the students' answers. 
Before the formal administration of the test instrument, the students were told of the 
purposes of this test, that is, it was not to fmd out how "good" or "bad" they were at decimal 
fractions but rather to fmd out what students of their age were most likely to know and not 
know about decimal fractions. To this end, they were encouraged to work on their own and 
to ask questions only if they were unsure of the directions of a particular task. In an 
endeavour to make the students feel more at ease, they were assured that they would not be 
"getting a mark" for this test. 
Before the students commenced, each task was read so that any effects from reading 
deficits would be alleviated or minimised. The students were encouraged to seek 
clarification of directions or procedures at this stage. The initial plan to work through the 
task items, one by one, with the students so that each would be doing the same item at the 
same time was discarded because it was thought that the less interaction the students had 
with the person doing the survey, the more likely they would be to take control of their own 
thinking. Furthermore, they were then free to work through at their own pace and to do the 
items in any order they preferred. 
Because the students' performances were to be probed in the interview, the tests were 
marked on separate result sheets so that the tests would have no indication of what they had 
right or wrong. This was done in the belief that if the students did not know how well or 
poorly they had done, they would be more likely to give an honest evaluation of the test 
items. For example, if students could see that their response was incorrect, then they may be 
more likely to attribute this failure to the task rather than to their ability in order to "save 
face" in front of the unknown interviewer. The tests were marked as soon as they were 
received so that the interviews could commence as soon as possible. 
The individual interviews were done on the same day as the test so that problems 
associated with recall of solution strategies (and affects) would be minimised. Therefore, the 
interviews were limited to 15 minutes each so that all interviews could take place on the 
same day during normal school hours. Each interview was video-taped in the same large 
room in which the test was done. 
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The tests were marked and individual responses were identified for probing during 
the interview. The video tapes of the interviews were transcribed into protocols and, from 
these protocols, inferences concerning the students' performances were drawn. 
ANALYSIS 
As stated in Section 1.3.4, the analysis of the data was threefold. First, the tests were 
scored and the interviews transcribed into protocols and then, from these records, 
descriptions of the students' behaviours were developed. Second, the behaviours were 
categorised and then organised into tables and graphs that provided a summary of the 
behaviours for each test item and/or interview task. These tables and graphs were used as a 
basis for comparing different students and different items. Finally, the data from the tables 
were analysed in terms of differences and similarities across items to provide information on 
trends and generalities that might explain behaviour. This includes tables and graphs to 
summarise overall information. The data provided in the tables were comprised of 
percentage means and were used as descriptive statistics; no inferential statistics were used. 
In Trial 1 (the Test Development Cycle), the focus was on the students' behaviours 
in the test and interview items to determine whether the test results mirrored the interview 
results. To this end, test results were tabulated and interview responses described in detail. 
From these, tables and graphs were developed to summarise responses across items to 
determine whether there was any disparity: (a) between test results and interview results; 
and (b) between students' knowledge. 
RESULTS 
In this section, the interview protocols are provided in full, the test instrument is 
authenticated and evaluated in terms of its differentiating capabilities. The section concludes 
with implications for Trials 2 and 3. During the discussion of the results, the students' 
names were changed to protect their anonymity. 
INTERVIEW PROTOCOLS 
In the presentation of the interview results, the initials of the students' names are 
used and "I" indicates the interviewer. 
QUESTION 1 
Was there any task that you couldn't understand what you had to do? 
Three students mentioned Item 20, one mentioned Item 8 and one student mentioned 
that she didn't understand the diagram in Item 1. During the remainder of the interview, 
several students commented that they didn't understand Item 6d and 6f (renaming types). 
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QUESTION2 
What is that little dot in this number (2.4 in Item 1) called? What is it therefor? 
Four of the students called it a "decimal" and three students called it a "decimal 
point". However, when asked what it was used for, several students either did not know or 
were confused as the following protocols show. 
M Separates the tenths and hundredths. 
L Divides them to show they're different. 
I What are different? [L: The tenths and ones.] 
I Which are worth more? [L: The ones.] 
T I don't know. 
I If I write that (2.4) without the decimal point, I'll get that (writing 24). What's this 
number? [T: Twenty-four.] Are they the same numbers? [No] So what's the 
decimal point there (2.4)for? 
T It's separating the numbers. [I: How does it separate the numbers?] By .. . I don't 
know. 
E To separate the two fractions -to separate the numbers -the fractions (indicating 
with her hands so that the left hand presumably meant places to the left of the decimal 
point and her right hand indicated places to the right of the decimal point). When you 
get to I 0, you change that (the 2 in 2.4) to 3, and every I 0, you change to a new one 
(meaning the place name). They're ones (the 2 in 2.4) and they're tenths (the 4 in 2.4) 
so they're (the 2 in 2.4) bigger. 
R To show that that's ones (the 2 in 2.4), that's tenths (the 4 in 2.4) and after that it's 
hundredths and after that it's thousandths. 
I Are they whole numbers? [R: Urn ... (Rachel looked very surprised)] Do you know 
what a whole number is? 
R Have they got zeros on the end? 
D No. 
I No idea? (Diana shook her head.) If we were to write a number like thirty-six 
(writing 36), we don't put the decimal point in here. Do you know why? [D: No.] 
A No. 
I Do you know why we put it in some numbers and not in others? [A: No.] What if we 
were to write a number like 179 (writing the number) and then another one like 9.6 
(writing the number), why did I put a decimal point in here (pointing to 9.6) and not in 
here (pointing to 179)? [A: I don't know.] 
QUESTION 3 (ITEM 8) 
How did you know how much to shade (in Item 8)? 
E I knew that (pointing to the tenth she had shaded) would be I 0 and you can get these 
(the 7 hundredths) in here (pointing to the next tenth). 
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M I knew from the one back there (referring to Item 2a) that that (the tenth he had shaded 
in this item) was 10 hundredths and these (the 7 hundredths) were about here. 
L Well, these back here (Item 2) were hundredths so I just coloured 17 of these ... I 0 
here (the first tenth in this diagram) and 7 here (the next tenth). 
T I divided it (the diagram) into hundredths (mentally). 
I Are there I 00 parts here (in the diagram)? 
T No, but they were hundredths back here (Item 2). 
D Um ... just guessed. 
I Are you sure? I think you didn't guess; I think you worked it out because you were 
right. [D: Little squares.] Why didn't you shade 5 of these strips (indicating the 
tenths)? Why one of these and part of another one? 
D Because ... um, because that's (indicating her shading) supposed to add up to 17. 
I Were you thinking that this (the tenth she had shaded) could be divided into little bits 
like some of these back here were (turning to Item 2)? 
D Yes (nodding her head strongly). 
A I thought at first, colour them all in, then I went over a few pages and I found that 
most of the hundredths were little squares so I estimated. 
R I thought it was shading 17 and there wasn't 17 there so I didn't know what to do. 
QUESTION 3 (ITEM 1 0) 
How did you know how much to colour (in Item 1 0)? 
M !just looked up here (to Item 9a). 
L I put an imaginary zero here (in 0.2 to make 0.20) and I looked back up here (Item 
9a). 
T I put an imaginary zero after this (the 0.2). [I: Where's the zero?] You don't actually 
write it -just think of it. 
E I just used the imaginary zero and knew I had to colour 20. 
I What did you have to do, Diana? [D: Colour 2 tenths.] Let's look at the whole shape 
(indicating). Has it been divided into equal parts? [Yes} How many equal parts? 
[100] So what would each little part of the whole thing (indicating the whole) be 
called? [1 hundredth] How many hundredths have you shaded? [2] Is that what you 
had to do? [No] Would you like to change your answer? [yes] What would you do? 
D Colour 2 of the sticks. 
I Now, !wonder why you didn't think of that before? 
D I thought of it (pointing to 0.2) as 2 hundredths. 
I Why was that? 
D Because there was no zero there. 
I Could you write 2 hundredths for me? [Diana wrote .02.] 
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I What did you have to do, Angela? 
A Colour 2 tenths. 
I Have you coloured 2 tenths? 
A Oh, I forgot the imaginary zero. I should have coloured two of these (indicating two 
columns). 
QUESTION4 
How did you know what to draw (in Item 11 a and 11 b)? 
M It has the zero there (0.1) so that . .. I thought it (the 1 in 0.1) was ones. With the zero 
there (0.1 and 0.01), I thought that was the tenths (the 1 in 0.01) and that was the ones 
(the 1 in 0.1). 
I How did you know what to draw here (11 b)? (Martin had drawn the tenth and then 
subdivided it into 10 equal parts.) 
M Well, I thought that . .. if I put an imaginary zero (in 0.1), that is the same as that 
(0.10) 
I Read that number (0.01)for me. [1 hundredths] How did you know this (his drawing) 
would be 1 hundredth? 
L I thought of . .. I thought there had to be 10 here (showed the partitioning during the 
interview). 
I How did you know what to draw here (11 b)? (Liam had drawn a "strip" similar to the 
one given, that is, without the hundredths partitions.) 
L Well, that (0.1) and that (0.10) are the same because of the imaginary zero. 
T Well, back here (referring to the previous diagrams of hundredths), all the hundredths 
were like this (the small square she had drawn). 
I How did you know what to draw here (11b)? (Terri had drawn a "strip" similar to the 
one given, that is, without the hundredths partitions.) 
T These are the same (pointing to 0.1 and 0.10) because of the imaginary zero. 
I Read that number (0.01)for me. [1 hundredths] How did you know this (his drawing) 
would be 1 hundredth? 
E Because there would be 10 in here like this (drawing the partition to show 1 
hundredth). 
I How did you know what to draw here (11 b)? (Eliza had drawn a "strip" similar to the 
one given, that is, without the hundredths partitions.) 
E These are the same (pointing to 0.1 and 0.10) because of the imaginary zero (writing a 
zero in 0.1). 
I How did you know to put that little square there (referring to he drawing of 1 
hundredth)? 
D Because it's 1 part of the tenth. 
I How do you think ofthat (referring to he drawing of a shaded "strip", unpartitioned, in 
11b).? 
D Urn . .. it's 1 tenth. isn't it? 
I Can you think of it another way? [Diana looked puzzled.] Do you think of it as 10 
hundredths? 
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D No (shaking her head as well). 
I What's this number (0.01)? [1 tenth, ... urn, 1 hundredth] How did you know to draw 
a little square? 
A If you add 10 of them in a row (pointing to a column of 10 hundredths in Item 10), 
there'd be IO hundredths so one of them would be I hundredth. 
I So you started to think of that (0.1) as IO hundredths, did you? [Yes] When you did 
this ( 11 b), did you start with I hundredth and build I 0 of them or did you think that 
that number (pointing to 0.10) is the same as that one (pointing to 0.1)? 
A I just drew a I 0 and then divided the I 0 into parts. 
QUESTIONS 
How did you know that 0.5 was worth more than 0.36 (Item 17d, if correct)? 
How did you decide that 0.36 was worth more than 0.5 (Item 17d, if incorrect)? 
M I thought of the imaginary zero and 50 is larger than 36. 
L Added a zero and got 50 hundredths and 50 is more than 36. 
T Added the imaginary zero and got 50 hundredths. 
E I added the imaginary zero to the 5 and got 50 hundredths which is more than 36 
hundredths. 
R Oh, I forgot the imaginary zero. I looked at how many numbers there were- this one 
(0.36) had three and this one (0.5) only had two. 
A I thought of the imaginary zero there (0.5) so 50 is bigger than 36. 
QUESTION6 
How did you know to colour that much of the shape (in Item 25)? 
M Ninety . .. I assumed that (the triangle) would be IOO. 
L That (0.93) was nearly a whole. 
T Because if 90 tenths is like I 0 away from I 00 and there was 3 left over. That's the 90 
at the top and the 3 at the bottom. (See Figure 3.5.) 
E I didn't know how to measure it properly but I thought it was nearly the whole 
triangle. 
R I thought that 93 was nearly I 00. We've done this sort before. 
D Only 7 parts left . . . 7 hundredths. 
A The 3 (in 0.93) is a third of9. 
QUESTION? 
How did you know how much to draw (in Item 26)? 
M Just a little bit less (than the given shaded part). I assumed that (referring to his 
drawing) had to be I 00 so I took 52 from I 00 and got 48 which is just a little bit less. 
L I thought this (the given shaded part) was about 50 (showing how he had mentally 
partitioned the shape into 5 equal parts) so !just drew the 2 hundredths. 
T I thought it (0.52) was nearly a half 
E It was a bit over. (I: A bit over what?) 50. [I: Which is?] Halfway. 
R 52 hundredths ... urn ... [I: Is it close to a whole number?] I don't know. 
D That (0.52) was just 2 over the half so I drew this just a bit smaller than a half. 
A It (0.52) was about a half. [I: What part of the number made you think of a half?] 
The5. 
AiJTHENTICATING THE TEST INSTRUMENT (TEST DEVELOPMENT CYCLE) 
363 
The student and class means for each item (see Table B-2) reveal that some items 
were answered successfully by all students (e.g., Items 4 and 22), some items were known by 
the majority of students (e.g., Items 16, 17 and 19), while some were answered successfully 
by only a minority of students. 
Table B-2 
Student and Class Means (0/o) for the Test Items (Trial I). 
Student 
Martin 
Rowan 
Liam 
Terri 
Eliza 
Rachel 
Diana 
Angela 
Class means 
Martin 
Rowan 
Liam 
Terri 
Eliza 
Rachel 
Diana 
Angela 
Class means 
Martin 
Rowan 
Liam 
Terri 
Eliza 
Rachel 
Diana 
Angela 
Class means 
2 
100.0 !00.0 
0.0 50.0 
0.0 100.0 
0.0 100.0 
100.0 100.0 
100.0 0.0 
0.0 25.0 
100.0 100.0 
50.0 71.9 
10 11 
100.0 100.0 
0.0 0.0 
100.0 100.0 
100.0 100.0 
100.0 100.0 
0.0 0.0 
100.0 100.0 
0.0 100.0 
62.5 75.0 
19 
50.0 
100.0 
100.0 
100.0 
100.0 
100.0 
100.0 
100.0 
93.8 
20 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
Test items (friall) 
3 4 5 
12.5 100.0 50.0 
50.0 100.0 66.7 
100.0 100.0 83.3 
100.0 100.0 100.0 
100.0 100.0 83.3 
62.5 100.0 100.0 
100.0 100.0 83.3 
100.0 100.0 100.0 
69.4 100.0 83.3 
12 13 14 
80.0 0.0 100.0 
40.0 60.0 50.0 
40.0 80.0 75.0 
80.0 60.0 100.0 
100.0 80.0 75.0 
20.0 60.0 50.0 
40.0 80.0 100.0 
100.0 100.0 75.0 
75.0 65.0 78.1 
6 
16.7 
50.0 
83.3 
50.0 
66.7 
50.0 
66.7 
100.0 
60.4 
15 
66.7 
33.3 
66.7 
100.0 
66.7 
66.7 
100.0 
100.0 
75.0 
21 22 23 24 
25.0 100.0 100.0 33.3 
25.0 100.0 0.0 0.0 
75.0 100.0 0.0 83.3 
100.0 100.0 100.0 50.0 
0.0 100.0 100.0 33.3 
25.0 100.0 100.0 0.0 
100.0 100.0 100.0 100.0 
50.0 100.0 0.0 16.7 
50.0 100.0 62.5 39.6 
7 8 9 
0.0 100.0 100.0 
0.0 100.0 0.0 
0.0 100.0 100.0 
100.0 100.0 100.0 
0.0 100.0 100.0 
0.0 0.0 0.0 
0.0 100.0 100.0 
0.0 100.0 0.0 
12.5 87.5 62.5 
16 17 18 
100.0 85.7 66.7 
0.0 42.9 0.0 
100.0 100.0 100.0 
100.0 100.0 100.0 
100.0 100.0 100.0 
100.0 85.7 66.7 
100.0 100.0 100.0 
100.0 100.0 100.0 
87.5 89.3 79.2 
25 26 
100.0 100.0 
0.0 100.0 
100.0 0.0 
0.0 100.0 
100.0 100.0 
100.0 0.0 
100.0 0.0 
0.0 100.0 
62.5 62.5 
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Table B-2 also reveals that the students performed worst (class mean <60%) on 
Items 1 (number identification- tenths), 7 (place value- hundredths), 20 (place value-
multiplicative relationships), 21 (ordering - tenths, hundredths) and 24 (estimating - tenths, 
hundredths). An analysis of the sub-items (see Figure B-1) revealed the disparity of results 
within each item. For example, the students' overall result for Item 5 was 83.3% (see Table 
B-2) but Figure B-1 shows that the scores of the six sub-items ranged from 37.5% to 100%. 
Similarly, for Item 6 where the results of the sub-items ranged from 12.5% to 100%. Figure 
B-2 highlights the performance differences for those items that had sub-items and shows that 
the following tasks appeared to be the most difficult (<50%): 5e, 6d, 6f, 12c, 13d, 13e, 20, 
21 a, 24c, 24e and 24f. Most of these tasks occurred at the end of a group of sub-items which 
was to be expected as the sub-items within each item were sequenced in order of expected 
difficulty. These sub-items will be discussed in terms ofthe findings of the interviews 
(when available) in order to determine whether the difficulties were due to conceptual 
difficulty, to lack of teaching or to an inherent flaw in the task directions or representation 
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Note .• indicates the class mean for each test item; liiJ indicates the class mean for each subitem. 
Item 20 was not included because the overall result was 0%. 
Figure B-1. Class means for the items and sub-items of the test in Trial I (Test Development Cycle). 
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Item 5. 5e required the students to write "forty, and one hundredth" as a number. 
This was answered incorrectly by five of the eight students (Martin, Rowan, Liam, Eliza, 
Diana). Rowan's and Liam's responses weren't probed during the interview but Eliza's 
interview revealed that she had thought of the number as 40 hundredths plus 1 hundredth 
(the additive feature of the decimal numeration system, namely, that 41 can be thought of as 
40 + 01). This, then, indicated that there was a syntactic difficulty in decoding 5e and, 
because Liam's answer was the same as Eliza's, this may also have been for the reason for 
Liam's response. Both Martin and Diana had difficulty with the two internal zeros of the 
number again indicating that the problem occurred from syntactic rather than semantic 
causes. 
Martin's interview revealed that he "got confused" with which side of the decimal 
point he should write the number. However, the remaining examples in this task and his 
behaviours in other items indicated that he tended to write hundredths as a number of ones. 
This behaviour seemed to reflect a confusion with the symmetrical feature of the place 
names. 
Because the students had performed quite well on the previous sub-items in this task, 
the generally poor performance for 5e was attributed to the syntactic feature of the internal 
zero rather than to any cognitive difficulty inherent in the task. It was surmised that the 
students' instruction had so far focused on recording decimal numbers with only one whole-
number place and had not, therefore, been faced with a situation involving two internal 
zeros. For these reasons, the task would not be altered. 
Item 6. 6a, 6b, 6c and 6e required a knowledge of place value only for the students 
to be successful although 6b (19 ones, 2 hundredths) could be thought of as requiring an 
understanding of regrouping as 19 ones would need to be recorded as 1 ten 9 ones. 
However, 6d and 6/required an understanding of regrouping as well as an understanding of 
place value so they were considered to be the most difficult examples. Figure B-1 shows 
that this was indeed the case. 
6d. In this sub-item, the students were asked to write the number that has "6 tenths 
14 hundredths". Only one of the eight students was able to answer this sub-item correctly. 
The remaining students either invoked naive place value behaviours or incomplete 
regrouping procedures. For example, those students who wrote .614 appeared to invoke the 
procedure of writing decimals from left to right (a correct procedure) but failed to realise that 
hundredths must fmish in the hundredths place, not start in the hundredths place. Thus, this 
situation did not appear to trigger their understanding of when it is appropriate to regroup, 
even though they may have had the regrouping process available to them. 
The students who wrote 6.14 seemed to realise that 14 hundredths would require two 
decimal places so, to accommodate the 6 tenths, they merely shifted the 6 to the ones place. 
Whilst these students may have been aware of the need to regroup, they did not demonstrate 
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an understanding of the equivalence notion that underlies regrouping. That is they did not 
realise that 60 tenths were needed to produce 6 ones. 
One student invoked the additive principle inappropriately by simply adding the two 
number (6 and 14) to produce the two decimal places required for hundredths. Again this 
was seen as a behaviour that stemmed from an inadequate understanding of the regrouping 
process because to regroup 14 hundredths as 1 tenth 4 hundredths, the student needs to be 
aware that 14 can be thought of as 10 + 4. 
6f This sub-item required the students to write "125 hundredths" as a number. Of 
the five students who were incorrect on this sub-item, four wrote 125 hundredths as .125. 
This indicated that: (1) they had no understanding of the connection between the place name 
and the number of decimal places, and/or (2) they knew how to regroup but not when to 
regroup (i.e., a problem of access rather than availability). 
The students' behaviours on 6d and their slightly-improved performance on 6f 
indicated that these two tasks were nonprototypic for these students. That is, they had more 
likely been exposed to situations involving the regrouping of the "first" place than to 
situations involving the regrouping of the "internal" place. However, Angela's response (see 
Section 3.5 .1) suggested that having a sound understanding of the requisite concepts and 
processes enables students to respond appropriately to novel tasks. The use of the place 
value chart revealed that the students could understand the regrouping process when it was 
linked conceptually to the appropriate concrete representation. 
Because these sub-items provided insight into the students' strategic and 
metastrategic behaviours, it was decided to provide more regrouping tasks in the modified 
test in an endeavour to clarify what aspects of regrouping were problematic for middle 
school students. 
Item 12. This item required the students to write the number that is 1 tenths more 
than 9.4, 2.9, 5, 4.06, and 1.94 respectively. The most common procedure used in producing 
the incorrect responses to these counting activities was to add 1 to the rightmost digit 
irrespective of its place name. This procedure was effective when the examples were limited 
to tenths but not effective when hundredths were also present or if the given number was a 
whole number (as it was in 12c). 
12c. This sub-item (1 tenth more than 5) revealed that it was probably a 
nonprototypic example for these students. However, to understand mathematics means that 
the concepts and processes should be able to be applied to all related tasks. This sub-item 
was invaluable in differentiating between those students who had a limited understanding of 
place value and those who had a sound understanding of place value. For this reason, Item 
12 was preserved as is in the fmal test instrument. 
Item 13. This item was structurally similar to Item 12 but required the students to 
write the number that is 1 hundredth more than 2.76, 0.09, 4.91. 3.9, and 6 respectively. As 
for Item 12, the most common procedure for all of the students was to add 1 to the rightmost 
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digit irrespective of its place name. Therefore, for 13d (3.9), 5 of the 6 incorrect responses 
were generated by adding 1 to the 9 tenths. (The other incorrect response was generated by 
adding 1 to the 3 ones.). Of these 5 students, however, two compounded their error by 
failing to regroup the subsequent 10 tenths and wrote 3.1 0. These students' counting 
procedures for decimal fractions appeared to be driven by their whole-number counting 
procedures. 
13e. This required the students to write the number that is 1 hundredths more than 6. 
The same behaviours were exhibited as for 12e (adding 1 tenth to 5) and the same reasons 
were attributed to these errors, namely that this was a nonprototypic task and differentiated 
between semantic and syntactic understanding of place value. For those reasons given for 
Item 12, Item 13 was also preserved intact in the modified test instrument. 
Item 20. This task focused on multiplicative structure. The very poor results ofthis 
task (no student was correct for any sub-item) may have stemmed from a lack of 
understanding of multiplicative structure or from the way in which the task was presented. 
Because of the importance of eliciting whether the students have an understanding of the 
multiplicative structure, this item concept was retained in the fmal test but was presented 
differently. 
Item 21. This item required the students to order a set of numbers from smallest to 
largest. 21 a disclosed those students whose understanding of comparing was corrupted by 
surface features such as the length of the numbers (and the internal zero in 21 c). 
21 d. This sub-item was dominated by the unwieldy look of the task (see Trial 1 test 
instrument in Attachment 2) and it seemed as though there was too much detail for the 
students to encode. The fact that they did not think to translate the written form to the 
symbolic form, however, suggested that, for most of these students, the process of ordering 
was very much dependent on syntactic features. 
Overall, this item gave insights into whether the child's ability to compare numbers 
was structurally sound or whether it was dependent on syntactic features . For this reason. it 
was retained in the modified test. However, 21 d tended to confuse rather than clarify the 
child's comparing structural knowledge and was therefore deleted from the modified test. 
Item 24. The students were required to round a variety of decimal numbers to the 
nearest whole number. The overall poor performance on this item suggested that the 
students had had very little instruction in rounding hundredths to the nearest whole number 
and with rounding decimal fractions (i.e., less than 1) to the nearest whole numbers. This 
item was seen as a means of probing the students' structural knowledge regarding place 
value and the relative size of a decimal fraction to one. This task, then, was retained in the 
modified test instrument. 
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EVALUATING THE TEST'S DIFFERENTIATING CAPABILITIES 
DIFFERENTIATING PERFORMANCE IN TERMS OF PROFICIENCY AND SEMIPROFICIENCY 
To determine the effectiveness of the test in differentiating between proficiency and 
semiproficiency, the students' results in terms of tenths knowledge and hundredths 
knowledge were summarised (see Table B-3). 
To be classified as proficient in this trial (and in Trial2), a student was required to 
achieve :?:90% on the tenths component and :?:80% on the hundredths component; to be 
classified as semiproficient, a student was required to achieve :?:90% for tenths and ~75% for 
hundredths. These criteria were made more stringent for the selection of the interview 
students (see Section 1.2 for the modified criteria). The less rigorous criteria in Trials 1 and 
2 were designed to allow for the presumed novelty of some items and any problems that may 
have been associated with the presentation and range of the concepts and processes that were 
assessed. However, in Trial3 (which drew on the schools that were assessed in Trial2), the 
criteria were narrowed because the test was no longer novel and problems that arose from 
presentation and imbalance of sub-items related to tenths, hundredths and tenths/hundredths 
had been addressed. 
Table B-3 
Students' Means(%) for Tenths and Hundredths (Trial I). 
Student Tenths Hundredths 
Martin 66.6 51.7 
Rowan 52.4 33.3 
Liam 71.4 80.0 
Terri 90.5 80.0 
Eliza 95.2 71.7 
Rachel 52.4 48.3 
Diana 76.2 83.3 
Angela 90.5 78.3 
Table B-3 shows that two students, Terri and Angela, could be classified as 
proficient according to the criteria for this trial. (Angela's score of78.3% on the hundredths 
component was deemed to be close enough to the 80% cut-off mark.) Eliza was the only 
student who could be classified as semiproficient. Martin and Rowan also exhibited the 
same distributions for semiproficiency but their results were too low for them to be 
considered as having semiproficient knowledge. Two students, Liam and Diana, were 
proficient with hundredths but not tenths so were classified as deviant students. Therefore, 
the diagnostic test instrument appeared to be successful with respect to differentiating 
performance in terms of proficiency and semiproficiency in tenths and hundredths. 
DIFFERENTIATING STRUCTURAL KNOWLEDGE IN TERMS OF PROFICIENCY AND 
SEMIPROFICIENCY 
TENTHS, HUNDREDTHS, TENTHS/HUNDREDTHS 
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The simultaneous consideration of tenths and hundredths requires an understanding 
of the part/part notion rather than the part/whole notion and therefore necessitates reunitising 
tenths as hundredths. Because a consideration of tenths and hundredths simultaneously was 
believed to be more difficult than the consideration of tenths and tenths or hundredths and 
hundredths, these items were identified and the students' overall results were then 
categorised in terms of tenths, hundredths and tenths/hundredths. Table B-4 provides the 
students' means for each of these components. 
TableB-4 
Students' Means(%) for Tenths, Hundredths, and Tenths/Hundredths (Trial I). 
Student Tenths Hundredths Tenths/Hundredths 
Martin 68.4 47.7 66.7 
Rowan 57.9 40.9 13.3 
Liam 73.7 84.1 80.0 
Terri 92.1 80.7 80.0 
Eliza 94.7 75.0 73.3 
Rachel 52.6 56.8 26.7 
Diana 73.7 88.6 80.0 
Angela 89.5 85.2 73.3 
The means indicate that tenths were generally understood more than hundredths and 
that, in turn, hundredths were better understood than tenths/hundredths. Only half of the 
students (Rowan, Terri, Eliza, Angela) reflected the general results, that is, their 
understanding of tenths was better than their understanding of hundredths which, in turn, was 
better than their understanding of tenths/hundredths. This group included the two proficient 
students (Terri and Angela) and the semiproficient student (Eliza). Three of the students 
(Liam, Rachel, Diana) performed better on hundredths than on tenths. However, Liam and 
Diana exhibited the same degree of understanding for tenths as they did for 
tenths/hundredths, a performance which did not reflect the general results. 
NUMERATION PROCESSES 
In order to compare and contrast proficient and semiproficient knowledge, the 
students' means for the major numeration categories in terms of tenths and hundredths are 
presented in Table B-5. However, the regrouping component is not shown because there 
were only two sub-items assessing this process, both of which involved hundredths. 
Moreover, the disparity in the number of tenths sub-items and hundredths sub-items within 
many of the processes meant that it was more difficult to be classified as proficient in tenths 
than to be classified as proficient in hundredths. For example, to be classified as proficient 
in tenths using the predetermined criteria(~ 90%) meant that all of the tenths sub-items had 
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to be answered correctly. Nevertheless, Table B-5 reveals weaknesses that may need to be 
addressed in the main interviews. 
Table B-5 
Students' Means (%)for the Numeration Categories With Respect to Tenths, Hundredths, and 
Tenths/Hundredths (Trial I). 
Numeration categories 
Number identification Place value Counting Ordering 
t h 
Estirnatin! 
Student 
Martin 
Rowan 
Liam 
Terri 
Eliza 
Rachel 
Diana 
Angela 
t h tlh 
85.7 40.0 ~~~~~g: 
71.4 40.0 20.0 
71.4 
85.7 
t h t h 
50.0 28.6 83.3 37.5 
50.0 14.3 50.0 62.5 
l:Qp:o 71.4 50.0 75.0 
1:00l0. 71.4 83.3 75.0 ${"·,;· 
~t®!O 71.4 itomo 75.0 
,;;:z~::c~.::-L?2i~'~ 
66.7 70.0 
66.7 30.0 
66.7 90:0 
IOQ!(j,'>t.~O!O 
66.7 70.0 
Note. Jfl~r!J indicates proficiency (:?:90% for tenths; :?:80% for hundredths; :?:80% for 
tenths un edths); t =tenths; h =hundredths; tlh =tenths/hundredths. 
t h 
00.0 66: 
00.0 16.' 
50.0 66: 
50.0 33.: 
50.0 33.: 
00.0 16.' 
50.0 /too; 
00.0 16.' 
With respect to the proficient students (Terri and Angela), Table B-5 shows that 
Terri (the higher performing proficient student) was proficient in ordering only whereas the 
lower performing proficient student (Angela) was proficient in two numeration processes -
number identification and counting. With respect to the semiproficient student (Eliza), Table 
B-5 shows that she maintained semiproficient distributions for place value and counting 
only. However, she performed at a proficiency level for number identification. 
With respect to performance overall, Table B-5 shows that no student performed at a 
proficient level for place value and estimating suggesting that these numeration processes 
would need to be probed in the interviews of the main study. The surprisingly good 
performance in tenths/hundredths could have been attributed to two factors that the interview 
revealed, namely, that the students used the prototypic diagrams in other sub-items to help 
them, and they utilised the "imaginary zero" strategy which appeared to be used in a rote 
way by some students. The surprisingly poor performance overall for the tenths sub-items in 
number identification could have been an artefact of the small number of sub-items devoted 
to assessing this knowledge. 
An examination of the students' performance with respect to the numeration 
processes did not reveal any inherent structural differences in proficient and semiproficient 
knowledge but it did reveal that proficiency and semiproficiency overall is not an indicator 
of proficiency and semiproficiency across the range of cognitions required to process 
decimal numbers. However, this sample of students was too small to provide trends. 
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IMPLICATIONS FOR THE MAIN STUDY 
AUTHENTICITY OF THE TEST 
This test was developed from the theory that emerged from the literature (see Section 
2.9 .1) and was designed to fit the context of the official mathematics curriculum for the Year 
5 level. The interview results generally supported the test results although, in some 
instances, it was evident that some students' correct responses were based on rote application 
of a rule (e.g., the imaginary zero rule used to compare tenths and hundredths), prototypic 
thinking (e.g., those students who referred to diagrams in other items), or inappropriate 
knowledge (e.g., thinking of hundredths as discrete units instead of as equal parts of a 
whole). On the other hand, incorrect responses, apart from some ambiguity caused by the 
negative directions (e.g., Items 7 and 9) and those tasks that were novel, were generally 
indicative of the students' competence. Therefore, the test results may have been biased 
towards showing a higher rating than the interview results revealed. However, these types of 
discrepancies are likely to occur in any pencil-and-paper test and it reinforces the necessity 
of interviewing students to gauge a better understanding of the knowledge they have 
acquired. 
EFFECTIVENESS OF THE TEST IN DIFFERENTIATING PERFORMANCE 
The overall means for tenths and hundredths (see Table B-3) revealed that the test 
appeared to be effective in differentiating between proficient and semiproficient students. 
However, it also revealed that there were structural problems (e.g., teaching effects) within 
the test that would need to be addressed and there were some items that needed to be 
clarified (e.g., Item 20), extended (e.g., the regrouping types ofltem 6) or deleted (e.g., 2ld) 
if the student's true proficiency was to be gauged. 
Nevertheless, because the overall test had the capacity to differentiate between those 
who were better at tenths than at hundredths, no major changes were made to the items 
themselves at this stage. As well, the students in this sample had been taught the "imaginary 
zero" strategy which proved to be a very powerful strategy when a task involved both tenths 
and hundredths. Whilst it was also demonstrated that these students did not always know 
when it was appropriate to use this strategy, it was nevertheless a factor which contributed to 
the generally good performance of these students on this test. Therefore, the test instrument 
was trialed with students from a variety of classes to determine whether this strategy was 
generally used and, if not, what effects occur from not knowing this strategy. 
EFFECTIVENESS IN DIFFERENTIATING KNOWLEDGE 
Table B-4 showed that, apart from the proficient and semiproficient students, most 
students performed poorly on place value, suggesting that proficient and semiproficient 
knowledge requires, at the very least, the ability to identify decimal numbers in terms of 
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position and/or value when they are represented in concrete/pictorial, language or symbolic 
forms. 
However, no strong indications of the difference in high proficient and high 
semiproficient knowledge could be gauged from this sample of students for the following 
reasons: (a) the sample was too small; and (b) the test was designed to be a diagnostic 
instrument, not an achievement instrument, and consequently there were discrepancies in the 
number of marks allocated to tenths, to hundredths and to tenths/hundredths. Because of the 
small number of marks allocated to some numeration categories (e.g. ordering tenths), 
getting one wrong response distorted the students' means and, in several cases, this resulted 
in just failing to reach a level of proficiency or semiproficiency. 
MODIFICATIONS 
After the examination of the results of the items and as a result of the interviews, the 
following conclusions were reached regarding the test instrument. 
1. The prototypic diagrams (the 10 x 10 grids) were separated from the other tasks 
to minimise teaching effects. This was accommodated by dividing the test 
instrument into two parts. Part A contained tasks that assessed procedural 
knowledge while Part B contained tasks that assessed representational 
knowledge and therefore included pictorial representations of tenths and 
hundredths. 
2. Nonprototypic diagrams were used as well as prototypic diagrams to probe the 
students' understanding of the part/whole and part/part notions. 
3. Items were clustered in terms of numeration category. 
4. More examples of regrouping were included. 
5. Item 20 was changed to a more directed task. 
6. Items 7, 9, 19 and 21d were deleted. 
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APPENDIXC 
TRIAL2 
In this trial, the modified test instrument was administered to a quota sample of 
students, proficient and semiproficient students were selected, their knowledge explored for 
similarities and differences, and the test was refined for Trial 3 
RESEARCH DESIGN 
PURPOSES 
• To evaluate the modified test's effectiveness in differentiating performance in 
terms of proficiency and semiproficiency with respect to tenths and hundredths; 
• To evaluate the modified test's effectiveness in differentiating proficient and 
semiproficient knowledge with respect to the decimal fraction components 
(tenths, hundredths, tenths/hundredths) and the numeration processes; 
• To examine the knowledge differences with respect to decimal-number knowledge 
(tenths, hundredths, tenths/hundredths); and 
• To examine the knowledge differences with respect to the numeration processes 
(number identification, place value, regrouping, counting, ordering, estimating. 
RESEARCH METHODOLOGY 
The descriptive survey (Burns, 1994) using a cluster sampling technique was the 
methodology used in both the trial and the main study components of this stage. The 
diagnostic test was administered by an interviewer to the Year 6 students in each of two 
large schools whose students were drawn from different socioeconomic backgrounds. The 
same methodology was used with the groups targeted to provide the students for the 
interview. 
SUBJECTS 
Trial2 involved 156 Year 5 students (80 females, 76 males) from two schools each 
of which had three classes of Year 5 students. (Year 5 students were selected rather than 
Year 6 students because the testing took place at the end of the year; Year 6 students at the 
end of the year would have received formal instruction in thousandths.) School A's clientele 
was drawn from a high socioeconomic background while School B's clientele was drawn 
from a low-to-middle socioeconomic background. 
School A had a policy of forming classes on entry to the school (usually Year 1) so 
that most of the students in this school's three Year 5 classes had been in the same class since 
Year 1. This feature of the school meant that the students within a particular class had had 
the same mathematical experiences. School B had a policy of reallocating students to classes 
at the end ofYear 3 and Year 5 so that the students within each class had had different 
teachers and therefore they would have had different mathematical experiences. 
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To preserve anonymity, the classes were designated as A, B, C, D, E and F. Class 
sizes ranged form 24 to 29 students. 
INSTRUMENT 
Trial1 (Test Development Cycle) did not suggest that any conceptual changes 
should be made to the test instrument. However, it was discovered that certain structural 
modifications should be made to the instrument. For example, one of the major findings 
from the interviews was that the students used the prototypic diagrams (i.e., 10 x 10 grids) in 
the test to help them answer some of the questions. This was seen as a "band-aid" treatment, 
that is, it may have enabled the students to answer the task correctly but it would be unlikely 
to effect any long-lasting change in their understanding. Moreover, it suggested that the 
students did not have the appropriate cognitions firmly in place that would have enabled 
them to answer the tasks without external representations. To offset this behaviour, the test 
was divided into two parts and more nonprototypic diagrams were used. Part A assessed the 
students' procedural knowledge of tenths and hundredths while Part B assessed the students' 
conceptual knowledge. 
Another finding was that the students' results were possibly distorted due to the 
imbalance in the number of sub-items assessing tenths and assessing hundredths. To address 
this problem some hundredths items were deleted if they had been ambiguous (e.g., Items 7 
and 9) or did not provide further insight into student's knowledge (e.g., Item 1d, e, f, g and 
Item 21d). As a result of these changes, there were 27 sub-items that assessed tenths, 33 
sub-items that assessed hundredths and 18 sub-items that assessed tenths/hundredths. Table 
C-6 shows the classification for each item in terms of tenths, hundredths and 
tenths/hundredths. 
Table C-1 
Classification of the Modified Test (Tria/2) Items in Terms ofTenths, Hundredths, and 
Tenths/Hundredths. 
Concept/process 
Number 
identification 
Place value 
Regrouping 
Counting 
Ordering 
Estimating 
Tenths 
P ~s: Bl; B2a; B7a 
S~P: Nil 
S~L:Ala, c 
L~S:A2a, b 
A3c, e; 
A4a, c, d, e; A5b 
A6a,c 
A7a, b, c, d, e; A9a 
AlOa; Alla 
A12a 
Al3a, b 
Hundredths Tenths/hundredths 
P~S:B2b,c; P ~s: B4; B6a, b; 
S~P:B3 S~P: B5;B7b 
S~L:Alb,d S~L:NA 
L ~s: A2c, d, e, f L~S:NA 
A3a, b, d, f; A4f, g, h; 
A4b,i; A5a,c 
A6b,d Nil 
A8a, b, c, d, e; A9b, c, d Nil 
Allb AlOb, c; A11c, d, e, f, g 
A12b A12c 
ABc, d, e, f; Al4a; Al5a Nil 
PART A 
ITEM AI 
Write these numbers in words. 
(a) 4.7 
(b) 6.39 
(c) 0.8 
(d) 5.02 
Objective: To assess the symbol-+language component of number identification. 
ITEMA2 
Write these numbers. 
(a) 
(b) 
(c) 
(d) 
(e) 
(f) 
nine, and 5 tenths 
6 tenths 
four, and thirteen hundredths 
sixty hundredths 
forty, and one hundredth 
three hundredths 
Objective: To assess the language-+symbol component of number identification. 
ITEMA3 
Write the number that has: 
(a) 
(b) 
(c) 
(d) 
(e) 
(f) 
2 tenths, 5 hundredths, 4 ones 
19 ones, 2 hundredths 
7 ones 4 tenths 
3 hundredths, 6 tenths 
8 tenths 
5 hundredths 
Objective: To assess the student's understanding of place value. 
ITEMA4 
Write the missing numbers. 
(a) 0.3 X 10 = ............ (d) 0.7 X 100 = ............ (g) 0.09 X 10 = ............ 
(b) 0.04x 100= ............ (e) 1.2 X 10 = ............ (h) 0.37 X 10 = ............ 
(c) 72+10= ............ (f) 4.7+10= ............ (i) 8 + 100 = ············ 
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Objective: To assess the student's understanding of the base-10 relationship inherent in the 
decimal number system. 
ITEMA5 
(a) Does 2.3 have the same value as 2.30? 
(b) Does 2.3 have the same value as 02.3? 
(c) Does 2.3 have the same value as 2.03? 
Objective: To assess the student's understanding of zero as a placeholder. 
ITEMA6 
Write the missing numbers. 
(a) 36 tenths= ........... . 
(b) 125 hundredths = ........... . 
(c) 86 tenths 3 hundredths = ........... . 
(d) 7 tenths 14 hundredths = ........... . 
Objective: To assess the students' understanding of renaming. 
ITEMA7 
Write the number that is 1 tenth more than: 
(a) ·9.4 
(d) 1.94 
(b) 2.9 
(e) 5 
(c) 4.06 
Objective: To assess the student's understanding of place value. 
ITEM AS 
Write the number that is 1 hundredth more than: 
(a) 2.76 
(d) 6 
(b) 3.9 
(e) 4.91 
(c) 0.09 
Objective: To assess the student's understanding of place value. 
ITEMA9 
Complete the counting sequences. 
(a) 8.7, 8.8, 8.9, 
(b) 1.67, 1.68, 1.69, 
(c) 3.06, 3.07, 3.08, 
(d) 4.65, 4.75, 4.85, 
Objective: To assess the student's understanding of counting decimal numbers. 
ITEMAIO 
Write any number that comes between: 
(a) 7.85 and 9.23 
(b) 18.28 and 18.5 _____ _ 
(c) 1.5 and 1.6 
Objective: To assess the student's understanding of comparing and ordering decimal 
numbers. 
ITEM All 
In each box, ring the number that is worth more. 
(a) (b) (c) (d) (e) (f) (g) 
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~ 8 ~ 9 [;] 3 ~ 5 ~ 7 [;] 0 [;] 
Objective: To assess the student's understanding of comparing. 
ITEMA12 
Write each set of numbers, in order, from smallest to largest in value. 
(a) 3.4, 2.8, 3 
(b) 4.73, 4.28, 4.65 
(c) 9, 3.8, 3.21 
Objective: To assess the student's understanding of ordering decimal numbers. 
ITEMA13 
Round each number to the nearest whole number. 
(a) 
(dO 
6.2---
12.70--
(b) 
(e) 
0.8 
0.54--
(c) 
(f) 
8.39--
1.09---
Objective: To assess the student's ability to approximate decimal numbers. 
ITEMA14 
Colour 0.93 of the shape below. 
Objective: To assess the student's number sense. 
ITEMA15 
This is 0.52 of a shape. Draw the whole shape. 
Objective: To assess the student's number sense. 
PARTB 
ITEMBl 
Tick the number of chocolate bars sally ate. Sally ate ... 
2 and 4 tenths 
2.4 
2.04 
2 and 4 tenths 
2 and 4 hundredths 
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Objective: To assess the student's ability to interpret a pictorial representation oftenths and 
to associate it with the language and formal symbolic recording. 
ITEMB2 
Write the number that shows how much of each shape has been shaded. 
(a) (b) (c) 
I ~ 
I I I 
I I 
I I 
I I I 
I I I 
I I 
I I I I 
I I J J I I 
Objective: To assess the pictur~mbol component of number identification. 
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ITEMB3 
Shade 0.43 of the shape below. 
I I I , I I I 
I ! I I I I ! I 
I i I I I I 
I I I I I 
I I I I I I 
I I I I I 
I I I 
I I I I 
I I I I 
Objective: To assess the symbol-+picture component of number identification. 
ITEMB4 
Shade 0.17 ofthe shape below. 
I 
I II 
Objective: To assess the symbol-+picture component of the part/part relationship of tenths 
and hundredths. 
ITEMB5 
Colour 0.2 of the shape below. 
111111111111111111111 
Objective: To assess the student's understanding of the equivalence of decimal fractions. 
ITEMB6 
Complete the following. 
- ShowmeO.Ol ShowmeO.lO 
This is 0.1 ..... 
Objective: To assess the student's understanding of the part/part notion of tenths and 
hundredths. 
ITEMB7 
(a) What number is at A? 
0 A 
I I 
1 
I I 
2 
I I 
Objective: To assess the student's ability to unitise a linear model. 
(b) Show where 1.68 would be on the number line below. 
0 
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I 
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1 
I I 
2 
I I I I 
Objective: To assess the student's ability to unitise and reunitise a linear model. 
PROCEDURE 
For Trial2, the modified test was administered at the schools in the students' 
classrooms. School A had one class per room while School B had large open classrooms 
that incorporated two classes, each of which had one end of the room allocated as their home 
area. Because the test was to be administered to all of the students at the same time, the 
students were seated at individual desks which were well-separated. The test was 
administered during the morning so that the students would be relatively fresh. School A 
students were tested the day before School B students. 
For this trial, three interviewers (the investigator and two others) were used so that 
all classes started at the same time. To accommodate this procedure, the three interviewers 
had written instructions as to what directions were to be given to each class. In each school, 
the class teacher was present throughout the survey and was given a copy of the test. 
Similar explanations and directions were given to these students as had been given to 
the students in the Test Development Cycle (Trial!). The students were given the first part 
of the test and, when this was completed and handed in to the interviewer, they were given 
the second part. This was done to ensure that the students could not use the diagrams in the 
second part to help them answer any of the questions in the first part, a behaviour that was 
discovered in the first trial. 
The tests were scored by the investigator, the results tabulated, proficient and 
semiproficient students were identified, and the structural knowledge of these groups were 
examined for similarities and weakness with respect to: (a) the decimal-fraction 
components; and (b) the numeration processes. To facilitate this comparison, other tables 
and graphs were developed. 
ANALYSIS 
In this trial, the focus was on determining similarities and differences in proficient 
and semiproficient knowledge and on determining knowledge strengths and weakness across 
all performance categories. To this end, the tests were scored and individual means for 
tenths and hundredths were developed from which the proficient and semiproficient students 
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were selected. The next stage of the analysis focused on identifying the areas oflmowledge 
in which the two groups differed. To do this, the means of each performance category were 
analysed in terms of the decimal-fraction components (tenths, hundredths, tenths/hundredth) 
and then in terms of the numeration processes with respect to tenths, hundredths and 
tenths/hundredths. The final stage of the analysis examined the individual performances of 
the two groups of students on those items that had been identified as revealing performance 
differences. The fine-grained analysis enabled some categories ofbehaviours to emerge and 
provided signposts for the lmowledge probe in the main interviews. 
RESULTS 
EXPLORING PROFICIENT AND SEMIPROFICIENT KNOWLEDGE 
Table C-2 provides the class and school means for the test items and shows that the 
classes from School A (5A, 5B, 5C) performed much better on Part A than on Part B. This 
suggested that these students' understanding of decimal numbers was influenced more by 
their knowledge of whole numbers than their lmowledge of fractions. The overall poor 
performance by the School B classes (5D, 5E, 5F) on both parts of the test indicated that 
these students had neither a sound understanding of whole numbers nor of fractions. 
Performance was generally poor on Items A4 (multiplicative structure), A6 (regrouping), 
AlO (ordering), B5 (reunitising) and B6 (reunitising). 
Table C-2 
Class and School Means (%)for the Test Items (Trial 2). 
Test items (Parts A and B) for Trial2 
Class/ 
School AI A2 A3 A4 AS A6 A7 AS A9 AIO A 11 Al2 
5A 85.3 89.7 77.0 43.3 80.5 43.1 62.8 64.1 66.4 51.7 80.3 52.9 
5B 64.0 74.0 66.7 12.4 80.0 29.0 47.2 52.0 71.0 42.7 52.6 54.7 
5C 84.6 84.6 84.0 64.5 91.0 44.2 77.7 89.2 74.0 64.1 84.1 70.5 
5D 26.0 55.1 42.3 9.0 64.1 26.0 30.8 36.2 60.6 37.2 45.1 48.7 
5E 36.5 51.4 25.7 8.8 44.4 35.4 35.0 19.2 45.8 29.2 29.8 26.4 
5F 56.7 75.0 72.4 35.5 80.8 37.5 49.2 55.4 63.5 62.8 70.9 67.9 
School A 78.4 83.1 76.0 40.6 83.8 39.1 62.8 68.5 70.3 52.9 72.9 59.2 
SchoolB 39.8 60.7 47.4 18.0 63.6 32.9 38.4 37.4 56.9 43.4 49.1 48.2 
Class/ 
School Al3 Al4 Al5 M(A) Bl B2 B3 B4 B5 B6 B7 M(B) 
5A 60.3 51.7 37.9 65.3 58.6 58.6 93.1 37.9 13.8 13.8 48.3 45.8 
5B 38.7 56.0 52.0 50.0 40.0 53.3 80.0 56.0 8.0 36.0 36.0 44.4 
5C 66.7 42.3 57.7 74.7 57.7 65.4 92.3 50.0 38.5 23.1 55.8 53.8 
5D 40.4 46.2 38.5 37.9 46.2 30.8 100.0 34.6 0.0 13.5 55.8 37.4 
5E 15.3 33.3 20.8 28.9 50.0 25.0 70.8 29.2 0.0 8.3 37.5 28.8 
5F 49.4 50.0 57.7 58.1 88.5 53.8 88.5 84.6 19.2 5.8 50.0 50.3 
School A 55.6 50.0 48.8 63.5 52.5 59.2 88.8 47.5 20.0 23.8 46.9 48.0 
School B 35.5 43.4 39.5 42.0 61.842 36.842 86.842 50 6.5789 9.2105 48.026 39.115 
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Four significant differences (p~0.02) using Independent Sample T-tests emerged 
from comparing classes in terms of their overall performances. (The required probability 
level was divided by 20 to take into account that 17 tests were performed.) The four 
differences were: (a) School A performed significantly better than School B; (b) the class 
that performed best at School A (SC) performed significantly better than the class that 
performed best at School B (SF); (c) Class SF from School B performed significantly better 
on this test than either of the other two classes from the same school; (d) the class that 
performed worst at School A performed significantly better than the class that performed 
worst at School B. (See Chapter 6 for a discussion of these issues.) 
DENTIFICATION OF HIGH PROFICIENT AND SEMIPROFICIENT STUDENTS 
Proficient and semiproficient students were differentiated with respect to 
performance in tenths and hundredths. In determining each student's performance in 
hundredths, the sub-items related to tenths/hundredths were included with those sub-items 
that assessed hundredths only. The students' performances with respect to tenths and 
hundredths may be found in Tables B-8 and B-9. From these tables, proficient and 
semiproficient students were identified. 
Table C-3 
Class and School A Means (0/6) for the Test Items (Trial 2). 
Student/ Student/ Student/ 
Class h Class t h Class h 
&hoof A 
Al 61.5 43.1 Bl 26.9 21.6 Cl 73.1 72.5 
A2 65.4 51.0 B2 65.4 51.0 C2 76.9 66.7 
A3 53.8 47.1 B3 46.2 13.7 C3 96.2 84.3 
A4 84.6 86.3 B4 92.3 80.4 C4 84.6 80.4 
AS 80.8 78.4 BS 69.2 70.6 cs 76.9 52.9 
A6 57.7 56.9 B6 76.9 74.5 C6 80.8 56.9 
A7 19.2 25.5 B7 26.9 27.5 C7 80.8 70.6 
AS 26.9 43.1 B8 92.3 76.5 C8 96.2 76.5 
A9 69.2 58.8 B9 34.6 45.1 C9 76.9 74.5 
AlO 84.6 80.4 B!O 80.8 78.4 C!O 76.9 39.2 
All 76.9 62.7 Bl! 69.2 49.0 Cl! 34.6 31.4 
Al2 96.2 68.6 Bl2 30.8 51.0 Cl2 96.2 74.5 
Al3 84.6 72.5 Bl3 46.2 17.6 Cl3 80.8 58.8 
Al4 88.5 51.0 Bl4 61.5 51.0 Cl4 69.2 64.7 
Al5 73.1 51.0 B!S 30.8 9.8 CIS 38.5 23.5 
Al6 100 82.4 Bl6 34.6 23.5 C16 100 74.5 
Al7 50.0 45.1 B17 46.2 31.4 C17 88.5 74.5 
Al8 46.2 39.2 B18 38.5 39.2 C18 100 68.6 
Al9 61.5 51.0 B19 61.5 43.1 C19 84.6 70.6 
A20 100 96.1 B20 50.0 25.5 C20 53.8 58.8 
A21 69.2 43.1 B21 34.6 17.6 C21 76.9 64.7 
A22 38.5 9.8 B22 57.7 35.3 C22 73.1 58.8 
A23 76.9 58.8 B23 46.2 35.3 C23 92.3 76.5 
A24 65.4 51.0 B24 65.4 60.8 C24 69.2 66.7 
A25 61.5 31.4 B25 57.7 47.1 C25 69.2 41.2 
A26 88.5 62.7 C26 69.2 68.6 
A27 57.7 25.5 
A28 76.9 66.7 
A29 80.8 76.5 
Class 68.8 55.8 Class 53.7 43.1 Class 77.5 63.5 
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Table C-4 
Class and School B Means (%)for the Test Items (Trial 2). 
Stud enD Stud enD 
Class Class 
D1 42.3 28.1 El 23.1 19.6 Fl 96.2 72.5 
D2 73.1 56.1 E2 42.3 15.7 F2 73.1 54.9 
D3 15.4 31.6 E3 30.8 17.6 F3 84.6 74.5 
D4 38.5 50.9 E4 38.5 21.6 F4 80.8 64.7 
DS 30.8 33.3 E5 61.5 60.8 FS 38.5 27.5 
D6 30.8 24.6 E6 76.9 66.7 F6 19.2 23.5 
D7 7.7 17.5 E7 7.7 5.9 F7 46.2 29.4 
D8 19.2 29.8 E8 0.0 2.0 F8 57.7 33.3 
D9 46.2 43.9 E9 42.3 17.6 F9 69.2 66.7 
DIO 38.5 33.3 ElO 50.0 29.4 FlO 92.3 84.3 
Dll 65.4 49.1 Ell 23.1 7.8 Fll 69.2 62.7 
Dl2 61.5 52.6 El2 53.8 11.8 Fl2 53.8 412 
D13 69.2 56.1 El3 61.5 31.4 F13 96.2 80.4 
Dl4 23.1 33.3 El4 7.7 0.0 Fl4 42.3 13.7 
DIS 73.1 71.9 EIS 23.1 19.6 FlS 42.3 35.3 
D16 53.8 45.6 El6 84.6 58.8 Fl6 73.1 64.7 
Dl7 42.3 40.4 El7 23.1 13.7 Fl7 42.3 27.5 
Dl8 30.8 31.6 El8 61.5 21.6 Fl8 80.8 66.7 
D19 46.2 38.6 El9 30.8 9.8 Fl9 57.7 35.3 
D20 46.2 22.8 E20 26.9 21.6 F20 42.3 25.5 
D21 15.4 12.3 E21 46.2 17.6 F21 57.7 15.7 
D22 34.6 43.9 E22 57.7 23.5 F22 73.1 66.7 
D23 34.6 14.0 E23 53.8 13.7 F23 50.0 41.2 
D24 34.6 22.8 E24 61.5 19.6 F24 76.9 76.5 
D25 38.5 28.1 F25 61.5 29.4 
D26 46.2 43.9 F26 92.3 78.4 
Class 40.7 36.8 Class 41.2 22.0 Class 64.2 49.7 
As discussed earlier, the criteria for proficiency in Trial 2 was :?:90% for tenths and 
:?:80% for hundredths whilst the criteria for semiproficiency was :?:90% for tenths and :::;75% 
for hundredths. From the results presented in tables B-8 and B-9, the following students 
were identified: Al6, A20, B4, C3, FlO, F13, F26 (proficient)! A12, Al4, A26, B8, C8, 
Cl2, Cl6, C18, C23, E16, Fl (semiproficient). 
According to the criteria, no students could be considered as proficient in some 
classes (5D and 5E) whilst, in 5E, no student could be considered as semiproficient. Many 
students exhibited the distribution patterns for semiproficiency but their tenths score was too 
low to be considered appropriate for this performance category. 
DIFFERENTIATING STRUCTURAL KNOWLEDGE 
TENTHS, HUNDREDTHS, TENTHS/HUNDREDTHS 
Table C-5 provides the proficient and semiproficient students' performance with 
respect to all three decimal-fraction components (tenths, hundredths, tenths/hundredths). 
When the tenth/hundredths scores were separated from the hundredths scores, the proficient 
students maintained their proficiency category. However, four of the semiproficient students 
(B8, C 16, C23 and F 1) reflected the proficiency distributions indicating that, for these 
students, reunitising tenths as hundredths may be the major deterrent in reaching proficiency. 
This was particularly noticeable for two semiproficient students (A14 and El6) who 
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maintained their semiproficiency rating but whose tenths/hundredths performance was very 
poor (27.8% for each student). 
Table C-5 
Proficient and Semiproficient Means(%) for Tenths and Hundredths and for Tenths, Hundredths and 
Tenths/Hundredths (Trial2). 
Proficient students Semiproficient students 
Student I Ii I ·Ii I7Ii Student I Ii t Ii VIi 
A16 100.0 82.4 !OM 87.9 72.2 Al2 96.2 68.6 96.2 72.7 61.1 
A20 100.0 96.1 100.0 93.9 100.0 A14 88.5 51.0 88.5 63.6 27.8 
B4 92.3 80.4 92.3 84.8 72.2 A26 88.5 62.7 88.5 60.6 66.7 
C3 96.2 84.3 96.2 84.8 83.3 B8 92.3 76.5 92.3 84.8 61.1 
FlO 92.3 84.3 92.3 78.8 94.4 C8 96.2 76.5 96.2 75.8 77.8 
F13 96.2 80.4 96.2 81.8 77.8 C12 96.2 74.5 96.2 75.8 72.2 
F26 92.3 78.4 92.3 78.8 77.8 C16 100.0 74.5 100.0 78.8 66.7 
C18 100.0 68.6 100.0 69.7 66.7 
C23 92.3 76.5 92.3 84.8 61.1 
E16 84.6 58.8 84.6 75.8 27.8 
Fl 96.2 72.5 96.2 78.8 61.1 
Note. Students are referred to by their class and their position in that class when the names were 
arranged in alphabetical order. Therefore, Al6 =student number 16 in Class A. 
NUMERATION PROCESSES 
Table C-6 provides the proficient and semiproficient students' means for the 
numeration processes with respect to tenths, hundredths and tenths/hundredths and highlights 
those means that are below the expected level for that particular performance category. 
Table C-6 
Proficient and Semiproficient Students' Means(0/6) for the Numeration Processes With Respect to the 
Decimal-Fraction Components (Trial2). 
Numeration processes 
NUiriber Identihcatton Place value Regroupmg 
Student t h tlh t h tlh t h 
Countmg 
t h 
Al6 
A20 
B4 
C3 
FlO 
Fl3 
F26 
Al2 
Al4 
A26 
B8 
C8 
Cl2 
:!:~ ~~:~~,~~! 
85.7 1oo.o 'tw;o; 
85.7 77.8 
77.8 
88.9 
85.7 88.9 
85.7 
85.7 
85.7 
Proficient students 
100.0 83.3 80.0 
100.0 100.0 100.0 
85 7 "00:"'7'~ '6<1'(} 
. ,~!t:~izl}:~i:C?:it:l~: 
100.0 100.0 100.0 
100.0 100.0 100.0 
85.7 83.3 100.0 
100.0 100.0 
100.0 100.0 
100.0 100.0 
100.0 100.0 
100.0 100.0 
100.0 100.0 
100.0 87.5 
100.0 100.0 
100.0 100.0 
83.3 100.0 
100.0 
100.0 
85.7 83.3 8o.o i!3SL~~~~i2:It 1oo.o 1oo.o 
Semiproficient students 
100.0 100.0 100.0 50.0 
85.7 83.3 80.0 50.0 
1 oo.o r~~Q!Wi 
10o.o "foo~o· 
100.0 100.0 
100.0 50.0 
100.0 50.0 
100.0 50.0 
100.0 50.0 
100.0 50.0 
100.0 50.0 
100.0 
83.3 
83.3 
83.3 
83.3 
75.0 
100.0 
87.5 
100.0 
100.0 
87.5 
75.0 
Ordenng EStunatmg 
h tlh t h 
66.7 100.0 100.0 100.0 100.0 
66.7 100.0 100.0 100.0 100.0 
66.7 100.0 87.5 100.0 83.3 
66.7 100.0 87.5 100.0 83.3 
66.7 100.0 100.0 100.0 100.0 
66.7 100.0 87.5 100.0 66.7 
66.7 100.0 100.0 100.0 66.7 
66.7 100.0 75.0 100.0 ;5o.o 
66.7 
66.7 
66.7 
66.7 
66.7 
66.7 
66.7 
100.0 100.0 ,,'63:3 
~~~:~l~ ;~~sYJ~~&d% 
100.0 
100.0 
100.0 
100.0 
100.0 
87.5 
75.0 
75.0 
75.0 
75.0 
100.0 66.7 
100.0 66.7 
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Table C-6 does not illuminate the difference between proficient and semiproficient 
lmowledge. However, both groups appear to have an impoverished understanding of the 
part/part notion of tenths/hundredths and an incomplete understanding of each of the other 
processes. Because an understanding of unitising, reunitising and place value is integral to 
all of the processes, the students' results for each of the number identification and place 
value items were examined. (See Table C-7.) 
Table C-7 
Proficient and Semiproficient Students' Means (%)for the Number Identification and Place Value 
Items (Trial2). 
Number identification items Place value items 
Student AI AZ BI BZ B3 Bll B5 Bo B7 A3 All AS 
Prohc1ent stUdents 
A16 100 100 100 100 100 00.0 00.0 50.0 100 100 77.8 100 
A20 100 100 100 100 100 100 100 100 100 100 100 100 
B4 100 100 100 100 100 100 100 100 50.0 83.3 55.6 100 
C3 100 83.3 100 100 100 100 00.0 100 100 100 100 100 
FlO 00.0 100 100 100 100 100 00.0 00.0 100 100 100 100 
Fl3 75.0 100 100 100 100 100 100 00.0 100 100 77.8 100 
F26 100 83.4 100 100 100 100 00.0 00.0 100 100 66.7 100 
semlproficlent stUdents 
A12 100 100 100 100 100 00.0 00.0 00.0 100 100 100 100 
A14 100 100 100 100 100 00.0 00.0 00.0 100 100 77.8 66.7 
A26 100 100 00.0 66.7 100 100 00.0 00.0 100 100 100 100 
B8 100 100 100 66.7 100 100 00.0 00.0 100 100 44.4 66.7 
C8 100 100 100 00.0 100 100 100 00.0 50.0 100 100 100 
Cl2 100 100 100 00.0 100 100 100 100 50.0 100 88.9 100 
Cl6 100 83.3 100 66.7 100 00.0 00.0 50.0 50.0 83.3 100 100 
C18 100 100 100 66.7 100 00.0 00.0 100 100 83.3 100 100 
C23 100 100 00.0 100 100 00.0 00.0 00.0 100 100 100 100 
E16 75.0 100 100 100 100 100 00.0 00.0 50.0 100 00.0 100 
F1 100 100 100 100 100 100 00.0 00.0 100 100 77.8 66.7 
~- For the test items, Al =the first item in Part A; B5 =the fifth item in Part B. 
With respect to the number identification items, most students were more successful 
on those items which required the identification of numbers presented in either word or digit 
form (Items Aland A2) than they were on those items which required unitising and 
reunitising pictorial representations of decimal numbers (the Part B items). Of the Part B 
items, the proficient students performed poorly on two of the seven items (B5, B6) whereas 
the semiproficient students performed poorly on five of the seven items (B2, B4, BS, B6, 
B7). This behaviour indicated that translating pictorial models of decimal fractions was 
difficult for many students. 
With respect to the place value items, both groups of students performed more 
poorly on Item A4 (multiplicative structure) than they did for the other two items. 
Table C-8 provides the sub-items for each of the number identification and place 
value items with which the students had difficulty. Ofthose items that caused difficulty in 
the number identification component, B2 and B7a dealt with unitising tenths and hundredths 
whilst the remainder dealt with reunitising tenths as hundredths (B4, B5, B6, B7b). The 
behaviours of the proficient and semiproficient students in answering each item are 
examined and analysed with respect to unitising and reunitising. 
Table C-8 
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Proficient and Semiproficient Peifonnance (Correct/Incorrect) for Items B2, B4, B5, B6, B7 and A4 
(Trial2). 
Nwnber identification Place value 
B2 B4 B5 B6 B6 B/ B/ A4 
Student a b c a b a b a b c d e f g h 
Profictent stUdents 
Al6 .,1' .,1' .,1' X X X .,1' .,1' .,1' .,1' X .,1' .,1' .,1' X .,1' .,1' .,1' 
A20 .,1' .,1' .,1' .,1' .,1' .,1' .,1' .,1' .,1' .,1' .,1' .,1' .,1' ,( ,( .,1' ,( .,1' 
B4 .,1' .,1' ,( ,( .,1' .,1' .,1' X .,1' ,( .,1' X X X X X X X 
C3 .,1' .,1' .,1' .,1' X .,1' ,( ,( .,1' ,( .,1' .,1' ,( ,( .,1' ,( .,1' .,1' 
FlO .,1' .,1' ,( ,( X X X .,1' .,1' ,( .,1' ,( ,( ,( .,1' .,1' .,1' .,1' 
Fl3 .,1' .,1' .,1' .,1' .,1' X X .,1' ,( .,1' X X ,( ,( ,( ,( ,( ,( 
F26 .,1' .,1' ,( ,( X X X .,1' .,1' ,( X .,1' .,1' ,( X .,1' ,( ,( 
sermprofictent stUdents 
Al2 .,1' ,( ,( X X X X .,1' .,1' ,( .,1' .,1' ,( ,( .,1' ,( ,( .,1' 
Al4 .,1' ,( .,1' X X X X .,1' .,1' ,( .,1' ,( X .,1' ,( .,1' .,1' X 
A26 .,1' X ,( .,1' X X X .,1' .,1' ,( .,1' ,( ,( ,( ,( .,1' ,( ,( 
B8 .,1' X .,1' .,1' X X X .,1' ,( ,( X X ,( X X .,1' .,1' X 
C8 X X X ,( ,( X X X .,1' .,1' .,1' .,1' .,1' ,( ,( .,1' ,( ,( 
Cl2 X X X .,1' .,1' X .,1' X ,( ,( .,1' ,( ,( .,1' .,1' ,( .,1' X 
Cl6 .,1' X .,1' X X X .,1' X ,( .,1' .,1' ,( ,( ,( .,1' .,1' .,1' .,1' 
Cl8 .,1' X ,( X X X .,1' .,1' .,1' ,( .,1' .,1' ,( ,( ,( .,1' ,( ,( 
C23 .,1' .,1' .,1' X X X X .,1' ,( .,1' .,1' ,( ,( ,( ,( .,1' .,1' .,1' 
El6 .,1' .,1' .,1' .,1' X X X X ,( X X X X X X X X X 
Fl .,1' .,1' ,( .,1' X X X .,1' ,( X ,( ,( ,( .,1' X ,( .,1' .,1' 
Note. B2a =the first sub-item in Item 2 in Part B of the test; ./=correct response; x =incorrect 
response. 
Unitising tenths Items B2a required the students to unitise a prototypic area model 
as tenths whilst Item 7a required the students to unitise a prototypic linear model as tenths. 
As revealed by Table C-8, the students appeared to find it more difficult to unitise tenths 
from a linear model than from an area model, a behaviour that was noted in Section 2.2.2. 
As the results show, all the proficient students were successful on Item B2a (the area 
model showing 2 tenths shaded) but 2 semiproficient students were unsuccessful - one 
student (C8) recorded the fraction as "8" and the other (C12) recorded it as ".8". Both of 
these students seemed to have considered the diagram from a ratio perspective, namely, part-
to-part, and focused on the unshaded part when recording their answer. However, in the 
remaining sub-items ofltem B2 (involving unitising hundredths), Student C12 did not 
maintain this thinking whilst Student C8 did, recording 26 and 96 respectively instead of 
0.74 and 0.04. 
With respect to Item B7a (the linear model), 1 proficient student and 4 
semiproficient students answered this incorrectly. The proficient student recorded 0.3 
instead of 0. 7, indicating that ratio thinking was employed. Of the 4 incorrect semiproficient 
students, 2 did not attempt an answer, one wrote 1.2 whilst the remaining student wrote 0.6 
which may have resulted from counting the partitions instead of the intervals. 
The students' behaviours on these examples indicated the need to probe, in the 
interviews, the fraction concept and the unitising process. 
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Unitising hundredths. Items B2b and B2c addressed the students' ability to unitise a 
prototypic area model of hundredths. All the proficient students were successful with this 
process but 6 of the 11 semiproficient students answered Item B2b incorrectly and 2 
answered Item B2c incorrectly. This was strange because it was thought that Item B2c 
would cause more difficulty, not in the unitising, but in the recording of 4 hundredths 
because of the internal zero. In fact, only one of the semiproficient students wrote the 
resulting fraction as ".4". The other student (C8) continued to use the ratio thinking to 
answer these sub-items. 
With respect to Item B2b, one of the incorrect semiproficient students wrote "64 
hundredths" whilst four wrote either 0.84 or .84. Whilst these could be explained as 
counting errors, they could also be explained as emerging from the ratio thinking (combined 
with impoverished subtraction techniques). For example, the students may have focused on 
the unshaded part (26), taken the 2 rows of 10 from 10 rows of 10 to get "8 tenths" and then 
subtracted the remaining 6 unshaded squares to get "4 hundredths" (or simply added the 4 
shaded squares). These behaviours warrant probing in the interview. 
Reunitising tenths as hundredths. The remaining items all focused on this process. 
Item 4 involved a prototypic area model, Items B5 and B6 involved nonprototypic area 
models whilst Item B7b involved a linear model. Both groups performed surprisingly well 
on the linear model. However, the proficient students performed poorly on the 
nonprototypic area models only whereas the semiproficient students performed poorly on 
both the prototypic and nonprototypic area models. 
With respect to Item B4, the one incorrect semiproficient student shaded 14 
hundredths, a behaviour that is difficult to explain in view of the fact that the student had 
partitioned appropriately to generate hundredths. Of the 5 incorrect semiproficient students, 
4 did not attempt to answer the sub-item whilst the remaining student shaded 7 columns (i.e., 
7 tenths). 
Item B5 revealed a difference in thinking between the proficient and semiproficient 
students. In this item, a rectangle was partitioned into 5 rows of 20 and the students were 
asked to shade 0.2 of the shape. Of the 4 incorrect proficient students, 3 shaded 2 whole 
rows (i.e., 0.40) whilst the remaining student shaded 5 columns (i.e., 0.25), possibly a 
careless error in thinking that each column had 4 squares/hundredths. These behaviours 
suggested that, because of the overuse of the prototypic 10 x 10 grid used to represent 
hundredths, these students have come to equate tenths with either full rows or full columns 
(i.e., they have syntactic understanding of tenths and hundredths). 
Of the 9 incorrect semiproficient students, 1 did not attempt an answer, 1 shaded 2 
rows (i.e., 0.40), 7 shaded 2 squares (i.e., 0.02). These latter students appeared to focus on 
the "2" (the syntactic feature) of the given number without attending to its value (the 
semantic feature). 
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For Item B6, 2 proficient students and 6 semiproficient students did not attempt an 
answer, thus indicating the difficulty level of this item. This item suggested that one ofthe 
interview tasks should focus on partitioning nonprototypic models. 
Multiplicative structure. This was assessed through Item A4. The division sub-
items ( c, f, d, i) proved to be a general problem for both groups of students, with one 
proficient and one semiproficient student writing the answer as the result of a division 
operation (e.g., 72 + 10 was written as in 7 r 2, 4.7 + 10 was written as 4 r7, and 8 + 100 was 
written as 0 r 8), two proficient and two semiproficient students multiplying instead of 
dividing in 47 + 10, two semiproficient students inserting two internal zeros in 8 + 100 to 
record "0.08", and one semiproficient student inverting 8 : 100 to 100 + 8 to get "12 r". The 
most common error for the multiplication sub-items was to use the whole-number strategy of 
"adding" zeros to the end of the given number (e.g., 0.04 x 100 = 0.0400). 
CONCLUSIONS AND IMPLICATIONS 
SELECTION OF THE INTERVIEW STUDENTS 
The diagnostic test instrument had the capability of differentiating performance in 
terms of proficiency and semiproficiency but not the capability of differentiating structural 
knowledge in terms of proficiency and semiproficiency. However, it did illuminate the 
strengths and weakness of each performance category although there was no way of knowing 
whether correct responses were the result of syntactic or semantic knowledge or whether 
erroneous answers were due to availability or access problems. These findings have two 
major implications for the main study: (a) the need for an interview to probe the structural 
knowledge of proficient and semiproficient students, and (2) an in-depth analysis of the 
mathematical structures underlying the various concepts and processes. 
As well, another type of semiproficiency was also revealed, namely, students who 
were semiproficient in tenths, hundredths and tenths/hundredths. It would be interesting to 
determine why students such as these had not reached proficiency in tenths and what effect 
this had on their structural knowledge pertaining to hundredths and tenths/hundredths. 
DEVELOPMENT OF THE INTERVIEW TASKS 
The analysis of the semiproficient and proficient students' knowledge revealed that 
the concept of tenths and hundredths would need to be probed in the interview as well as the 
processes of unitising, reunitising and partitioning. More tasks should be related to the 
nonprototypic models because they appeared to challenge the students' thinking and tended 
to reveal those students who focused on syntactic rather than semantic knowledge. 
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With respect to the place value component of decimal numbers, the analysis showed 
that students generally found the multiplicative structure the most difficult component. 
Moreover, the erratic responses across the range of sub-items by some students suggested 
that correct responses might be the result of routinised procedures. 
MODIFICATION OF THE TEST INSTRUMENT 
The analysis of the Trial 2 results indicated that not conceptual changes should be 
made to the test. However, there was a need to include more sub-items related to tenths, 
more regrouping samples and more items related to multiplicative structure. 
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APPENDIXD 
TRIAL3 
Table D-1 
Class Means (%)for the Test Items (Trial 3). 
6C' 72.2 82.0 73.6 25.0 40.7 48.6 68.5 70.8 82.3 55.1 87.4 82.7 
6D' 54.6 65.6 40.7 21.0 29.6 35.2 43.0 43.0 86.7 45.7 73.3 66.7 
6E' 72.4 78.8 70.7 27.3 51.7 32.3 52.4 59.3 73.8 37.9 67.8 63.8 
6F' 67.308 82.418 68269 36.538 42.308 41.827 63.077 54.615 84.615 43.59 77.436 69231 
6G' 62.5 80.4 71.9 42.7 50.0 42.2 65.0 42.5 85.0 45.8 83.3 81.3 
Class Al3 Al4 A15 M(A) B1 B2 B3 B4 BS B6 B7 M(B) 
6A' 71.3 50.0 44.8 61.1 62.1 51.7 71.6 49.1 41.4 23.0 57.8 58.6 
6B' 66.7 50.0 48.2 59.2 67.9 40.5 53.6 46.4 10.7 13.1 60.7 44.1 
6C' 75.0 57.7 53.8 66.7 57.7 67.9 74.0 66.3 57.7 44.9 57.7 62.3 
6D' 48.8 31.5 20.4 50.2 29.6 40.7 61.1 60.2 37.0 19.8 51.9 47.0 
6E' 58.0 27.6 22.4 55.0 51.7 43.7 59.5 53.4 27.6 20.7 45.7 44.7 
6F' 56.41 50 44.231 60.7 61.5 47.4 62.5 46.2 19.2 20.5 34.6 42.9 
6G' 56.3 50.0 56.3 63.5 87.5 25.0 62.5 65.6 37.5 20.8 50.0 49.4 
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TableD-2 
Student and Class Means (%)for Tenths and Hundredths (Trial 3). 
Student t h Student t h Student t h 
A' I 9:3.0 92.4 131 51.4 50.:3 C1 157.4 ~15.1 
A'2 55.8 27.3 B'2 60.5 50.0 C'2 81.4 75.8 
A'3 69.8 51.5 B'3 62.8 51.5 C'3 48.8 27.3 
A'4 72.1 83.3 B'4 44.2 28.8 C'4 79.1 65.2 
A'S 46.5 47.0 B'5 79.1 72.7 C'S 81.4 75.8 
A'6 65.1 33.3 B'6 72.1 66.7 C'6 86.0 80.3 
A'7 69.8 48.5 B'7 72.1 57.6 C'7 44.2 33.3 
A'8 67.4 50.0 B'8 79.1 68.2 C'8 37.2 40.9 
A'9 37.2 30.3 B'9 69.8 25.8 C'9 39.5 24.2 
A'10 97.7 95.5 B'10 60.5 50.0 C'10 37.2 37.9 
A'11 46.5 36.4 B'11 48.8 45.5 C'11 93.0 86.4 
A'12 83.7 68.2 B'12 60.5 39.4 C'12 65.1 48.5 
A'l3 27.9 22.7 B'13 95.3 83.3 C'13 88.4 72.7 
A'14 48.8 50.0 B'14 90.7 86.4 C'14 37.2 33.3 
A'15 60.5 48.5 B'15 16.3 7.6 C'15 88.4 74.2 
A'16 93.0 81.8 B'16 46.5 28.8 C'16 95.3 83.3 
A'17 53.5 31.8 B'17 76.7 57.6 C'17 60.5 37.9 
A'18 95.3 84.8 B'18 62.8 50.0 C'18 72.1 57.6 
A'19 58.1 45.5 B'19 48.8 36.4 C'19 76.7 77.3 
A'20 55.8 48.5 B'20 67.4 42.4 C'20 95.3 86.4 
A'21 72.1 54.5 B'21 60.5 53.0 C'21 86.0 84.8 
A'22 88.4 83.3 B'22 46.5 21.2 C'22 97.7 97.0 
A'23 72.1 65.2 B'23 69.8 72.7 C'23 90.7 80.3 
A'24 74.4 63.6 B'24 51.2 30.3 C'24 74.4 63.6 
A'25 34.9 21.2 B'25 76.7 48.5 C'25 62.8 50.0 
A'26 65.1 62.1 B'26 74.4 60.6 C'26 79.1 71.2 
A'27 86.0 75.8 B'27 81.4 66.7 
A'28 58.1 33.3 B'28 44.2 31.8 
A'29 72.1 42.4 
CM 66.2 54.4 CM 64.3 50.5 CM 71.7 62.3 
D'1 27.9 42.4 E'1 44.2 24.2 F'1 90.7 77.3 G'1 37.2 27.3 
D'2 62.8 66.7 E'2 72.1 71.2 F'2 86.0 75.8 G'2 81.4 56.1 
D'3 55.8 54.5 E'3 39.5 25.8 F'3 65.1 28.8 G'3 86.0 75.8 
D'4 39.5 28.8 E'4 32.6 33.3 F'4 83.7 80.3 G'4 72.1 59.1 
D'S 46.5 40.9 E'S 55.8 36.4 F'S 95.3 90.9 G'S 58.1 53.0 
D'6 32.6 21.2 E'6 62.8 43.9 F'6 90.7 78.8 G'6 65.1 57.6 
D'7 30.2 18.2 E'7 62.8 43.9 F'7 65.1 50.0 G'7 39.5 30.3 
D'8 44.2 28.8 E'8 65.1 50.0 F'8 76.7 53.0 G'8 95.3 97.0 
D'9 27.9 16.7 E'9 79.1 63.6 F'9 34.9 30.3 
D'10 93.0 86.4 E'10 88.4 77.3 F'10 81.4 72.7 
D'11 60.5 65.2 E'11 48.8 37.9 F'11 46.5 18.2 
D'12 88.4 84.8 E'12 67.4 54.5 F'12 79.1 59.1 
D'13 25.6 22.7 E'13 62.8 45.5 F'13 53.5 56.1 
D'14 60.5 45.5 E'14 30.2 34.8 F'14 48.8 31.8 
D'15 58.1 39.4 E'15 65.1 54.5 F'15 90.7 92.4 
D'16 81.4 75.8 E'16 60.5 42.4 F'16 30.2 18.2 
D'17 44.2 28.8 E'l7 18.6 12.1 F'l7 90.7 63.6 
D'18 46.5 24.2 E'l8 100 95.3 F'18 20.9 9.1 
D'19 65.1 72.7 E'19 39.5 28.8 F'19 39.5 21.2 
D'20 83.7 60.6 E'20 86.0 87.9 F'20 67.4 57.6 
D'21 86.0 80.3 E'21 7.0 4.5 F'21 55.8 39.4 
D'22 55.8 48.5 E'22 76.7 74.2 F'22 62.8 47.0 
D'23 34.9 47.0 E'23 81.4 80.3 F'23 46.5 37.9 
D'24 39.5 24.2 E'24 62.8 40.9 F'24 76.7 62.1 
D'25 72.1 56.1 E'25 48.8 37.9 F'25 51.2 39.4 
D'26 20.9 6.1 E'26 27.9 22.7 F'26 74.4 62.1 
D'27 81.4 80.3 E'27 93.0 84.8 
E'28 44.2 47.0 
E'29 95.3 89.4 
CM 54.3 46.8 CM 59.3 49.7 CM 65.6 52.0 CM 66.9 57.0 
Table D-3 
Proficient and Semiproficient Students' and Peiformance Category Means (%)for Tenths and 
Hundredths, and for Tenths, Hundredths and Tenths/Hundredths (Tria/3). 
Performance categories 
Proficient students Semiproficient students 
Student 
HP1 
HP2 
HP3 
HP4 
HP5 
HP6 
HP7 
HP8 
HP9 
E'18 
C'22 
A'10 
G'8 
F'5 
A'1 
F'15 
E'29 
C'20 
HP10 C'll 
HPll D'10 
HP12 B'14 
h 
100 92.4 
97.7 97.0 
97.7 95.5 
95.3 97.0 
95.3 90.9 
93.0 92.4 
90.7 92.4 
95.3 89.4 
95.3 86.4 
93.0 86.4 
93.0 86.4 
90.7 86.4 
Category mean 94.8 91.0 
MP1 D'12 
MP2 E'20 
MP3 C'21 
MP4 B'1 
MP5 C'2 
MP6 C'5 
MP7 D'16 
86.0 84.8 
86.0 87.9 
86.0 84.8 
81.4 80.3 
81.4 75.8 
81.4 74.2 
81.4 75.8 
MP8 B'6 72.1 66.7 
Category mean 82.0 78.8 
LP1 
LP2 
LP3 
LP4 
LP5 
D'll 
E'28 
D'23 
E'14 
D'1 
62.8 65.2 
44.2 47.0 
34.9 47.0 
30.2 34.8 
27.9 42.4 
Categorymean 40.0 47.3 
h tlh 
100 95.3 87.0 
97.7 95.3 100 
97.7 97.7 91.3 
95.3 100 91.3 
95.3 93.0 87.0 
93.0 93.0 91.3 
90.7 100 78.3 
95.3 93.0 82.6 
95.3 95.3 69.6 
93.0 90.7 78.3 
93.0 90.7 78.3 
90.7 95.3 69.6 
Student 
High 
HSP1 A'18 
HSP2 C'16 
HSP3 B'13 
HSP4 A'16 
HSP5 F'6 
HSP6 F'1 
HSP7 F'17 
HSP8 E'10 
HSP9 A'27 
HSP10 G'3 
HSPll G'2 
HSP12 A'4 
h 
95.3 84.8 
95.3 83.3 
95.3 83.3 
93.0 81.8 
90.7 78.8 
90.7 77.3 
90.7 63.6 
88.4 77.3 
86.0 75.8 
86.0 75.8 
81.4 56.1 
72.1 83.3 
94.8 95.0 83.7 Categorymean 88.8 76.8 
86.0 93.0 69.6 
86.0 93.0 78.3 
86.0 90.7 73.9 
81.4 90.7 60.9 
81.4 86.0 56.5 
81.4 86.0 56.5 
81.4 76.7 73.9 
72.1 72.1 56.5 
82.0 85.5 66.3 
Low 
62.8 72.1 52.2 
44.2 55.8 30.4 
34.9 39.5 60.9 
30.2 48.8 8.7 
27.9 39.5 47.8 
40.0 51.2 40.0 
Medium 
MSP1 F'12 
MSP2 F'24 
MSP3 F'8 
MSP4 B'9 
MSP5 F'20 
MSP6 A'6 
MSP7 F'3 
79.1 59.1 
76.7 62.1 
76.7 53.0 
69.8 25.8 
67.4 57.6 
65.1 33.3 
65.1 28.8 
MSP8 A'19 58.1 45.5 
Categorymean 69.8 45.6 
h tlh 
95.3 90.7 73.9 
95.3 88.4 73.9 
95.3 86.0 78.3 
93.0 88.4 69.6 
90.7 83.7 69.6 
90.7 83.7 65.2 
90.7 76.7 39.1 
88.4 79.1 73.9 
86.0 83.7 60.9 
86.0 79.1 69.6 
81.4 65.1 39.1 
72.1 88.4 73.9 
88.8 82.9 65.6 
79.1 65.1 47.8 
76.7 76.7 34.8 
76.7 72.1 17.4 
69.8 27.9 21.7 
67.4 72.1 30.4 
65.1 44.2 13.0 
65.1 37.2 13.0 
58.1 58.1 21.7 
69.8 56.7 24.5 
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APPENDIXE 
INDIVIDUAL RESPONSES TO THE INTERVIEW TASKS 
Table E-1 
Students 'Responses to the Main Components of Task P 1. 
Main components of Task Pl 
Student Name Role Tenns 
HPl DP It shows parts of a number. WN,FR 
HP2 DP Urn, to divide the whole numbers away from - ah, what do you can them - the fractions. WN,FR 
HP3 DP To separate the numbers bigger than one and the numbers smaner than one. 
-,FR 
HP4 DP It's there to stop where the ones are and where the tenths and hundredths are -to separate them. WN,FR 
HPS DP To separate the ones from the hundredths and the tenths. WN,FR 
HP6 DP That's ... the 3's like full and that's the 7 tenths which is 7 tenths if you split a one into 10, that's WN,FR 
7 of them and that's 8 hundredths. 
HP7 DP It's splitting the whole numbers into fractions. WN,FR 
HP8 DP To separate the whole numbers from the parts. WN,FR 
HP9 DP To ... so you ... so you could separate the two. WN,FR 
HPIO DP To divide the whole numbers from the tenths and hundredths. WN,FR 
HPll DP So like you know that that's the whole number and those are the hundredths and tenths. WN,FR 
HP12 DP Because after the decimal point is a bit of numbers. WN,-
HSPl D To show where the ones stopped and the hundredths and tenths start, I think. WN,FR 
HSP2 DP It's to show that the things on that side (right) are a fraction of one. WN,FR 
HSP3 DP To separate the ones from the tenths and hundredths. WN,FR 
HSP4 DP So you don't ... wen, since it's there you know that they're (indicating 3, then 78) separate -,FR 
numbers but if it wasn't there you'd just think it was 3 hundred and 78. 
HSPS D To show that them two (tenths, hundredths) aren't numbers, they're fractions. WN,FR 
HSP6 DP To separate the ones and the tenths. WN,-
HSP7 D Because that's, urn, just the one and you can't go any further back so you put a decimal point and it WN,-
goes, ones, tens and keeps on going up again. 
HSP8 DP To show we've stopped with the fun numbers and we're going into parts. WN,FR 
HSP9 DP That's a whole number and that's part of a number. -,FR 
HSPIO D To split the ones from the tenths ... and the hundredths. -,FR 
HSPII DP Because that's (the . 78) is not a whole one. -,FR 
HSP12 DP It's instead of remainders and you can do the same with it as normal numbers but, urn, that WN,-
remainder (the .78) if you say like- say it was 3 into 11, you'd say 3 into 1 you can't do so 3 into 
11 goes 3 times (doing algorithm) and then you put the decimal point and there's 2 left over so you 
put that there then 3 into 20 is 6 and then you can keep on going from there. 
MPI DP To show that's a whole number and that's a fraction. WN,FR 
MP2 DP To show the end of the whole numbers. WN,FR 
MP3 D To show the whole numbers from the decimal numbers, say 78 in this case, 7 t 8 h. WN,-
MP4 D That's (the 3) a whole number and that's (the 78) not. WN,FR 
MPS D So it can separate the whole numbers from the half numbers. WN,-
MP6 p To separate the whole numbers from the fractions. WN,FR 
MP7 D To part the tenths and the ones. -,-
MP8 DP It separates the ... urn ... the ones from the tenths and hundredths. -,-
MSPl DP To make it different. WN,FR 
MSP2 DP To separate the ones from the hundredths. WN,-
MSP3 DP To separate the whole numbers from the parts of numbers. WN,FR 
MSP4 DP No response -,-
MSPS D To separate the numbers. -,-
MSP6 DP The 3 is a whole and the 78 are parts, it's (78) not a whole. WN,-
MSP7 DP Urn .. -,-
MSP8 D Urn ... it keeps sort of whole numbers or something. WN,FR 
LPI DP I don't know (laughing). -,-
LP2 DP To break up these two fractions ... ah , 3 and 78 hundredths. 
' 
LP3 DP To separate those two numbers (the 78) from that one (the 3 in 3.78). -,-
LP4 DP Urn ... to show ... to actuany separate the numbers. 
' 
LPS DP No response -,-
Note. DP = decimal point; D = decimal; P =point. 
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Table E-2 
Students' Responses to Task P2 (Reading Numbers, Place Names, Comparing). 
Main components of Task P2 
Reading numbers Place names Comparing 
P2.2 P2.4 P2.1 P2.3 P2.1 P2.2 P2.2 P2.2 P2. 
Student 378 378. 3.78 37.8 0, t, h Same Different 378, 3.78 3.78, 
HPl v' v' v' v' v' v' v' v' ..; 
HP2 v' v' ..; v' v' v' v' v' ..; 
HP3 v' v' v' v' v' v' v' v' ..; 
HP4 v' v' v' v' v' v' v' v' ..; 
HPS v' v' v'* v' v' v' v' v' ..; 
HP6 v' v' X v' v' v' v' v' ..; 
HP7 v' v' v'* v' v' v' v' v' ..; 
HP8 v' v' v'* v' v' v' v' v' ..; 
HP9 v' v' v' v' v' v' v' v' ..; 
HPIO v' v' v' v' v' v' v' v' ..; 
HPll v' .,/ v' v' v' v' v' v' ..; 
HP12 v' v' v' v' v' v' v' v' v' 
HSPl v' v' v' v' v' v' v' v' v' 
HSP2 v' v' v' v' v' v' v' v' v' 
HSP3 v' v' v' v' v' v' v' v' ..; 
HSP4 v' v' v' Xh v' v' v' v' v' 
HSPS v' v' Xfr v'* v' v' v' v' v' 
HSP6 v' v' v' v' v' v' v' v' v' 
HSP7 v' v' v'Jt v'* v' v' ..; v' v' 
HSP8 v' v' v' v' v' v' v' v' v' 
HSP9 v' v' v'Jt v' v' v' v' v' v' 
HSPIO v' v' v' v' v' v' v' v' v' 
HSPll v' v' v' v' v' v' v' v' v' 
HSP12 v' v' v'Jt v'* v' v' v' v' v' 
MPI v' v' v' v' v' v' v' v' v' 
MP2 v' v' v' v' v' v' v' v' v' 
MP3 v' v' v' v' v' v' v' v' v' 
MP4 v' v' v' v' v' v' v' v' v' 
MPS v' v' v' v' v' v' v' v' v' 
MP6 v' v' v' v'* v' v' v' v' v' 
MP7 v' v' v' v'* v' v' v' v' v' 
MP8 v' v' v'* v'* v' v' v' v' v' 
MSPI v' v' XH x*O XT, T/O,H v' v' v' v' 
MSP2 v' v' v'* v'* v' v'/N v' v' v' 
MSP3 v' v' v'* v'* v' v' v' v' v' 
MSP4 v' v' Xt v' v' v' v' v' ..; 
MSPS v' v' Xt v'* xT,H,O v'/N v' X ..; 
MSP6 v' v' v' v' xo,h, t v'/N v' v' ..; 
MSP7 v' v' xo XNA XH,T,O XNR XNR X X}; 
MSP8 v' v' v' v' xo,h, t v'/N v' v' ..; 
LPl v' v' v'/t v' XT,h,U XNR v' X ..; 
LP2 v' v' v' v'* v' v'/N v' v' ..; 
LP3 v' v' X*t x*U xw,H,OIU v'~=t v' X ..; LP4 v' v' XTh X*Th XT,H, Th v'/N v' X X 
LPS v' v' XNR xNA XH, -,- XNR XNR XNR X}; 
... Note. NA = not asked; NR = no response; * = rmtial syntactice response; W = whole; U = umts; H = 
hundreds; T =tens; t =tenths; h =hundredths; ./ /t =initial response was "tenths"; N =no; ../IN = 
initial response was "no"; 
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Table E-3 
Students' Responses to the Tenths and Hundredths Components of Task P2 and Task P3 (Current and 
Early Learning Experiences). 
Reading numbers Place Differentiating place Early learning experiences 
names names 
P2.1 P2.3 P2.1 Task P3.1 Task P3.2 TaskP3.3 
3.78 37.8 0, t, h Tit H/h Tit H/h t!h 
HPl v' v' v' v'N v'N y N N 
HP2 v' v' v' v'N v'N N N s 
HP3 v' v' v' v'N v'N s NA NA 
HP4 v' v' v' v'N v'N y NA NA 
HP5 v'* v' v' v'N v'N s N s 
HP6 v'lt v' v' v'N v'N y N NA 
HP7 v'* v' v' v'N v'N N s NA 
HP8 v'* v' v' v'N v'N N NA NA 
HP9 v' v' v' v'N v'N NA NA NA 
HPIO v' v' v' v'N v'N y N NA 
HPll v' v' v' v'N v'N N N N 
HP12 v' v' v' v'N v'N s N NA 
HSPl v' v' v' v'N v'N s s NA 
HSP2 v' v' v' v'N v'N N NA N 
HSP3 v' v' v' v'N v'N y N NA 
HSP4 v' Jet v' v'N v'N NA NA NA 
HSP5 Jtfr v'* v' v'N v'N y s N 
HSP6 v' v' v' v'N v'N y y s 
HSP7 v'lt v'* v' v'N v'N N s N 
HSP8 v' v' v' v'N v'N N NA NA 
HSP9 v'lt v' v' v'N v'N y y s 
HSPlO v' v' v' v'N v'N N s N 
HSPll v' v' v' v'N v'N N N N 
HSP12 v'lt v'* v' v'N v'N N NA NA 
MPl v' v' v' v'N v'N N NA NA 
MP2 v' v' v' v'N v'N N N y 
MP3 v' v' v' v'N v'N N N N 
MP4 v' v' v' v'N v'N NA NA y 
MP5 v' v' v' v'N v'N N N N 
MP6 v' v'* v' v'N v'N N N N 
MP7 v' v'* v' v'N v'N N N N 
MP8 v'* v'* v' v'N v'N s s N 
MSPl JtH Jt*O JeT, TIO, H JtNA JtNA NA NA s 
MSP2 v'* v'* v' v'N v'N y N NA 
MSP3 v'* v'* v' v'N v'N s y s 
MSP4 Jet v' v' JtS JtS s NA NA 
MSP5 Jet v'* JtT,H,O XNA XNA N s N 
MSP6 v' v' Jt0, h, t R v'N xs y N y 
MSP7 Jt0 NA JtH, T, 0 JtNA NR NA NA NA 
MSP8 v' v' Jt0, h, tR v'N v'N y NA N 
LPl v'lt v' Jt T, h, U JtY JtY y y N 
LP2 v' v'* v' JtY JtN s N NA 
LP3 Jt*t x*U JtW,H,OIU JtY JtY s NA NA 
LP4 XTh Jt*Th XT,H, Th XNA XNA NA NA NA 
LP5 xNR NA xH,-,- JtNA XNA NA NA NA 
.. Note. NA = not asked; NR = no response; * = lllitial syntactic response; R = reversed the place names 
(7h, 8t); U =units; 0 =ones; H =hundreds; T =tens; t =tenths; h =hundredths; N =no; x N = 
inappropriate explanation; Y = yes; S = sometimes. 
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Table E-4 
Students' Responses to Task P4 (Internal and External Zeros). 
P4.1 - External zeros P4.2 - Internal zeros 
03.78 3.780 Other 30.78 3.708 3.078 Other 
HPI ../ ../ ../ ../ [ ../] 
HP2 ../ ../ ../ ../ [ ../] 
HP3 ../ ../ ../ ../ [../] 
HP4 ../ ../ ../ ../ ../ 
HP5 ../ ../ ../ ../ [ ../] 
HP6 ../ ../ NA ../ [ ../] 
HP7 ../ ../ - - [../] 37.80; 0378.00 
HP8 ../ ../ ../ ../ [../] 
HP9 ../ ../ ../ ../ [../] 
HPIO ../ ../ ../ ../ [ ../] 
HPll ../ ../ ../ ../ ../ 
HP12 ../ - ../ ../ ../ [3.780]- Same value 
HSPI ../ ../ ../ ../ [ ../] 
HSP2 ../ ../ ../ ../ [ ../] 
HSP3 ../ ../ ../ ../ ../ 
HSP4 ../ ../ 3.078 30.78 3.708 -
HSP5 ../ ../ ../ ../ NA 
HSP6 ../ ../ ../ ../ ../ 
HSP7 ../ ../ ../ ../ ../ 
HSP8 ../ ../ ../ ../ ../ 
HSP9 ../ ../ ../ ../ [../] 
HSPIO ../ ../ ../ ../ ../ 
HSPll ../ ../ ../ ../ ../ 
HSP12 ../ - ../ ../ ../ [3.780]- Larger 
MPI ../ ../ ../ ../ ../ 
MP2 ../ ../ - ../ ../ 
MP3 ../ ../ ../ ../ ../ 
MP4 ../ ../ ../ ../ ../ 
MPS ../ ../ ../ ../ [../] 
MP6 ../ - ~ ../ - ../ 3.780- Same value 
MP7 ../ ../ ../ ../ ../ 
MP8 ../ - ../ ../ [../] 3.780- Larger 
MSPl ../ - 3.078- Conflict (L, -) ../ - ../ 3.780- Conflict (L, -) 
MSP2 ../ ~ Looks bigger ../ - ../ 3.780 
MSP3 ../ - ../ ../ - 3.780- Larger 
MSP4 ../ - ../ - ../ 3.780- Conflict (L, -) 
MSPS ../ - ../ - ../ 3.780- Larger 
MSP6 ../ - 3.708 ../ - NA [3.780]- Larger 
0.378 -Larger 
MSP7 NA NA NA NA NA 
MSP8 ../ - 3.078 ../ ../ - [3.780]- Larger 
LPI NA NA NA NA NA 
LP2 ../ ~ NA - ../ 3.780- Larger 
LP3 ../ ../ ../ ../ ../ 
LP4 - - 0.378 NA NA NA 
LP5 NA NA NA NA NA 
~- NA = not asked; strikethrough mdicates a number wntten then considered to be mappropnate 
(e.g., J.:W.S); [ ] =given by interviewer; Conflict (L, =)=conflict between larger value and same 
value. 
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Table E-5 
Students' Responses to Task P5 (Alignment and Grouping). 
PS.l - Alignment P5.2 - Groups P5.3-DP 
HPl ./ Th, H, T, 0, t., h; US ./ Th, H, T, 0, [WN]; t,h [Parts] ./ ./ 0 . t 
HP2 ./ Th, H, T, 0, t., h (vertically); US/ ./ Th, H, T, 0, [WN]; t,h [FRJ ./ ./ O.t 
HP3 ./ Th, H, T, 0, t., h; US ./ Th, H, T, 0, [WN]; t,h [Parts] ./ ./ 0 . t 
HP4 ./ Th, H, T, 0, t., h; US ./ Th, H, T, 0, [WN]; t,h [Parts] ./ ./ 0 . t 
HPS ./ Th, H, T, 0, t., h; US ./ Th, H, T, 0, [WN]; t,h [FR] ./ ./ O.t 
HP6 ./ Th, H, T, 0, t., h; US ./ Th, H, T, 0, [WN]; t,h [FR] ./ ./ 0 . t 
HP7 ./ Th, H, T, 0, t., h; US ./ Th, H, T, 0, [WN]; t,h [FR] ./ ./ 0 . t 
HP8 ./ Th, H, T, 0, t., h; PV X Th, H, T [big]; 0, t, h [small] x ./ O.t 
HP9 ./ Th, H, T, 0, t, h; US ./ Th, H, T, 0, [WN]; t,h [FR] ./ ./ O.t 
HPlO ./ Th, H, T, 0, t., h; US ./ Th, H, T, 0, [WN]; t,h [FR] ./ ./ O.t 
HPll ./ Th, H, T, 0, t., h; US ./ Th, H, T, 0*, [WN]; t,h [below WN]; X ./ 0 . t 
HP12 ./ Th, H, T, 0, t., h; US ./ Th, H, T, 0, [WN]; t,h [Bits] ./ ./ 0 . t 
HSPl ./ Th, H, T, 0, t., h; US ./ Th, H, T, 0, [WN]; t,h [FR] ./ ./ O.t 
HSP2 ./ Th, H, T, 0, t., h; US ./ Th, H, T, 0, [WN]; t,h [FR] ./ ./ 0. t 
HSP3 ./ Th, H, T, 0, t, h (R~L); US ./ Th, H, T, 0 [WN]; t, h [FR] ./ ./ O.t 
HSP4 ./ Th, H, T, 0, t., h; US X Th, H, T [greater nos]; 0, t, h [operations] x ./ O.t 
HSPS ./ Th, H, T, 0, t, h; US ./ Th, H, T, 0 [WN); t, h [FR] ./ ./ 0 . t 
HSP6 ./ Th, H, T, 0, t, h; US ./ Th, H, T, 0 [WN]; t, h [FR) ./ ./ 0 . t 
HSP7 ./ Th, H, T, 0, t, h; US ./ Th, H, T, 0 [no th]; t, h ["th"] x ./ 0 . t 
HSP8 ./ Th, H, T, 0, t, h US ./ Th, H, T, 0 [WN]; t, h [FR] ./ ./ 0 . t 
HSP9 ./ Th, H, T, 0, t, h; Th- 0 US; t, h ./ Th, H, t, 0 [WN[; t, h [Parts] ./ ./ 0. t 
SIL 
HSPIO ./ Th, H, T, 0, t, h; US ./ Th, H, T, 0 [WN]; t, h [FR] ./ ./ 0 . t 
HSPll ./ Th, H, T, 0, l1...t US X Th, H, T, 0; [above zero]; h, t [below zero] x ./ O.t 
HSP12 ./ Th, H, T, 0, t, h; US ./ Th, H, T, 0 [WN[; t, h [FR] ./ ./ 0 . t 
MPI ./ Th, H, T, 0, t., h; US ./ Th, H, T, 0, [WN]; t,h [FR] ./ ./ O.t 
MP2 ./ Th, H, T, 0, t., h; US ./ Th, H, T, 0, [WN); t,h [FR] ./ ./ 0 . t 
MP3 ./ Th, H, T, 0, t, h US ./ Th, H, T, 0 [WN[; t, h [FR] ./ ./ O.t 
MP4 ./ Th, H, T, 0, t, h; X Th, H, T, 0 [above zero]; t, h [below zero] x ./ O.t 
MPS ./ Th, H, T, 0, t, h; US ./ Th, H, T, 0 [WN]; t, h [FR] ./ ./ 0 . t 
MP6 ./ Th,H, T,O,t, h; US ./ Th, H, T, 0 [WN]; t, h [FR] ./ ./ 0 . t 
MP7 ./ Th, H, T, 0, t, h; US ./ Th, H, T, 0 [WN]; t, h [FR] ./ ./ 0 . t 
MP8 ./ Th, H, T, 0, t, h; US X Th, H, T [bigger, have zeros on the end]; ./ 0 . t 
0, t, h [smaller and go on right ofDP] X 
MSPI X Th, T, t, 0, H, h X Th, T, t [Large]; 0, H, h Small] X X t. 0 
MSP2 ./ Th, H, T, 0, t, h; US ./ Th, H, T, 0 [WN]; t, h [FR] ./ ./ O.t 
MSP3 ./ Th, H, T, 0, t, h; US ./ Th, H, T, 0 [WN]; t, h [Parts] ./ ./ 0. t 
MSP4 X H, T, 0, t, h, Th* X H, T, 0; t, h, Th [DP goes there (after 0)] x ./ 0 . t 
MSPS X Th, H, T, 0 [counting] ./ Th, H, T, 0 [counting nos]; h, t [decimal nos] X h.T 
h, t [Decimals] ./ t. h 
Th, H, h, T, t, 0 [2] 
MSP6 ./ Th, H, T, 0, t, h ./ Th, H, T, 0 [WN]; t, h [Bits] ./ ./ 0 . t 
MSP7 X Th,H,T,O X Couldn't name the groups X X T.O 
h,t 
MSP8 ./ Th, H, T, 0, t, h; US ./ Th, H, T, 0 [WN]; t, h [Parts] ./ ./ O.t 
LPl X Th, h, H, t, T, 0; US X Th, h, H [highest]; t, T, 0 [lowest] x X H. t 
LP2 X 0, T, H, Th, t, h; [SIL] ./ h, t [decimals.]; 0, T, H, Th [WN] ./ X t.O 
h, t, 0, T, H, Th 
LP3 X Th, H, h, T, t, 0; US X Th, H, h [bigger]; T, t, 0 [sm] X X T . t 
LP4 X h, t, Th, H, T, 0 X H, T, 0 [lowest); h, t, Th [highest] x X T. 0 [I] 
H . T [2] 
LPS X Th, h, H, t, T, 0 X NR X X Th. h 
Note. NR =no response; DP = decrmal pomt; DP msertion types: 0 . t- large space on either side 
ofDP; O.t =joining ones and tenths. 
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Table E-6 
Students' Responses to Task P6 (Predicting, Mental Models). 
P6.1 -Ten-thousands P6.1- Thousandths P6.2- H, Tit, h 
HPI o/ TTh [MS] o/ th [SYM/S]] o/ t, h [SIZE] 
HP2 o/ TTh [PP] o/ th [SYM/S] o/ t, h [SYM/SI] 
HP3 o/ TTh [MS] o/ th [SYM/I] o/ t, h [SIZE] 
HP4 o/ TTh[MS] o/ th [SYM/I] o/ t, h [SIZE] 
HP5 o/ TTh [OD] o/ th [SYM/S] o/ t, h [SYM] 
HP6 o/ TTh [PP] o/ th [SYM/I] o/ t, h [SIZE] 
HP7 o/ TTh [MS] o/ th [SYM/S] o/ t, h [SYM/SI] 
HP8 o/ TTh [OD] o/ th [SYM/S] o/ t, h [SYM/SI] 
HP9 o/ TTh[OD] o/ th [SYM/I] o/ t, h [SYM/SI] 
HPIO o/ TTh [MS,PP] o/ th [MS] o/ t, h [SIZE] 
HPll o/ TTh[MS] o/ th [SYM/S] o/ t, h [SIZE] 
HP12 o/ TTh [PP] o/ th [SYM/S] o/ t, h [SYM/SI] 
HSPI o/ TTh [MS] o/ th [SYM/I] o/ t, h [SYM/Sl] 
HSP2 lC HTh [Naive] o/ th [SYM/I] o/ t, h [SYM/Sl] 
HSP3 o/ TTh [OD] o/ th [SYM/I] o/ t, h [SYM/SI] 
HSP4 o/ TTh [OD] lC oneths [WN] lC SYM/SI CONFLICT 
HSP5 o/ TTh [PP] o/ th [SYMII] o/ t, h [SIZE] 
HSP6 o/ TTh [PP] o/ th [SYM/I] o/ t, h [SYM/SI] 
HSP7 o/ TTh[OD] o/ th [SYM/S] o/ t, h [SIZE] 
HSP8 o/ TTh [MS] o/ th [SYM/S] lC SYM/SI CONFLICT 
HSP9 lC Millions [PP] o/ th [MEM] lC SYMISI CONFLICT 
HSPIO lC Millions [PP] o/ th [SYMII] o/ t,h [SYM] 
HSPll o/ TTh [MS] o/ th [SYM/I] o/ t,h [SYM] 
HSP12 lC Millions [OD] o/ th [SYM/S] o/ t, h [SYM/SI] 
MPl o/ TTh [MSIPP] o/ th [SYM/S] o/ t,h [SYM] 
MP2 o/ TTh [Naive] o/ th [SYM/S] o/ t, h [SYM/SI] 
MP3 o/ TTh [PP] o/ th [SYM/I] o/ t, h [SIZE] 
MP4 o/ TTh [Naive] o/ th [Naive] lC t, h [Naive] 
MP5 o/ TTh [PP] o/ th [SYM/I] o/ t, h [SYM] 
MP6 lC Millions [PP] o/ th [VAL<h] o/ t, h [SIZE 
MP7 o/ TTh [MS] lC zero hundredths [V AL<h] lC SYMISI CONFLICT 
MP8 lC Millions or something [NA] o/ th [SYM/I] lC FRCONFLICT 
MSPI lC I wouldn't have a clue- th [NA] lC No more places; zero lC NR 
MSP2 o/ TTh [OD] o/ th [SYM/S] o/ t, h [SYM/SI] 
MSP3 lC HTh [MS] o/ th [SYM/S] o/ t, h [SIZE 
MSP4 lC Millions? [Naive] lC Thlth [Unsure] lC t, h [Naive*] 
MSP5 lC Millions [PP] lC NA lC NA 
MSP6 lC HTh [Naive] lC 10 h [MS] lC h, t [SYN] 
MSP7 lC Noreponse lC Ones {NA] lC FRCONFLICT 
MSP8 o/ TTh [Naive] o/ th [SYMII] lC FRCONFLICT 
LPl lC NA lC NA lC NA 
LP2 o/ TTh [PP] o/ th [MEM] lC NA 
LP3 lC Millions, millionths [NA] lC No number < hundredths lC NA 
LP4 lC NA lC NA lC NA 
LP5 lC NA lC NA lC NA 
NQm. NA = not asked; NR = no response; MS = multiphcative structure; PP = penods pattern; OD = 
odometer; SYM/S = symmetry of sequence; SYMJI = symmetry of individual places; SYN = 
syntactic "th"; MEM =memory; VAL =value; WN =whole-number order; SYM/SI =symmetry of 
sequence and fraction size. 
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Table E-7 
Students' Responses Related to the Point of Symmetry in the Symmetry Model (Task P7). 
P7.1 P7.2 P7.3 P7.1 P7.2 P7.3 
Align Middle 60.6 400.04 Align Middle 60.6 400.04 
HPl ../ ../0 X 6.6 ../ 4H&4h HSPl ../ ../0 NA NA 
HP2 ../ ../ 0/DP NA ../ 4H&4h HSP2 ../ ../ 0/DP ../ 60.6 ../ 4H&4h 
HP3 ../ ../0 ../ 60.6 ../ 4H&4h HSP3 ../ X DP/ADJ ../ 60.6 ../ 4H&4h 
HP4 ../ ../0 NA NA HSP4 ../ xDP NA NA 
HP5 ../ ../0 .)( 6.6 ../ 4H &4h HSP5 ../ x DP/ADJ NA NA 
HP6 ../ ../ 0/DP ../ 60.6 ../ 4H&4h HSP6 ../ x DP/ADJ ../ 60.6 ../ 4 H & 4h 
HP7 ../ ../0 ../ 60.6 x 4H&4t HSP7 ../ ../0 .)( 6.6 ../ 4H &4h 
HP8 ../ x DP/ADJ ../ 60.6 ../ 4H&4h HSP8 ../ xDP/ADJ ../ 60.6 NA 
HP9 ../ ../0 ../ 60.6 ../ 4H&4h HSP9 ../ xDP NA NA 
HPlO ../ x DP/ADJ NA ../ 4H &4h HSPIO ../ xDP ../ 60.6 x 4H &4t 
HPII ../ ../ 0/DP ../ 60.6 ../ 4H &4h HSPII ../ ../0 NA NA 
HP12 ../ x DP/ADJ .)( 6.6 ../ 4H&4h HSP12 ../ ../0 NA NA 
MPI ../ x DP/ADJ ../ 60.6 ../ 4H&4h MSPI .)( XNA NA NA 
MP2 ../ ../0 NA NA MSP2 ../ ../ 0/DP NA NA 
MP3 ../ ../0 NA NA MSP3 ../ xDP .)( 6.6 x 4H&4t 
MP4 ../ NR NA NA MSP4 .)( xDP .)( 6.6 ../ 4H &4h 
MP5 ../ x DP/ADJ ../ 60.6 x 4H&4t MSP5 .)( xNA NA NA 
MP6 ../ ../0 NA NA MSP6 ../ xDP .)( 6.6 NA 
MP7 ../ NA NA NA MSP7 .)( xNA NA NA 
MP8 ../ xDP ../ 60.6 ../ 4H&4h MSP8 ../ xDP X 6.6 NA 
LPl .)( xNA NA NA 
LP2 .)( xDP X6.6 NA 
LP3 .)( xNA NA NA 
LP4 .)( xNA NA NA 
LP5 .)( xNA NA NA 
Note. NA =not asked; NR =no response; 0 =ones; DP = decrmal pomt only; DP/ ADJ = decrmal 
point adjusted; 0/DP = ones and decimal point. 
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Table E-8 
Students' Selections and Explanations Given in Task Ml (Binary Relationships). 
TaskMl.l TaskM1.2 
Open selection Explanation Probe Directed selection Explanation Probe 
HPJ v"Th,H SEMIEQ x,+ v".t,h x,+ NIA 
HP2 v" Th, H SEM/x x,+ v" 0,! X,+ NIA 
HP3 v" t, h SEM/x x,+ v" 0,! x,+ NIA 
HP4 v" t, h SEM/x x,+ v" 0,! x,+ NIA 
HP5 X h, t SYN/N NP v" 0,1 SYN/P x,+ 
HP6 v" 0, t SEM/EQ x,+ v" t, h x,+ NIA 
HP7 v" t, h SEM/x x,+ v" 0,1 x,+ NIA 
HP8 v" 0, t SEMIEQ x,- v" t, h x,- NIA 
HP9 X h, t SYN/D/N NP xo, T SYN/D X,+ 
HPIO v" t, h x,: NIA v" 0,! x,+ NIA 
HPll v" t, h SYN/N x,+ v" 0,! x,+ NIA 
HP12 xNR NIA x,+ v" 0,1 SYN/P x,+ 
HSPl v" t, h x,+ NIA v" 0,1 x,+ NIA 
HSP2 v" t, h SYN/P/N x,+ v" 0,1 x,+ NIA 
HSP3 v" 0, t SYN/P +,- v" t, h SYN/P x,+ 
HSP4 v"T,O SYN/P +,- v" 0,! SYN/P +,-
HSP5 v" t, h SYN/N +,- v" 0,! SYN/P +,-
HSP6 l< h, t SYN/N NP v" 0,1 SYN/P +,-
HSP7 X h, t SYN/N NP xo,T SYN/P +.-
HSP8 XNR NIA IZ;+,- v" 0,! SYN/P X,+ 
HSP9 v" T,O SEM/x x,+ v" 0,! X,+ NIA 
HSPIO v" t, h SYN/P/N x,+ v" 0,! SYN/P X,+ 
HSPll v" Th, H SEM/EQ x,- v" 0,1 x,- NIA 
HSP12 v" T,O SEM/x x,+ v" 0,! X,+ NIA 
MPl v"Th, H X,+ NIA v" Q, t x,+ NIA 
MP2 v" t, h SEM/EQ x,- v" 0,1 x,- NIA 
MP3 v" t, h SYN/N x,+ v"O,.! SYN/P X,+ 
MP4 v"Th,H SEM/x x,- v" 0,1 SYN/P X,+ 
MP5 v" T, 0 SYN/P x,+ v" 0,1 X,+ NIA 
MP6 v" T,O SYN/P IZ,DZ v" 0,! SYN/P +,-
MP7 v" t, h SYN/P x,+ v" 0,! X,+ NIA 
MP8 v" Th, H SYNIP x,+ xo,h PR x, + (X B) 
MSPI XNR NIA NR X T,! NR NR 
MSP2 v" T, 0 SEM/EQ x,+ "...t,h SEM/EQ X,+ 
MSP3 X h, t SYN/N NP v" 0,! SYN/P +,-
MSP4 X h, t SYN/N NP v" O,.t SYN/P +,-
MSP5 NA NA NA NA NA NA 
MSP6 v" t, h SYN/N +,- v" O,.t SYN/P +,-
MSP7 NA NA NA NA NA NA 
MSP8 Xh, t SYN/N NP xo, Th NR SYN/P 
LPl NA NA NA NA NA NA 
LP2 xH,h NR NP v" 1, h; X 0, T, Th EQ,+ X,+ 
LP3 NA NA NA NA NA NA 
LP4 NA NA NA NA NA NA 
LP5 NA NA NA NA NA NA 
~- NA =not asked (I.e., task on11tted); N/A =not applicable because ofprevxous response; NP = 
not probed beacuse of incorrect selection; NR =no response; SEM/EQ = semantic 
response/equivalence (e.g., 10 h = 1 t); SEM/x =semantic response/multiplication; SYN/D = 
syntactic response/domains; SYN/N = syntactic response/name; SYN/P = syntactic response/position; 
JC B = incorrect base. 
400 
Table E-9 
Students' selections and Explanations Given in TaskM2 (Ternary Relationships). 
TaskMl.l TaskM1.2 
Open selection Explanation Probe Directed Explanation Probe 
selection 
HPJ ./ Th, T SYN/P X,+ ./ 0, h SYN/P x,+ 
HP2 ./ O,h x,+ x,+ ./ T, t SEMI+ (SYN/P) x,+ 
HP3 ./ 0, h x,+ X,+ ./ T, t SEMIPR x,+ 
HP4 ./ Th, T x,+ x,+ ./ T, t SYN/P x,+ 
HPS ./ Th, T SEMIEQ X,+ ./ L t SEMix10 x 10 x,+ 
HP6 ./ Th, T SYNIP x,+20 ./ Q,h SYN/P x,+20 
HP7 ./ O,h x,+ x,+ ./ T, t SEMIEQ (SYN/P) x,+ 
HP8 ./ T, t SEMIEQ; SYN/P x,- ./ 0, h SYN/P x,-
HP9 x T, 0; 0, h SYN/D; SEMIEQ x,+ ./ T, t SEMIEQ x,+ 
HP10 ./0, h x,+ x,+ ./ T, t SYN/PR X,+ 
HPll X Th, t SYNIIPR x,+ ./I, t SYN/P x,+ 
HP12 x t, H SEMI+ by place x,+ ./ T, t SEMI+ X,+ 
HSP1 ./ t, th X,+ x,+ ./ T, t SYN/P X,+ 
HSP2 ./ Th, T x,+ (SYN/P) x,+ ./ T, t SYN/P X,+ 
HSP3 
. ./ T, t x, + (SYN/P) x,+ ./ 0, h SYN/P x,+ 
HSP4 ./ O,h SEMIEQ +,- ./ T, t SYN/P +,-
HSPS ./O,h SYN/P +,- ./ T, t SYN/P +,-
HSP6 JC -, t NIA + ./ Th,I SYN/P +,-
HSP7 JC h, t SYN/N +,- JC 0, TorH SEMIEQ +,-
HSP8 ./ 0, h x,+ x,+ ./ T, t SYN/P x,+ 
HSP9 ./ Th, T SYN/P x,+ ./ 0, h SYN/P x,+ 
HSPIO ./ 0, h SEMIEQ x,+ ./I, t SYN/P x,+ 
HSP11 ./ Th, T SEMIEQ x,- ./ 0, h SEMix x,-
HSPI2 ./ T, t SEMix 10 x 10 x, + (x BllO) ./ 0, h SEM/PR x,+ (XBI10) 
MP1 ./ T, t X,+ x,+ ./ND SYN/P X,+ 
MP2 ./ O,h SEMIEQ x,- ./ T, t SYN/P x,-
MP3 ./ Th, T SYN/P X,+ ./ T, t SYN/P x,+ 
MP4 ./ T, t SYN/P +,- e99) ./ Th, T SYN/P +,-
MPS ./ Th, T SYN/P e3 apart) x,+ ./ T, t SYN/P x,+ 
MP6 ./ Th, T SYN/P +,- ./I, t SYNIP +,-
MP7 ./ 0, h SEMix x,+ ./ Th, T SYN/P x,+ 
MP8 x T, h SEMI+ x, +ex x O,I x, +ex Blplace) x, +(X 
Blplace) Blplace) 
MSPI x h, H h>H NP xNA NA NA 
MSP2 ./ Th, T SEM/x x,+ ./ T, t SEMI+ x,+ 
MSP3 JC h, 0 SYN/N +,- x NA NA NA 
MSP4 ./ O,h SYN/N +,- JC NA NA NA 
MSPS JCNA NA NA JC NA NA NA 
MSP6 ./ Th, T SEMIPR +,-20 ./I, t +20 +,-20 
MSP7 JC ND NA NA JC NA NA NA 
MSP8 ./ Th, T SYN/PR NR JC 0, H, SYN/N NR 
LPI x NA NA NA x NA NA NA 
LP2 x t, TH NR NP xNA NA NA 
LP3 JC NA NA NA x NA NA NA 
LP4 JC NA NA NA JC NA NA NA 
LPS xNA NA NA xNA NA NA 
Note. NA =not asked (1.e., task ormtted); N/A =not applicable because ofprev10us response; NP = 
not probed because of incorrect selection; NR = no response; SEMIEQ = semantic 
response/equivalence (e.g., 10 h = 1 t); SEM/x =semantic response/multiplication; SYN/D = 
syntactic response/domains; SYN/N =syntactic response/name; SYN/P =syntactic response/position; 
x B = incorrect base. 
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Table E-10 
Students' Selections and Explanations Given in Tasks Ml and M2. 
TaskMl TaskM2 TaskMl TaskM2 
Binary Ternary Binary Ternary 
HPl X,+ x,+ HSPl x,+ x,+ 
HP2 x,+ X,+ HSP2 x,+ x,+ 
HP3 x,+ x,+ HSP3 x,+ X,+ 
HP4 x,+ X,+ HSP4 +,- +,-
HP5 x,+ x,+ HSP5 +,- +,-
HP6 x,+ x,+20 HSP6 +,- +,-
HP7 x,+ x,+ HSP7 +.- +.-
HP8 x,- x,- HSP8 x,+ x,+ 
HP9 X,+ X,+ HSP9 x,+ x,+ 
HPlO x,+ X,+ HSPlO x,+ x,+ 
HPll x,+ x,+ HSPll x,- x,-
HP12 X,+ X,+ HSP12 x,+ x, +(X B) 
MPl x,+ x,+ MSPI NR NR 
MP2 x,- x,- MSP2 x,+ x,+ 
MP3 x,+ x,+ MSP3 +,- +,-
MP4 x,- I x,+ +,- MSP4 +,- +,-(WI) (AC) 
MP5 x,+ x,+ MSP5 NA NA 
MP6 +,- +,- MSP6 +,- +,-20 
MP7 x,+ x,+ MSP7 NA NA 
MP8 x,+(XB) x,+(XB) MSP8 NR NP 
LPl NA NA 
LP2 X,+ NR 
LP3 NA NA 
LP4 NA NA 
LP5 NA NA 
Note. NA =not asked (i.e., task omitted}; NR =no response; NP =not probed; JC B =incorrect base; 
WI = within domains; AC = across domains. 
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Table E-ll 
Students' Responses to Task M3 (Item A4). 
MULTIPLICATION DIVISION 
A4.1 A4.2 A4.3 A4.5 A4.6 A4.8 A4.4 A4.7 A4.9 A4.10 A4.11 A4.12 
0.3 X 0.04 X 6.23 X 0.7 X 2.16 X 0.02 X 4+10 72.5+ 0.9+ 37 + 8+ 14 + 10 
10 100 10 100 100 10 X 10 10 10 100 100 + 10 
HPl ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ 
HP2 ../ ../ ../ ../ 21.6 ../ ../ ../ ../ ../ ../ ../ 
HP3 ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ 
HP4 ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ 
HP5 ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ 
HP6 ../ ../ ../ ../ ../ ../ 4.0 ../ 9.0 3700 12.4 14 
HP7 ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ 
HPS ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ 
HP9 ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ 
HPlO ../ ../ ../ ../ ../ ../ 40 725 9 3700 800 1400 
HPll ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ -
HP12 ../ ../ ../ ../ 2160 ../ ../ ../ ../ ../ ../ ../ 
HSPl ../ ../ ../ ../ ../ ../ ../ 725. 9. 3700 . 800. ../ 
HSP2 ../ ../ ../ ../ ../ 20.0 2.5 ../ 0.9 2.25 12.04 2.5 
HSP3 ../ ../ ../ 7.0 ../ ../ 2 725.0 1.1 - - -
HSP4 ../ ../ ../ ../ ../ - 2.2 - ../ 2.26 12.4 1.4 
HSP5 ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ 
HSP6 ../ ../ ../ ../ 21.6 ../ ../ ../ ../ ../ ../ -
HSP7 ../ ../ 60.70 7 201.6 ../ ../ - 0.92 3.70 20 -
HSPS ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ ../ 
HSP9 ../ ../ 623.0 700.0 2160.0 20.0 ../ 725.0 ../ 0.0037 ../ 0.014 
HSPlO ../ ../ ../ ../ ../ ../ 0.5 ../ ../ ../ ../ ../ 
HSPll ../ ../ 60.23 4.90 20.16 - 2r2 72.05 - - - -
HSP12 ../ ../ ../ ../ ../ ../ 2.5 ../ 9.0 4.7 1.2 14 
MPl 30 0.4 ../ ../ ../ ../ ../ 725 9 3700 800 0.04 
MP2 ../ ../ ../ 700.00 ../ ../ 2 1.52 - - - -
MP3 ../ ../ ../ ../ 21.6 1.0 2.2 725.0 1.5 3.5 12.5 0.1 
MP4 0.30 ../ ../ 7.0 21.60 0.4 2 0.0 9 - - -
MP5 0.30 0.400 6.230 0.700 2.1600 - - 72.50 - - - -
MP6 10.03 100.04 60.23 100.07 120.16 100.02 - ../ - - - 0.04 
MP7 ../ ../ ../ 7.00 21.60 ../ 4.99 7.7 9.99 - 20 -
MPS 0.30 0.40 60.230 7.0 20.160 ../ ../ ../ ../ 0.037 0.008 0.014 
MSPl 0.30 1.04 16.23 1.07 - ../ 2r2 8 .9 ../ ../ 1r4 
MSP2 ../ ../ ../ ../ ../ ../ 8.20 725.0 9.0 370 82.0 1400 
MSP3 0.30 - ../ - - - 2.2 725.0 - - - -
MSP4 ../ 2 6.20 1 2 100.2 2.2 7 1 0 80 3.4 
MSP5 30.0 ../ 35.23 7.0 ../ ../ 2r2 70.30 9.0 3.7 0.8 ../ 
MSP6 ../ ../ 6.230 .700 2.1600 - 2.2 72.50 - - 12 -
MSP7 30 40 623 ../ 2160 0.020 2 72.50 900 3700 800 -
MSPS 0.30 4.04 - - - - 2.5 - - - 12.5 -
LPl ../ 0.4 ../ ../ ../ 0.2 ../ 725 - ../ 0.8 -
LP2 0.30 ../ - 7.00 - - - - - - - -
LP3 ../ 0.40 ../ 7.00 21.60 ../ 0.04 72.50 1.0 3.70 8.00 3.5 
LP4 30 400 802 7.00 3.6 ../ 8.2 77.0 9.00 - - -
LP5 - - - - - - - - - - - -
TOTA 32 32 31 26 23 29 19 20 17 16 16 14 
L 
% 71.1% 71.1% 68.9% 57.8% 51.1% 64.4% .2% 44.4% 37.8% 35.6% 35.6% 31.1% 
Note. -=not attempted. 
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Table E-12 
Students' Correct Responses and Their Recordings in Task M3 
Performance categories 
HP HSP MP MSP LP 
(n = 12) (n = 12) (n = 8) (n = 8) (n = 5) 
0.3 X 10 12 (100%) 12 (100%) 3 (37.5%) 3 (37.5%) 2 (40.0%) 
-3 3 2 
- 3.0 8 8 3 2 
-3.00 2 1 
-03.0 1 
00.4 X 100 12 (100%) 12 (100%) 4 (50.0%) 3 (37.5%) 1 (20.0%) 
-4 3 2 
-4.0 4 4 1 1 
-4.00 4 6 3 2 
-004.0 
6.23 X 10 12 (100%) 9 (75.0%) 5 (62.5%) 2 (25.0%) 2 (40.0%) 
-62.3 6 6 3 1 1 
-62.30 6 3 2 1 1 
0.7 X 100 12 (100%) 8 (66.7%) 3 (37.5%) 2 (25.0%) 1 (20.0%) 
-70 4 2 2 1 1 
-70.0 7 6 1 1 
-070.0 1 
2.16 X 100 10 (83.3%) 8 (66.7%) 2 (25.0%) 2 (25/0%) 1 (20.0%) 
-216 2 2 1 1 
-216.0 4 4 2 
-216.00 4 2 
0.02 X 10 X 10 12 (100%) 8 (66.7%) 4 (50.0%) 3 (37.5%) 2 (40.0%) 
-2 3 2 1 
-2.0 4 3 1 2 
-2.00 4 3 2 1 2 
-002.0 1 
4+ 10 10 (83.3%) 6 (50.0%) 2 (25.0%) 0 (00.0%) 1 (20.0%) 
-0.4 10 6 2 0 1 
72.5 + 10 11 (91.7%) 6 (50.0%) 2 (25.0%) 0 (00.0%) 0 (00.0%) 
-7.25 11 6 2 0 0 
0.9 + 10 10 (83.3%) 6 (50.0%) 1 (12.5%) 0 (00.0%) 0 (00.0%) 
-0.09 9 6 1 
-.09 1 
37 + 100 10 (83.3%) 4 (33.3%) 0 (00.0%) 1 (12.5%) 1 (20.0%) 
-0.37 7 4 1 
-.37 2 1 
-00.37 1 
8 +100 10 (83.3%) 5 (41.7%) 0 (00.0%) 1 (12.5%) 0 (00.0%) 
-0.08 9 5 
-.08 1 1 
14 + 10 + 10 9 (75.0%) 4 (33.3%) 0 (00.0%) 1 (12.5%) 0 (00.0%) 
-0.14 7 4 1 
-.14 2 
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Table E-13 
Students' Strategies Used in Task M3 
Note. Shaded cells =correct answers; SH = point or digits; =incomplete shift; WN 
= whole-number rule; WN/SH = whole-number rule then shift; WNIISH = whole-number rule then 
incomplete shift; WHIIDP =whole-number rule then insert the decimal point; RV =reverse the 
numbers in the operation; M = multiplication; IZ = insert internal zero/s; NA = not attempted; Un = 
unknown strategy. 
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Table E-14 
Students' Responses to Task M4. 
TASKM4.1 TASKM4.2 
1st 2nd 3rd 4th 1st 2nd 
HP1 +6.3 X 10 + 100 
HP2 X 10 + 100 
HP3 +6.3 X 10 + 100 
HP4 X 10 + 100 
HP5 X 10 + 100 
HP6 X 10 + 100 
HP7 X 10 + 100 
HP8 +6.3 X 10 + 100 
HP9 X 10 + 100 
HP10 + ... X 10 + 100 
HPll X 10 + 100 
HP12 X 10 + 100 
HSP1 X 10 +10 +100 
HSP2 X 10 + 100 
HSP3 X 10 + 100 
HSP4 +0.3 +6 +6.3 - ... 
HSP5 +7 0,0 NR 
HSP6 +0 +70 + ... -100 
HSP7 0 +6.93 -9 
HSP8 x10 + 100 
HSP9 x10 + 100 
HSP10 + 10 X 10 + 100 
HSP11 X 10 -100 + 100 
HSP12 X 10 + 100 
MP1 X 10 + 100 
MP2 +0.3 x 10 (guess) - ... 
MP3 X 10 + 10 + 10 
MP4 X 10 + 100 
MP5 X 10 + 100 
MP6 0 +5 -10 
MP7 X 10 + 100 
MP8 X 10 + 100 
MSP1 ~ ... ND 
MSP2 X 10 + 100 
MSP3 + 10 ND 
MSP4 + 100 X 100 X 50 x25 +20 
MSP5 NA NA 
MSP6 + 10 +0.6 ND 
MSP7 - + ... ND 
MSP8 - ; X 1 -.01 
LPI NA NA 
LP2 +700 X 70 x7 ND 
LP3 +0 ND 
LP4 +1 ND 
LP5 NA NA 
Note. NA = not asked )1.e. task ormtted); ND = not done; NR- no response. 
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Table E-15 
Students' Responses to Task UJ. 
Ul.l U1.2 U1.3 U1.4 
Selection Reasoning Equal parts Reasoning No. of parts Equal No. 
HPI ./ 2.4 -~'SEM No ./EST/EX Yes/No; 8ths ./EX ./ 
HP2 ./ 2.4 -I'SEM No ./EST/EX No; not 10 ./EX ./ 
HP3 ./ 2.4 -I'SEM No ./EST/EX No; 8ths ./EX ./ 
HP4 ./ 2.4 -~'SEM No ./EST/EX No; 8ths -~'EX X 
HP5 ./ 2.4 -~'SEM Yes/No ./EST/EX No; 8ths ./EX ./ 
HP6 -1'2.4 -I'SEM No ./EX No; 8 parts ./EX ./ 
HP7 -1'2.4 -I'SEM No '>"EQ/SEM No; 8 parts ./EX X 
HP8 '>"2.4 xsYN No -~'EX No; not 10 -~'EX X 
HP9 ./ 2.4 -I'SEM No -~'EQ/SEM No; 8 parts ./EX ./ 
HPIO ./ 2.4 -~'SEM No XUN No; 8ths ./EX X 
HPll ./ 2.4 xsYN No ./EX Sort of XSYN X 
HP12 ./ 2.4 ./ SEM No/Yes. ./ EQ/SEM Yes XPRO ./ 
HSPl ./ 2.4 ./ SEM No/Yes/ XEQ/SYN Yes/No; 8ths -~'EX ./ 
HSP2 ./ 2.4 xsYN Yes XEQ/SYN Yes; 4ths XPRO X 
HSP3 -1'2.4 ./ SEM No -~'EX No; 8 parts -~'EX ./ 
HSP4 ./ 2.4 -I'SEM Yes X EQ/SYN No; 8 parts ./EX X 
HSP5 ./ 2.4 -I'SEM No -~'EX No; 8 parts -~'EX X 
HSP6 ./ 2.4 -~'SEM No -~'EX No; 8parts ./EX X 
HSP7 ./ 2.4 -I'SEM No ./ EST/EQ Yes; XSYN X 
HSP8 X 2.04 XPRO No -~'EX Yes xsYN X 
HSP9 ./ 2.4 ./ SEM Not sure -~'EX Yes/No; 8ths ./EX X 
HSPlO -1'2.4 ./SEM No -~'EX No; not 10 ./EX X 
HSP12 ./ 2.4 xsYN No -~'EX Yes XSYN X 
MPl X 2.04 X I!SEM No '>"EX No; 8 parts ./EX X 
MP2 ./ 2.4 ./ SEM No ./EX No; 8ths ./EX ./ 
MP3 X 2.04; SIC -I'SEM No ./EX No; 8 parts ./EX X 
MP4 ./ 2.4 xsYN No X EQ/SYN No; 8 parts -~'EX X 
MP5 ./ 2.4 -~'SEM No ./EX No; 8 parts ./EX X 
MP8 '>"2.4 ./SEM Yes xsYN No; 8 parts ./EX X 
Note. SIC = self-corrected; UN =unavailable knowledge 
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Table E-16 
Students' Responses to Task U2. 
U2.1 U2.2 U2.3 
U'sing P'ing Unitising Partitioning U'sing Partitioning 
HPJ ,/ whole ,/ x tenth; iterated Y. sh; 1 x 1 0 ,/ v' BE; tenth (1 x 1 0) 
HP2 ,/ tenth ,/ x tenth; iterated sh; 2 x 5 ,/ v' Y. tenth (1 x 5) 
HP3 ,/ tenth ,/ v' tenth; BE (Y.; '!. ; adjusted) ,/ v' BE; tenth (1 x 1 0) 
HP4 ,/ tenth ,/ xrow; I x 10 ,/ v' Y. tenth (1 x 5) 
HP5 ,/ tenth x (5ths) x tenth; iterated Yz sh; I x I 0 ,/ v' BE; tenth (I x I 0) 
HP6 ,/ iterated ,/ v' tenth; BE (Y.; '!. ; adjusted) ,/ v' BE; tenth (I x I 0) 
HP7 ,/ whole ,/ v' tenth; I x 10 ,/ v' BE; tenth (1 x 1 0) 
HP8 ,/ tenth ,/ v' tenth; I x 10 ,/ v' BE; Y. tenth (I x 5) 
HP9 ,/ tenth ,/ v' tenth; 2 x 5 ,/ v' tenth (I x 1 0) 
HPIO ,/ tenth ,/ x tenth; iterated Y. sh; 1 x 8 ,/ v' BE; tenth (I x I 0) 
HPll ,/ tenth X (5ths) x tenth; iterated Y. sh; I x I 0 ,/ v' BE; tenth (I x I 0) 
HP12 ,/ tenth ,/ v' tenth; 2 x 5 ,/ v' Y. tenth (I x 5) 
HSPI ,/ whole ,/ X tenth; sh; 2 X 5 X ,/ v' BE; tenth (I x I 0) 
HSP2 ,/ tenth X (5ths) x tenth; iterated Y. sh; I x I 0 ,/ v' BE; tenth (1 x 1 0) 
HSP3 ,/ tenth ,/ x row; sh I x IO ,/ v' BE; tenth (I x I 0) 
HSP4 ,/ tenth ,/ x tenth; sh; 2 x 4 X v' BE; tenth (I x I 0) 
HSP5 ,/ iterated ,/ v' Y. tenth; I x 5 ,/ v' BE; tenth (I x I 0) 
HSP6 ,/ tenth ,/ x tenth; iterated Y. sh; 1 x I 0 X v' Y. tenth (I x 5) 
HSP7 ,/ iterated ,/ x tenth; sh; 1 x 5; 1/ 5 = 2 tenth X v' BE; tenth (I x10) 
HSP8 ,/ tenth X x whole; Y. sh; 10 x IO ,/ v' tenth (I x 1 0) 
HSP9 ,/ tenth ,/ x row; iterated sh; 1 x 7 x ,/ v' tenth (1 x 1 0) 
HSPIO ,/ iterated ,/ x tenth; BE; Y.; couldn't partition xname v' Y. tenth (I x 5) 
HSP12 ,/ iterated ,/ v' tenth; BE (Y.; '!. ; adjusted) ,/ v' BE; tenth (I x 1 0) 
MP1 ,/ tenth ,/ v' tenth; I x 10 ,/ v' BE; tenth (I x I 0) 
MP2 ,/ tenth ,/ x tenth; iterated Y. sh; 1 x 10 X v' BE; Y. tenth (1 x 5) 
MP3 ,/ tenth ,/ x tenth; iterated sh; 2 x 5 ,/ v' tenth (I x I 0) 
MP4 ,/ BE ,/ v' tenth; BE (Y.; '!. ; adjusted) ,/ v' tenth (1 x I 0) 
MP5 ,/ tenth ,/ x tenth; iterated Y. sh; I x 10 X v' tenth (1 x I 0) 
MP8 ,/ tenth ,/ v' tenth; 1 x 10 ,/ v' tenth (1 x I 0) 
Note. BE= benchmrking; sh = g1ven shaded part (Task U2.2); 
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Table E-17 
Students' Responses to Task U3. 
U3.1 U3.2 
Shading Strategy Shading Strategy 
HP1 "6C RU .r4c RU 
HP2 "6C RU .r4c RU 
HP3 "6R EQ "1R RU 
HP4 "6C RU .r4c RU 
HP5 "6C RU "1R RU 
HP6 "6C RU "4C RU 
HP7 X6h;"6R RU* X 2 h; ,( 1 R EQ* 
HP8 "6C EQ .r4c EQ 
HP9 "6C RU .r4c RU 
HP10 "6C EQ X2R;X2xY, EQ* 
HPll "6R RU X 1/2 (50 h); ,( 4 C RU* 
HP12 X 6 h; ,( 6 R EQ* X2h;"1R RU* 
HSP1 "6R RU .r4c RU 
HSP2 "6C EQ .r4c RU 
HSP3 X 6 h; ,( 6 R EQ* X2h;"4C EQ* 
HSP4 X6h;"6R RU* "1R EQ* 
HSP5 "6C EQ X 2 h; ,( 4 C RU* 
HSP6 "6C RU .r2xY:tR RU 
HSP7 "6R RU X2C -
HSP8 X6h;"6R RU* X2h;.r2xY:tR RU* 
HSP9 "6R EQ .r4c RU 
HSP10 "6R RU .r4c RU 
HSP12 "6C EQ "4C EQ 
MP1 X 6 h; ,( 6 R RU* "1R RU 
MP2 "6C EQ .r4c RU 
MP3 "6C RU .r4c RU 
MP4 X6h RU* "4C EQ 
MP5 "6C RU X 2 h; ,( 1 R RU* 
MP8 X6h;"6R RU* X-;,( 1 R RU* 
.. Note. C =column; R =row; RU = reumttsation; EQ =eqUivalence; * mdicates those students whose 
initial solution was incorrect; - = no initial response. 
Table E-18 
Peiformance Profiles for the Tasks Related to Position and Order (the P Tasks). 
~·~~~~ indicates a correct solution supported by an appropriate reason; 
I!J indicates a correct solution supported by an inappropriate reason; 
indicates an incorrect solution. 
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Table E-19 
Peifonnance Profiles for the Tasks Related to Multiplicativity (theM Tasks). 
M1 M2 M3 M4 
Note. I , indicates a correct solution supported by an appropriate reason; indicates an incorrect solution; • indicates an incorrect solution for whole nunhers. 
Table E-20 
Performance Profiles for the Tasks Related to Unitisation and Reunitisation (the U Tasks). 
.,.. 
t: 
:§ 
·2 
"' 0 
a: 
a. (I) 
-5 
U1 U2 U3 
(1 (1 
a. a. 
:... :... 
t:::, .,.. .,.. t:::, .,.. 
(1 (1 .,.. .,.. t: t: .,.. :~ e e .,.. t: :~ :~ .,.. :_g t: I> I> ~ t: :~ t: t: (1 t: ·c: ~ ·c: ·c: ] ] 0 :~ ·c: ·c: "' "' ·c: "' i5 i5 .t: ·c: "' "' ~ ·c: ~ "' ~3: ~ . . 
"' 
. ~a. a. "' 1i ~ 2 . 0 0 0 0 0 
"' 
0 0 a: a: a: a: 0 a: 
0" 0 i5 a: a: a. a.:;c- a. a.:;c- a: e;IO' IIJ z a. a. a. (I) (I) (1 z z (1 a. (II (1 Cl! ~ ~ ;;J (II Cl!a. (') ~a. - .a. ~<' ru (11:0.. ru (11:0.. 316' C')"' 5 5 5 :::l :::l :::>t:::, :::l :::>t::. :::lt:::, 
indicates a correct solution supported by an appropriate reason; 
indicates an incorrect solution; 
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APPENDIXF 
Table F-1 
Individual Responses for the Major Components of the Tasks Related to Position and Order (P Tasks). 
ROLE OFlHE DP POSmON ORDER SYMiv£TRY MJDEL 
"' 2 0 6 .E 
" " ~ u " J: J: ... " ... "' ~ ~ " u c ~ " ;; ;; c ..g "' " " " " " ... " "" -5 .;; J: .;; c c " -~ c " c c c c c: ~ ;;; <r 't J: 0 "" " J: " ... c " " ... " E t: :r: 0 a. 0 
" 
..J t- J: t: J: ... (I) -5 0. ,..: a: ~ (\1 ..J (\1 .. ~ (\1 .. "! "! ;; "! 0:: II) ,; 0:: 
,; eli eli eli .,; eli eli .. .... .,; 
"' 
.,; .; ., 
a. a. a. a. a. a. a. Q. a. a. a. a. a. a. a. a. a. a. 
indicates an appropriate response; - indicates an inappropriate response. 
indicates a correct solution supported~ inappropriate reason; 
indicates an incorrect solution. 
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Table F-2 
Responses Across the Tasks Related to Multiplicativity Availability (Tasks Ml and M2) in Terms of the 
Peiformance Categories. 
Performance categories 
HP HSP MP MSP LP 
(n = 12) (n= 12) (n= 8) (n= 8) (n= 5) 
Continuity 
Across domains 23 (95.8%) 22 (91.7%) 16 (100%) 8 (50.0%) 0 (00.0%) 
-M1 11 11 8 4 0 
-M2 12 11 8 4 0 
Within domains 22 (91.7%) 22 (91.7%) 16 (100%) 12 (75.0%) 1 (10.0% 
-M1 11 11 8 5 1 
-M2 11 11 8 7 0 
Bi-directionality 
X 24 (100%) 16 (66.7%) 13 (81.3%) 2 (12.5%) 1 (10.0%) 
-M1 12 8 7 1 1 
-M2 12 8 6 1 0 
22 (91.7%) 14 (58.3%) 10 (62.5%) 2 (12.5%) 1 (10.0%) 
-M1 11 7 5 1 1 
-M2 11 7 5 1 0 
Exponentiality 
Binary 23 (95.8%) 18(75.0%) 12 (75.0%) 4 (25.0%) 2 (20.0%) 
-M1 12 9 7 2 1 
-M2 11 9 5 2 1 
Ternary 22 (91.7%) 12 (50.0%) 9 (56.3%) 2 (12.5%) 0 (00.0%) 
-M1 11 6 5 1 0 
-M2 11 6 4 1 0 
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Table F-3 
Responses Across the Tasks Related to Multiplicativity Access (Tasks M3 and M5) in Terms of the 
Peiformance Categories. 
Performance categories 
HP HSP MP MSP LP 
(n = 12) (n = 12) (n=8) (n= 8) (n=5) 
Continuity 
Across domains 86 (89.6% 50 (52.1%) 17 (26.6%) 8 (12.5%) 5 (12.5%) 
- M3 (7 examples) 74 42 11 7 5 
-M5.1 12 8 6 1 0 
Within domains 68 (94.4%) 53 (73.8%) 20 (41.7%) 12 (25.0%) 6 (15.0% 
- M3 (5 examples) 56 46 14 11 6 
-M5.2 12 7 6 1 0 
Hi-directionality 
X 82 (97.6%) 65 (77.4%) 26 (46.4%) 17 (30.4%) 9 (25.7%) 
- M3 (6 examples) 70 57 20 15 9 
- M5 (1 example) 12 8 6 2 0 
72 (85.7%) 38 (52.8%) 11 (17.2%) 5 (13.9%) 2 (05.7%) 
- M3 (6 examples) 60 31 5 3 2 
- M5 {1 examEle 2 12 7 6 2 0 
Exponentiality 
Binary (x, + 10) 67 (93.1%) 47 (65.3%) 19 (39.6%) 6 (12.5%) 5 (16.6%) 
- M3 (5 examples) 55 39 13 5 5 
- M5 (1 example) 12 8 6 1 0 
Ternary (x, + 100) 87 (90.6%) 57 (59.4%) 18 (28.1%) 14 (21.9%) 6 (15.0%) 
- M3 (7 examples) 75 49 12 13 6 
- M5 ~ 1 examEle 2 12 8 6 1 0 
Table F-4 
Individual Responses for the Major Components of the Tasks Related to Multiplicativity (M Tasks). 
Note. 
AVAILABILITY ACCESS 
I indicates a correct solution supported by an appropriate reason; indicates an incorrect solution; indicates an incorrect solution for whole nun:bers. 
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Table F-5 
Responses Across the Items of Task M3 in Terms of the Peifonnance Categories. 
BINARY TERNARY 
X 10 + 10 X 100 +100 
M3.3 M3.4 M3.7 M3.5 M3.10 M3.11 M3.12 
A HP 12 10 11 12 10 10 9 
c HSP 9 6 6 8 4 5 4 
R MP 5 2 2 2 0 0 0 0 
s MSP 2 0 0 2 1 1 1 
s LP 3 1 0 1 1 0 0 
M3.1 M3.9 M3.2 M3.6 M3.8 
w HP 12 10 12 10 12 
I HSP 12 6 12 8 8 
T MP 3 1 4 2 5 H 
I MSP 3 0 3 2 3 
N LP 2 0 1 1 2 
Table F-6 
Correct Responses for the Major Concepts (Continuity, Bi-Directionality, Exponentiality) Embedded in Task 
M3 in Terms of the Peifonnance Categories. 
Performance categories 
HP HSP MP MSP LP 
(n = 12) (n= 12) (n= 8) (n= 8) (n= 5) 
Continuity 
Across domains (7) 74 (88.1%) 42 (50.0%) 11 (19.6%) 7 (12.5%) 5 (14.3%) 
Within domains (5) 56 (93.3%) 46 (76.7%) 14 (35.0%) 11 (27.5%) 6 (24.0% 
Bi-directionality 
X (6) 70 (97.2%) 57 (79.2%) 20 (41.7%) 15 (31.3%) 9 (30.0% 
-Across domains (4) 24 17 7 4 3 
- Within domains (2) 46 40 13 11 6 
+ (6) 60 (83.3%) 31 (43.1%) 5 (10.4%) 3 (06.3%) 2 (08.0%) 
- Across domains ( 5) 50 25 4 3 2 
- Within domains {11 10 6 1 0 0 
Exponentiality 
Binary (x, + 10) 55 (91.7%) 39 (65 .. 0%) 13 (32.5%) 5 (12.5%) 5 (20.0%) 
-Across domains (3) 33 21 9 2 3 
- Within domains (2) 22 18 4 3 2 
Ternary (x, + 100) 75 (89.3%) 49 (58.3%) 12 (21.4%) 13 (23.2%) 6(17.1%) 
-Across domains (4) 41 21 2 5 2 
- Within domains Pl 34 28 10 8 4 
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Table F-7 
Responses Across the Tasks Related to Unitisation and Reunitisation (U Tasks) in Terms of the Peiformance 
Categories. 
Performance categories 
HP HSP MP 
(n = 12) (n= 11) (n= 6) 
Concept 
Whole~part 
-Equality of parts (U1.2) 11 (91.7%) 8 (72.7%) 4 (66.7%) 
-Number of parts (Ul.3) 10 (83.3%) 7 (63.6%) 6 (100%) 
Part~whole (U1.4) 7 (58.3%) 2 (18.2%) 1 (16.7%) 
Unitising 
PRO(U2.1) 12 (100%) 11 (100%) 6 (100%) 
SPRO 
- Ul.l (2 X 5) 10 (83.3%) 5 (72.7%) 4 (66.7%) 
- U2.2 (5 X 2) 10 (83.3%) 10 (90.9%) 6 (100%) 
NPRO (U2.3) 12 (100%) 7 (63.6%) 4 (66.7%) 
Reunitising 
Type A (part~subpart) 
-PRO (U2.1) 12 (100%) 11 (100%) 6 (100%) 
- SPRO (U2.2) 6 (50.0%) 2 (18.2%) 3 (50.0%) 
- NPRO (U2.3) 12 (100%) 11 (100%) 6 (100%) 
Type B (subpart~part) 
-PRO (U3.1) 10 (83.3%) 8 (72.7%) 3 (50.0%) 
- SPRO (U3.2) 7 (66.7%) 7 (63.6%) 4 (66.7%) 
Note. PRO =prototypic representation; SPRO = semiprototypic representation; NPRO = nonprototypic 
repesentation. 
Table F-8 
Individual Results for Unitisation in Terms of the Major Components (Fraction Concept, Unitisation, 
Reunitisation ). 
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indicates a correct solution supported by an appropriate reason; 
indicates an incorrect solution; 
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APPENDIXG 
CUMULATIVE MODELS 
In Sections 5.3.3, 5.4.3 and 5.5.3, structural models were developed to represent the 
cognitions and their connections for position and order, multiplicativity, unitisation and 
reunitisation held by the composite HP, HSP, 1v1P, MSP and LP students. 
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In this section, the three structural models for each composite performance category will 
be examined and the data represented by these models will be collapsed and integrated to 
provide a cumulative model (see Figure G-1) of the major components involved in acquiring an 
understanding of decimal-number numeration 
(~ ______ n_E_c_IM __ A_L_N_u_M __ B_E_R_s ____ ~) 
Figure G-1. Cumulative model for the main components of decimal-nwnber understanding. 
In this cumulative model, position and order, fraction and multiplicativity are shown as 
nodes representing chunks of cognitions and connections required for an understanding of 
decimal numbers. Position/order and fraction are shown as the two main nodes which are 
integrated into a cohesive schema of decimal numbers by an understanding ofmultiplicativity. 
(The fraction node is shown by a broken line for the MSP and LP students to indicate that they 
were not given the tasks related to fraction understanding (i.e., unitising and reunitising). 
The black shading indicates abstract schema (i.e., complete and integrated), the grey 
shading indicates schema that is either incomplete or complete but not integrated whilst no 
shading represents unavailable schema. 
CUMULATIVE MODEL FOR THE COMPOSITE HP STUDENT 
The HP students' composite structural models for position and order, multiplicativity 
and reunitisation (see Figures G-2) reveal that they have a complete structural schema for all 
three domains. Their understanding of the exponential mental model that connected and 
integrated their knowledge of position and order is supported by their understanding of the 
continuous, bi-directional and exponential properties ofmultiplicativity, each of which is 
embedded in the exponential model. 
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Figure G-2. Composite HP student's structural models of position/order, multiplicativity 
and decimal fractions. 
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Thus the HP students have a complete structural metaschema which enables them to 
process tenths and hundredths with understanding. Figure G-3 provides the cumulative model 
which represents the typical HP student's complete structural metaschema. 
HP 
DECIMAL NUMBERS 
Figure G-3. Cumulative model representing the HP student's cognitions and connections 
for processing decimal numbers. 
CUMULATIVE MODEL FOR THE COMPOSITE HSP STUDENT 
The HSP students' structural schema for position and order lacks full knowledge of the 
integrating exponential model (including the role of the decimal point) and the sense-making 
symmetry model (see Figure G-4). This incomplete knowledge· was further exposed in the tasks 
related to multiplicativity in which their available knowledge was shown to have weaknesses in 
the bi-directional and exponential properties required for a complete structural schema of 
multiplicativity. A typical HSP student was shown to be dominated by additivity rather than 
multiplicativity (see Section 5.4.2 for a full discussion of the HSP students' behaviours on the 
multiplicative tasks). Their incomplete structural schema was evident in their failure to access 
multiplicativity for all application tasks. 
The HSP students also have an incomplete structural schema for unitising and 
reunitising decimal fractions and, as Figure G-4 shows, they generally have the available 
knowledge of the components but it is suspected that the knowledge is not connected. The tasks 
related to unitisation generally showed that the typical HSP student has prototypic knowledge, 
that is, knowledge that is generated by prototypic tasks and, as such, tends to be perceptual 
rather than conceptual. These students, then, appear to have "content-full schema" (Ohlsson, 
1993). 
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Figure G-4. Composite HSP student's structural models of position/order, multiplicativity 
and decimal fractions .. 
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Thus the HSP students have an complete structural metaschema which appears to enable 
them to process tenths with understanding but limits their ability to process hundredths with 
understanding. Figure G-5 provides the cumulative model which represents the typical HSP 
student's incomplete structural metaschema. 
HSP 
Figure G-5. Cwnulative model representing the HSP student's cognitions and connections 
for processing decimal nwnbers. 
CUMULATIVE MODEL FOR THE COMPOSITE MP STUDENT 
423 
The MP students' structural schema for position and order lacks full knowledge (or 
unconnected knowledge) of the integrating exponential model (including the role of the decimal 
point and the role of zero) and the sense-making symmetry model (see Figure G-6). 
The extent of the typical MP student's incomplete knowledge was evident in their 
schema for multiplicativity in which knowledge of the three main components was generally 
available but not accessible. As discussed in Section, 5.4.3, the inability to access the available 
knowledge indicated that the available knowledge was not integrated, thus sustaining the fmding 
that these students lacked the integrating exponential mental model required for understanding 
position and order. 
The MP students also have an incomplete structural schema for unitising and reunitising 
decimal fractions with the main weakness being in the ability to reunitise Part A types (i.e., 
tenths as hundredths). 
Thus the MP students have a fragmented structural metaschema which incorporates a 
complete structural schema for position and order, an incomplete structural schema for fractions 
but a non-existent schema for multiplicativity. This type ofmetaschema appears to enable them 
to process tenths and hundredths with some understanding but not with the full understanding 
required to accommodate all situations (including novel tasks). Figure G-7 provides the 
cumulative model which represents the typical MP student's structural metaschema. 
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Figure G-6. Composite MP student's structural models of position/order, multiplicativity 
and decimal fractions. 
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MP 
Figure G-7. Cumulative model representing the MP student's cognitions and connections 
for processing decimal numbers. 
CUMULATIVE MODEL FOR THE COMPOSITE MSP STUDENT 
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The typical MSP student has no schema for position and order; rather, their lrnowledge 
is generally limited to position and order of whole numbers only (see Section 5.3.2 for a full 
discussion of the MSP students' available lrnowledge of position and order). These student do 
not appear to have any lrnowledge of the integrating exponential model nor the sense-making 
symmetry model (see Figure G-8). In fact, the MSP student lacks the appropriate available 
schema that would enable them to process tenths, let alone hundredths. Because of their 
impoverished performance in the domains of position and order, and multiplicativity, the MSP 
students were omitted from the tasks related to unitisation of decimal fractions. Figure G-9 
provides the cumulative model which represents the typical MSP student's structural 
metaschema. 
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Figure G-8. Composite MSP student's structural models of position/order and multiplicativity. 
MSP 
DECIMAL NUMBERS ) 
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Figure G-9. Cumulative model representing the MSP student's cognitions and connections 
for processing decimal numbers. 
426 
427 
CUMULATIVE MODEL FOR THE COMPOSITE LP STUDENT 
As shown by Figure G-10, the typical LP student has no available lmowledge of position 
and order and multiplicativity. Thus, the typical LP student lacks the appropriate schema that 
would enable them to process whole numbers. (See Sections 4.6, 5.3.2 and 5.4.2 for a full 
discussion of the LP students' unavailable lmowledge.). Because of their extremely 
impoverished lmowledge, the LP students were also omitted from the tasks related to unitisation 
of decimal fractions. 
AVAILABLE 
ACCESSED 
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Figure G-10. Composite LP student's structural models of position/order and multiplicativity. 
Figure G-11 provides the cumulative model which represents the typical LP student's 
structural metaschema. The cumulative model looks the same as the cumulative model for the 
MSP student. However, a comparison ofthe MSP and LP structural models for position and 
order reveals that the MSP student has some lmowledge of order whereas the LP student has no 
lmowledge of either position or order. 
LP 
DECIMAL NUMBERS ) 
(~:::) 
Figure G-11. Cumulative model representing the LP student's cognitions and connections 
for processing decimal numbers. 
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APPENDIXH 
IMPLICATIONS 
TableH-1 
Student Peifonnance Within Schools (Trials 2 and 3) With Respect to Tenths and Hundredths. 
Class performance with respect to the decimal-fraction components of the test 
Mean Trial School A and A' 
t h t h t h 
90-100% Tria12 A 3 B 2 0 C 6 0 
80-90% 
70-80% 
60-70% 
50-60% 
40-50% 
30-40% 
20-30% 
Tria13 A' 4 2 
Trial2 A 7 3 
Trial3 A' 3 4 
Trial2 A 4 3 
Trial3 A' 5 
Trial2 A 7 4 
Trial3 A' 6 4 
Trial2 A 4 8 
Trial3 A' 5 4 
Trial2 A 5 
Trial3 A' 3 6 
Trial2 A 1 2 
Trial3 A' 2 5 
Trial2 A 2 
Trial3 A' 3 
B' 2 0 
B 1 
B' 2 3 
B 1 4 
B' 9 2 
B 6 
B' 7 4 
B 3 3 
B' 7 
B 4 4 
B' 6 3 
B 6 4 
B' 0 4 
B 2 4 
B' 0 4 
C' 5 1 
c 6 2 
c· 6 6 
c 7 9 
C' 5 6 
c 4 6 
C' 4 2 
c 1 5 
c· o 3 
c 0 1 
C' 2 2 
c 2 2 
C' 4 4 
c 0 1 
C' 0 2 
10-20% Trial 2 A 1 0 B 0 3 C 0 0 
Trial 3 A' 0 0 B' 1 0 C' 0 0 
0-10% Trial2 A 0 B 0 C 0 0 
Trial 3 A' 0 0 B' 0 C' 0 0 
Table H-2 
School Band B' 
t h t h t h 
DOO EOO F40 
D' 1 0 
D 0 0 
D' 5 4 
D 2 0 
D' 1 2 
D 3 1 
D' 4 3 
D 1 
D' 3 2 
D 6 8 
D' 4 5 
D 9 7 
D' 5 I 
D 2 5 
D' 4 7 
E' 3 2 
E 1 0 
E' 3 3 
E 0 
E' 3 3 
E 4 2 
E' 8 
E 4 1 
E' I 3 
E 3 0 
E' 4 6 
E 3 
E' 4 5 
E 5 5 
E' I 4 
F' 5 2 
F 3 2 
F' 3 
F 4 4 
F' 4 4 
F 3 6 
F' 4 3 
F 5 I 
F' 3 5 
F 5 2 
F' 3 1 
F I 3 
F' 3 5 
F 0 6 
F' I 2 
D 2 4 E 0 10 F 1 2 
h 
G' I 
G' 2 0 
G' I 
G' 0 
G' 4 
G' 0 0 
G' 2 
G' 0 
D' 0 2 E' 1 F' 0 2 G' 0 0 
010 E35 FOO 
D' 0 E' 1 F' 0 G' 0 0 
Percentage of Students in Each IO%Means Range For the Decimal-Fraction Components of the Test in 
Trial2 (n = 156) and Trial 3 (n = 329). 
Mean 
90-100% 
80-90% 
70-80% 
60-70% 
50-60% 
Trial 
Trial2 
Trial3 
Trial2 
Trial3 
Trial2 
Trial3 
Trial2 
Trial3 
Trial2 
Trial3 
Tenths 
09.6 
12.1 
11.5 
13.9 
12.2 
16.2 
17.3 
19.7 
11.5 
08.1 
Hundredths 
00.6 
04.6 
04.6 
12.1 
12.8 
11.0 
12.8 
09.8 
12.2 
16.2 
Means 
40-50% 
30-40% 
20-30% 
10-20% 
0-0% 
Tenths 
12.2 
12.7 
14.1 
11.6 
06.4 
04.0 
02.6 
01.2 
02.6 
00.6 
Hundredths 
12.8 
13.3 
12.2 
14.5 
14.7 
13.3 
12.2 
02.9 
04.5 
02.3 
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TableH-3 
Percentage of Students in each of Trials 2 and 3 (n = 156 and 173 Respectively) Within the Peifonnance 
Category Means for the Numeration Processes. 
Numeration processes 
Number Place value Regrouping Counting Ordering Estimating 
Mean Trial identification 
High-performing students 
80-100% Trial2 15.4 18.6 10.9 23.7 28.2 16.0 
Trial3 19.1 11.0 15.0 44.5 45.7 27.2 
Medium-performing students 
60-80% Trial2 32.1 14.7 23.7 22.4 23.1 27.6 
Trial3 29.5 14.7 14.5 17.3 25.4 27.7 
Low-performing students 
<60% Trial2 52.6 66.8 65.4 53.8 48.7 56.4 
Trial3 51.4 74.6 70.5 38.2 28.9 45.1 
ATTACHMENT 1 
OVERVIEW OF THE STUDY'S MACRO RESEARCH DESIGN 
INITIAL THEORY MATHEMATICAL REALITY CLARIFICATION MODEL BUILDING 
Purposes • Develop an initial • Develop test instrument to • Develop interview tasks • Construct models to represent 
theoretical identify performance to illuminate structural the structural knowledge of 
framework (TF) categories (PCs ); knowledge across PCs; the PCs for position/order, 
incorporating the • Measure students' tenths & • Probe selected students' multiplicativity, and 
knowledge and hundredths knowledge; understanding of tenths reunitisation; 
connections required • Identify students for further and hundredths; • Draw inferences regarding 
for an understanding study; • Identify response aspects of the models that 
of hundredths. • Compare knowledges across patterns and solution differentiate categories, 
the PC; strategies that particularly with respect to 
• Construct a model of differentiate PCs; HP; 
numeration knowledge. • Determine effects of • Draw implications for 
remediation. instruction and future 
research in decimal fractions. 
Subjects •Nil • Trial! (convenience sample): • 45 students identified in •Nil 
8 Year 5 students; Stage 2. 
• Trial 2 (quota sample): 156 
Year 5 students (6 classes 
from 2 different schools); 
• Trial 3 (target sample): 173 
Year 6 students (6 classes 
from the same 2 schools). 
Instrument • The pertinent • Pencil-and-paper test • Interview instrument • No data gathered. 
literature 
Method • Analytic-Synthetic • Survey; convenience sample • Semistructured • Analytic-Synthetic (as for 
(Uprichard & (trial) and quota sample for individual interview Stage 1); 
Englehardt, 1986; the main test (Cohen & (Bums, 1994). • Hermeneutic dialectic cycle 
Wilson, 1977) Manion, 1987). (Guba & Lincoln, 1989) 
Procedures • Review literature; • Test development: Develop • Develop interview • Construct structural model 
• Develop initial test; Trial with convenience instrument; frameworks; 
theoretical sample; Interview students; • Administer instrument to • Use frameworks to represent 
framework. Modify test (Trial 1 ); the selected students; the structural knowledge of 
• Knowledge exploration: • Transcribe responses to the PCs; 
Administer modified test protocols; • Compare HP's structural 
(quota sample); Score and • Analyse protocols by knowledge with all other 
statistically analyse results; task; PCs; 
Identify P & SP students; • Collate analyses under • Draw implications for 
Modify test (Trial2); PCs; teaching that facilitates the 
• Interview development: • Undertake intervention learning of decimal-number 
Repeat first 3 steps of episodes with low- numeration; 
previous cycle; Select achieving students when • Draw implications for future 
students; Compare appropriate. . research in the domain. 
knowledge across the PCs 
(Trial 3); Construct the 
numeration model; Draw 
implications for the 
interview. 
Analysis • Analyse and • Compare test & interview • Categorise student • Relate findings of Stage 3 to 
synthesise findings responses to authenticate the performance in terms of the frameworks to construct 
from the research test (Trial 1 ); appropriateness, the structural knowledge 
and technical • Compare tenths and semanticity & strategies; models; 
literature. hundredths means to identify • Compare performance • Compare models to 
levels of proficiency (Trials 2 within & between PCs & determine knowledge 
&3); identify responses that differences; 
• Compare responses within & differentiate PCs; • Utilise structural knowledge 
between PCs to identify • Relate intervention to differences between HP 
strengths & weaknesses changes in performance. students and all other 
(Trials 2 & 3); categories to draw 
• Draw inferences from implications for teaching. 
responses with respect to the 
TF to identify knowledge 
structures underlying 
numeration components 
(Trial3). 
Note. P =proficient students; SP = sennprofic1ent students; HP =high proficient students; PC -
performance categories; TF = theoretical framework. 
PERFORMANCE CATEGORIES (INTERVIEW) AND 
CRITERIA FOR SELECTION (BASED ON TEST RESULTS) 
Proficiency levels Tenths Hundredths 
HP - High proficient -~90% ::;10% less than tenths mean 
HSP - High semiproficient -~85% > 10% less than tenths mean 
MP - Medium proficient -80-90% ::;I 0% less than tenths mean 
MSP - Medium semiproficient -60-80% ~10% less than tenths mean 
LP - Low proficient -::;60% ::;60% 
ATTACHMENT 2 
TEST INSTRUMENT (TRIAL 3) 
PART A 
ITEMAl 
Write these numbers in words. 
(a) 04.7 
(b) 6.39 
(c) 0.8 
(d) 5.02 
Objective: To assess the symbol~language component of number identification. 
ITEMA2 
Write these numbers. 
(a) 
(b) 
(c) 
(d) 
(e) 
(f) 
(g) 
nine, and 5 tenths 
6 tenths 
four, and thirteen hundredths 
eleven and three tenths 
sixty hundredths 
seven and one hundredth 
three hundredths 
Objective: To assess the language~symbol component of number identification. 
ITEMA3 
Write the number that has: 
(a) 
(b) 
(c) 
(d) 
(e) 
(f) 
(g) 
(h) 
2 tenths, 5 hundredths, 4 ones 
9 ones, 2 hundredths 
7 ones 4 tenths 
3 hundredths, 6 tenths 
I 9 tenths 
I 3 tenths, 5 ones 
12 ones, 1 tenth 
5 hundredths 
Objective: To assess the student's understanding of place value. 
ITEMA4 
Write the missing numbers. 
(a) 0.3 X 10 = (g) 72.5 + 10 = 
(b) 0.04 X 100 = (h) 0.02x10x10= 
(c) 6.23 X 10 = (i) 0.9+10= 
(d) 4+10= G) 37 + 100 = 
(e) 0.7 X 100 = (k) 8 + 100 = 
(f) 2.16x 100= (1) 14+10+10= 
Objective: To assess the student's understanding of the base-10 relationship inherent in the 
decimal number system. 
ii 
ITEM AS 
(a) Tick the numbers that have the same value as 2.3 
2.30 02.3 2.03 0.23 .23 
(b) Tick the numbers that have the same value as 0.7 
0.07 70 .7 7.0 0.70 
(b) Tick the numbers that have the same value as 0.04 
.04 40.0 0.40 00.4 0.4 
Objective: To assess the student's understanding of zero as a placeholder. 
ITEMA6 
Write the missing numbers. 
(a) 36 tenths= ___ _ (e) 86 tenths 3 hundredths = __ _ 
(b) 125 hundredths = __ _ (f) 7 tenths 14 hundredths = __ _ 
(c) 4.1 = tenths (g) 2.09 = tenths hundredths 
(d) 3.04 = hundredths (h) 0.52 = 4 tenths hundredths 
Objective: To assess the students' understanding of renaming. 
ITEMA7 
Write the number that is 1 tenth more than: 
(a) 9.4 b) 2.9 (c) 4.06 
(d) 1.94 (e) 5 
Objective: To assess the student's understanding of place value. 
ITEMA8 
Write the number that is 1 hundredth more than: 
(a) 2.76 b) 3.9 (c) 0.09 
(d) 6 __ (e) 4/91 
Objective: To assess the student's understanding of place value. 
ITEMA9 
Complete the counting sequences. 
(a) 4.3, 4.4, 4.5, 
(b) 8.7, 8.8, 8.9, 
(c) 1.66, 1.67, 1.68, 
(d) 5.97, 5.98, 5.99, 
(e) 3.06, 3.07, 3.08, 
Objective: To assess the student's understanding of counting when applied to decimal 
numbers. 
ITEMAlO 
Write any number that comes between: 
(a) 7.8 and 7.2 
(b) 18.28 and 18.5 
(c) 1.5 and 1.6 
Objective: To assess the student's understanding of comparing and ordering decimal 
numbers. 
iii 
ITEM All 
In each box, tick the number that is worth more. 
(a) [I[] (b) [l[] (c) ~(d) ~(e) [[] 8 2 2 6 
(f) ~(g) rno (h) []1[] (i) IT[] (j) 
9 0.10 9 
(k) !4.21 (1) f0.5l (m) [4TI (n) f9341 (o) 
~~~~
Objective: To assess the student's understanding of comparing. 
ITEMA12 
Write each set of numbers, in order, from smallest to largest in value. 
(a) 7.3, 6.2, 6.9 _________ _ 
(b) 3.4, 2.8,-----------
(c) 4.73, 4.28, 4.65 
(d) 3.09, 3.8, 3.21 
~ 
1021 
~
Objective: To assess the student's understanding of ordering decimal numbers. 
ITEMA13 
Round each number to the nearest whole number. 
(a) 6.2 b) 0.8 (c) 8.39 
(d) 12.70 (e) 0.54 (f) 1.09 
Objective: To assess the student's ability to approximate decimal numbers. 
ITEMA14 
(a) Colour 0.93 of this shape. (b) Colour 0.6 of this shape. 
Objective: To assess the student's number sense. 
ITEMA15 
(a) This is 0.52 of a shape. 
Draw the whole shape. 
(b) Circle the number below that shows 
about how much of the shape has been 
shaded. 
0.3 0.6 0.9 
Objective: To assess the student's number sense, 
PARTE 
ITEMBl 
Tick the number of chocolate bars sally ate. Sally ate ... 
24/6 
2.4 
2.04 
iv 
Objective: To assess the student's ability to interpret a pictorial representation of tenths 
and to associate it with the language and formal symbolic recording. 
ITEMB2 
Write the number that shows how much of each shape has been shaded. 
00 M ~ 
I IIIII 111111111111111 
I I I 
I i I 
I 
I 
I 
I 
I I 
I I 
Objective: To assess the pictur~symbol component of number identification. 
ITEMB3 
(a) Shade 0.43 of the shape below. (b) Shade 0.3 ofthe shape below 
I I I I 
I i 
I i 1 
i I I I 
1 i I I I I I 
I I I I I I 
I I 
I I I 
I I i 
I I 
(c) Shade 0.17 of the shape below (d) Shade 0.6 ofthe shape below. 
I II I I 
I 
i 
I I I I l I I I I I I 
I I I ! l 
I I I ! 
I I I I I 
I I i i I 
I I I I 
I I I I 
I I I i I I 
I I I I I 
Objective: To assess the symbol-+picture component of number identification. 
ITEMB4 
Write each of the amounts shaded as a tenth and as a hundredth. 
(a) 
(i) 
(ii) 
(b) 
(i) 
(ii) 
v 
Objective: To assess the symbol~picture component of the part/part relationship of tenths 
and hundredths. 
ITEMB5 
Colour 0.2 of the shape below. 
111111111111111111111 
Objective: To assess equivalence of decimal fractions. 
ITEMB6 
This is 0.1: 
(a) Draw 0.01 
D 
(b) DrawO.lO c) 
ObJective: To assess the part/part notion of tenths and hundredths. 
ITEMB7 
(a) What number is at A? __ 
A 
Draw the whole. 
2 3 4 ~ 5 
I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I 
(b) Show where 0.23 is on the number line below. 
0 0.1 0.2 0.3 
I I I I I I I I I I I I I I I I I I I I I I I I I I I I I 
(c) 
(d) 
c 
i~ 
Show where 5.62 is on the number line below. 
What number is at C? 
----
5 6 7 
I I I I I I I I I I I I I I I I I I I I I I I I I I I I I 
Objective: To assess the student's ability to unitise and reunitise a linear model. 
ATTACHMENT 3 
INTERVIEW SCHEDULE 
TASKS ASSESSING POSITION AND ORDER (P) 
TASK Pl -ROLE OF THE DECIMAL POINT 
Pl.1 What is this thing (pointing to the decimal point in 3.78) called? Why is it here? 
TASK P2- LANGUAGE (NAMING FRACTIONS AND PLACES) 
P2.1 Read the number (3.78). What's the 3 worth? The 7? The 8? 
P2.2 Write the number without the decimal point. Read the number. How is it the same as this 
one (3.78)? How Is it different? 
P2.3 Write the number with the decimal point between the 7 and the 8. Read the number. Does 
it have the same value as this one (3.78)? Is it bigger or smaller? 
P2.4 Write the number with the decimal point after the 8. What is the number? Does it have 
the same value as any of the other numbers you 've written? 
TASK P3- DIFFERENTIATING DECIMAL PLACES 
P3.1 You called this one (37.8) tenths. Could you have called it tens? Why? [You called this 
one (3.78) hundredths. Could you have called it hundreds? Why?] 
P3 .2 When you were starting to learn about tenths, did you ever get confused with tens and 
tenths? How did you work out which was which? [Repeat for hundreds/hundredths if Test 
Items A 1.1 and A 1.4 were incorrect.] 
P3.3 Do you get tenths and hundredths mixed up? How do you remember which is tenths and 
which is hundredths? 
TASK P4- ROLE OF INTERNAL AND EXTERNAL ZEROS 
P4.1 Put a zero in 3. 78 so that it doesn't change the value of the number. Where else could you 
put it? 
P4.2 Could you put a zero somewhere so it does change the value? Have you made the number 
larger or smaller in value? How can you tell? 
TASK P5- ORDER OF PLACE NAMES 
PS .1 Arrange the cards in the order in which you see them in your mind. In what order have 
you arranged them? [Contingent question: Have you arranged them from largest to 
smallest, smallest to largest or are they jumbled up?] 
P5.2. Sort them into two groups. Why this group? Why this group? 
P5 .3 Put in the decimal point. Could you put the decimal point somewhere else? 
TASK P5 ITEMS- PLACE NAME CARDS 
~11~11 teH4 
1------...JI .__I ____.II ~ 
TASK P6- MENTAL MODELS 
ii 
P6. 1 Could there be another name here (left of thousands)? What would you call it? Why? 
Could there be another name here (right of hundredths)? What would you call it? Why? 
P6.2 On this side (left of the decimal point) the hundreds are followed by the tens. Why aren't 
the hundredths followed by the tenths on this side (right ofthe decimal point)? 
TASK 7- PROBING MENTAL MODELS (CONTINGENT TASK) 
P7.1 What do they (the names) balance around? or What do you see as the middle? 
P7.2 Write this number (6 tens and 6 tenths on their worksheet). How come you need two digits 
to show tens and only one digit to show tenths? Does this confuse you? 
P7 .3 Read this number ( 400.04 on their worksheet). How come you need three digits to show 
hundreds but only two digits to show hundredths? Does this confuse you? 
TASKS ASSESSING MULTIPLICATMTY (M) 
TASK M1- ABSTRACT BINARY RELATIONSHIPS 
Ml.l Find another pair of places that are related in the same way as these two places. How are 
your places related in the same way as mine? 
Ml.2 What would you put here (ones,-) to keep the patterns? (If not elicited from Ml.l.) 
TASK M2- ABSTRACT TERNARY RELATIONSHIPS 
M2.1 Find another pair of places that are related in the same way as these two places. How are 
your places related in the same way as mine? 
M2.2: What would you put here(-, tenths) to keep the patterns? (If not elicited from M2.1.) 
TASK M3- APPLYING MULTIPLICATNE RELATIONSHIPS (PREDICTING THE SHIFT) 
/ 
A4.1 A4.2 A4.3 A4.4 A4.5 A4.6 
0.3 X 10= 0.04 X 100= 6.23 X 10 = 
-
0.7x100= 
-
2.16 X 100 = 
-
0.2x10x10=_ 
- -
A4.7 A4.8 A4.9 A4.10 A4.11 A4.12 
4+ 10= 72.5 + 10 = 0.9 + 10= 37+100= 8 + 100 = 14+10-:-10= 
- - - -
- -
TASK M4- APPLYING MULTIPLICATIVE RELATIONSHIPS (MAKING THE SHIFT) 
M4.1: Change 7 tenths to 7 ones (using a calculator). 
M4.2: Change 8 ones to 8 hundredths (using a calculator). 
TASKS ASSESSING UNITISATION AND REUNITISATION (U) 
TASK Ul- UNITISATION 
Ul.l Tick the number that shows how many chocolate bars Sally 
ate. Sally ate ... 
24/6 
2.4 
2.04 
How did you decide which number matched the picture? 
U1.2 Does this diagram show 2.4? How can you tell? 
Ul.3: Does this diagram show 2.4? How can you tell? 
U1.4 This is 0.1: .___ _ _.!. Draw the whole. 
TASK U2- REUNITISATION (TYPE A) 
U2.1: Colour 0.17 of the shape below. 
iii 
U2.2: What fraction of the shape is shaded? U2.3: Colour 0.23 of this shape. 
TASK U3- REUNITISATION (TYPE B) 
U3 .1: Shade 0. 6 of the shape below. 
U3.2: Shade 0.2 of the shape below. 
iv 
v 
WORKSHEET 
NAME: 
Tasks Pl and P2 TaskP4 TaskP7 
3.78 6 tens and 6 tenths 
400.04 
Tasks U1.2 and U1.3 
Does this diagram show 2.4? Does this diagram show 2.4? 
How can you tell? How can you tell? 
Tasks U2.2 and U2.3 
What fraction of the shape is shaded? 
Colour 0.23 of this shape. 
